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CHAPTER 1 
  

LINEAR  AND QUADRATIC 

EQUATIONS  

  

 

 
AT A GLANCE 

A mathematical equation is a statement in which two algebraic 
expressions are equal. If the degree (highest power) of the 
equation is one, it is called a linear equation. Linear equations 
may contain one or two variables. 

Solving a linear equation with one variable, in the form   

ax + b = 0, involves finding a single root. 

On the other hand, solving a system of linear equations with 
two variables, such as: 

a1x + b1 y + c₁ = 0 

a2x + b2 y + c₂ = 0 

Requires the use of methods like substitution or elimination. 

A quadratic expression is one in which the degree of variable is 
two (the highest power is a square). Solving quadratic 
equations of the form a𝑥2 + b𝑥 + c = 0 involves finding the two 
values of 𝑥 or variable called roots of the equations. 

The possible approaches also involve factorization, completion 
of the square and using a formula.  

Quadratic equations have various applications for its everyday 
uses including calculation and plotting of area and distance, 
forecasting and progression, interest rates and amounts and 
other areas. 

  

 

IN THIS CHAPTER 

AT A GLANCE 

SPOTLIGHT 

1 Expressions and equations  

2 Solving linear equations  

3 Second degree or quadratic 
equations  

4 Solving quadratic equations 

STICKY NOTES 

SELF-TEST  



CHAPTER 1: LINEAR AND QUADRATIC EQUATIONS PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

2 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

  

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

1 EXPRESSIONS AND EQUATIONS  

An expression is a number, a variable, or a combination of numbers and variables and their related operation 
symbol(s). When this is the case, expression is separated by operations into components known as terms. 

 For example:  

A simple mathematical expression can be 5+7 or 8÷3.  

Where ‘+’ or ‘÷’ are operations.  

A polynomial is a mathematical expression consisting of a sum of terms, each term including a variable or 
variables raised to a power and multiplied by a coefficient. A variable is an unknown term that stands for any 
number in an expression and can be represented by letters say x, y, a, b or z.  

 For example:  

2𝑥 is an expression made up of a single term – a monomial. 

2𝑥 + 3y is an expression made up of two terms – a binomial.  

2𝑥 + 3y + z is an expression made up of three terms – a trinomial. 

Algebraic expressions are used to clarify or simplify situations or mathematical calculations. For instance, if a 
hotel charges Rs. 𝑥 per person for a room how much would it cost for 25 such persons. This problem can simply 
be expressed as 25𝑥.  

When two mathematical expressions are considered equal (indicated by the sign =), they constitute an 
equation.  

 For example:  

2𝑥 = 8 

2𝑥 + 3y = 15  

2𝑥 + 3y + z = 54 

Equations consist of coefficients, variables as well as constants. A variable is a value that may change within 
the scope of a given problem or set of operations - often represented by letters like 𝑥, y and z. A constant is a 
value that remains unchanged (though it might be of unknown value). Unknown constants are often 
represented by letters like a, b and c. Finally, coefficients are multiples within an equation.  

 Illustration:  

y = 2𝑥 + c 

Where:  

𝑥 and y are variables 

c is constant 

2 is coefficient 

An equation can have one or more variables. In this equation, y is described as the dependent variable and 𝑥 as 
the independent variable. The dependent variable changes because of changes in the independent variable.  

It is not always easy to identify the dependent and independent variables in equations but by convention, if an 
equation is arranged as above, the dependent variable is the one on its own to the left hand side of the equal 
sign (y). 

Degree of terms and equations  

The degree of terms or equations, in a polynomial is the sum of all the exponents of the variables used in 
expression or equations (where degree means the highest power). 
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 For example:  

For 8𝑥y7+5𝑥2y3+8𝑥-5 degree of polynomial is 8 

Similarly, for the equation, 8𝑥3+6𝑥2+3𝑥=0 degree of the polynomial equation is 3.  

First Degree or linear equations:  

A linear equation is one in which each term is either a constant or the product of a constant and a single 
variable. Linear equations do not contain terms that are raised to a power or reduced to a root. A linear 
equation is one in which the degree of the equation is one.  

The equation of a straight line is a linear equation with two variables. 

 Formula: standard form 

y = a + m𝑥  

Where: 

y = dependent variable. 

𝑥 = independent variable. 

a = the value of the intercept on the y axis. 

m = the slope (gradient) of the line. 

 For example:  

A student gets 2 points every time he answers a correct objective question. Express total score in terms of 
mathematical equation when the student got a bonus of 6 points for completing the paper in time.  

In order to express the above situation in mathematical equation, let’s assume  

Number of Objective questions to be = 𝑥 

Total score to be = y 

Objective score + Bonus score = total score  

(2)(𝑥) + 6 = y 

2𝑥 + 6 = y 
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2 SOLVING LINEAR EQUATIONS  

Problems related to linear equations can be solved using the following approach:  

• Thoroughly read the question with is requirements and given information 

• List the unknown variables and assign appropriate letter (say 𝑥) 

• Express relationship between variables as per the question or common formula.  

• Solve the equation for the unknown variable (say 𝑥).  

• Recheck the solution one more time.  

In solving the equation, each successive step leads to a simpler equation which is equivalent to the earlier. 

 For example:  

Solve for  when 34 ˗ 6 = 5 ˗ 21 

Adding 6x on both sides  

34 - 6𝑥 + 6𝑥 = 5𝑥 + 6𝑥 - 21 

34 = 11𝑥 - 21 

Adding 21 on both sides  

34 + 21 = 11𝑥 – 21 + 21 

55 = 11𝑥 

Dividing both sides with 11 

𝑥=
55

11
 

𝑥=5 

Solve for 4(z + 7) = z ˗ 2 

Expanding the brackets, the given equation can be written as 

4z + 28 = z ˗ 2 

Adding 2 from both sides  

4z + 28 + 2 = z ˗ 2+2 

4z + 30 = z  

Subtracting z from both sides  

4z ˗ z + 30 = z ˗ z 

3z + 30 = 0 

The equation can be written as  

3z = ˗ 30 

Dividing both sides with 3 

z = ˗ 10 

Whenever solving applied-based word problems in solving linear equations always use the following approach 
to develop an equation. The first thing is to understand the terms used in question statements like if words add, 
add, and sum are given it must be represented with the sign + while the subtraction, minus of two numbers, is 
less than. All these must be reflected with sign -.Multiplication is reflected with the term’s product, multiply, in 
the division the term quotient of a number shows division, and the term by of a certain number also reflects 
division. 
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Steps for the formulation of the Linear equation from Word problems: 

Step 1: Select the value that must be, unknown. If there are two values given, select always the smallest value 
for the unknown or X, 

Step 2: Write any other information in terms of unknown or X 

Step 3: cancel out those values that have been written and write the remaining information 

Step 4: Formulate the equation and solve  

Step 5: Check the solution 

 For example, 

If thrice Z's age 6 years ago is subtracted from twice his present age, the result would be equal to his present 
age. Find Z's present age.? 

Let's find out the unknown, we must find the present value Z age, so it is expressed as X 

X=present of Z 

Six years ago,=x-6 

twice is represented as a multiplied value of x=2x 

ATC = 2x-3(x-6)=x 

or 2x - 3x + 18 = x or - x + 18 = x or 2x = 18 or x = 9  

Z's present age is 9 years. 

 For example, 

The length of the legs of an isosceles triangle is 4 meters more than its base. If the Perimeter of the triangle is 
44 meters, find the lengths of the sides of the triangle. 

Step 1: Develop X : Let the X be the base of the triangle as the base value is smaller, so we pick x as the base  

Step 2: Express another value in terms of x: length is 4 meters more =x+4 and in an isosceles triangle two sides 
are equal so it will be 2(x+4) 

Step3: Cross out the written value, and work on the remaining information, the perimeter is 44 

Step 4: Developing equation X+2(x+4)=44 

By solving, x +2x+8=44 

3x+8=44 

X=12 

The length of the base is solved as 12 meters. Hence, each of the two legs measure 16 meters. 

Simultaneous Linear Equations – two variables  

For linear equations with two variables, the equations can be solved simultaneously by the elimination of one 
variable. 

The aim is to manipulate one of the equations so that it contains the same coefficient of x or y as in the other 
equation. The two equations can then be added or subtracted from one another to leave a single unknown 
variable. This is then resolved, and the value is substituted back into one of the original equations to find the 
other variable. 
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 For example:  

Solve for 3  + 4y = 36 and    + 2y = 16 

Multiply the second equation by 2 (to make the y coefficients the same) 

2(𝑥 + 2y) = 2(16) 

2𝑥 + 4y = 32  

Subtract this equation from first equation  

 + 3x + 4y = + 36 

+  2𝑥 + 4y = + 32 

 (˗)        (˗)            (˗)_____ 

       𝑥            = + 4 

Substitute x = 4 in the first equation  

3𝑥 + 4y = 36 

3(4) + 4y=36 

12 + 4y=36 

Subtract 12 from both sides  

4y = 24 

Divide 4 from both sides  

y = 6 

Solve for 2 + y = 7 and 3  + 5y = 21 

Multiply first equation with 3 and second equation with 2 (to make the 𝑥 coefficients the same) 

3(2𝑥 + y) = 3(7) and 2(3𝑥 + 5y) = 2(21) 

6𝑥 + 3y = 21 and 6𝑥 + 10y = 42 

Subtracting later equation from first equation 

+ 6𝑥 + 10y = + 42 

+ 6𝑥 +   3y = + 21 

(˗)        (˗)            (˗)______ 

                7y =    21_        

y = 
21

7
 

y = 3 

substituting value of y in first equation  

2𝑥 + (3) = 7 

2𝑥 + 3 = 7 

Subtracting 3 from both sides  

2𝑥 = 4 

Dividing 2 from both sides 

𝑥 = 
4

2
 ;    𝑥=2 
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3 SECOND DEGREE OR QUADRATIC EQUATIONS  

A quadratic expression is one in which the degree of variable is two (the highest power is a square) 

The most general form of a quadratic equation is written as  

 Formula: standard form 

y = a𝑥2 +b𝑥 +c   

Where: 

a, b and c are constant (provided that a does not equal 0)  

The value of a quadratic equation (y = a𝑥2 + b𝑥 + c) can be computed for different values of 𝑥 and these values 
plotted on a graph. 

 Illustration:  

For the equation 𝑥2 ˗ 8𝑥 + 12 =y, values can be computed as  

𝑥 𝑥2 −8𝑥 12 = y 

0 0 0 12 = 12 

1 1 −8 12 = 5 

2 4 −16 12 = 0 

3 9 −24 12 = −3 

4 16 −32 12 = −4 

5 25 −40 12 = −3 

6 36 −48 12 = 0 

7 49 −56 12 = 5 

8 64 −64 12 = 12 

These points can be plotted to give the following graph 

 
Plots of a quadratic equation are always U shaped or have an inverted U shape, depending upon the value of  a. 
If the value of a is positive in the equation the graph will be U-shaped and if the value of coefficient is negative 
then it inverted U shaped. In the above illustration the plot cuts the 𝑥 axis at two places so there are two values 
of  that result in y = 2 − 8  + 12 = 0. These are  = 2 and  = 6. 

Not all quadratic expressions cut the x axis. In this case the quadratic equation is insoluble. 

-6
-4
-2
0
2
4
6
8

10
12
14

0 1 2 3 4 5 6 7 8

y

x
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Solving quadratic equations of the form a  2 + b  + c = 0 involves finding the two values of 𝑥 where the line cuts 

the 𝑥 axis (where the line y = 0). The possible approaches involve using: 

• factors of the quadratic equation (found by factorization); 

• factors of the quadratic equation (found by completion of the square); and  

• a formula  

 For example:  

A worker painted a rectangular room. The room’s length was 6m less than 3 times its width.  If the area of the 
room was 426m2. Express dimensions in mathematical equation.  

In order to express the above situation in mathematical equation, let’s assume  

Width of the rectangle = w 

Length of the rectangle (l) = 3(w) – 6 

Area of a rectangle = Length (l) × Width (w) 

Expressing the same in equation  

A = (3w ˗ 6)(w) 

426 = 3w2 ˗ 6w 
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4 SOLVING QUADRATIC EQUATIONS  

Solving quadratic equations of the form a 2 + b  + c = 0 involves finding the two values of 𝑥. The possible 

approaches involve using: 

• factors of the quadratic equation (found by factorization); 

• factors of the quadratic equation (found by completion of the square); and  

• a formula  

 Solving quadratic equations by factorization 

A factor is a term that multiplies something. Factorisation is about finding the terms that multiply together to 
give the quadratic equation. In other words, factorization involve finding the factors of the equation, and 
equating each factor to zero. 

Factorising is the reverse of expanding brackets. 

• Expanding brackets involves multiplying terms together to result in a new expression. 

• Factorization starts with an expression and finds what terms could be multiplied to result in that 
expression. 

Factorisation is like working backwards through a multiplication.  

The overall approach to finding the factors of the equation differs slightly depending on whether a (i.e. the 
coefficient of 𝑥2)= 1 or not. 

Note that it is not always possible to factorise a quadratic equation. In such cases another approach must be 
used. 

 Illustration:  

Consider the following quadratic expression in its standard form. 

0 = 𝑥2 + 9𝑥 + 20 

The coefficient of 𝑥 in the quadratic expression (9) is the sum of the numbers (4 + 5) and the constant in the 
quadratic expression (20) is the product of the numbers in the original expressions (4 × 5). 

Factorizing a quadratic expression, would then involves finding two numbers to complete the following: 

𝑥2 + 9𝑥 + 20 = (𝑥 ± ? )(𝑥 ± ? ) 

The two numbers needed must sum to the coefficient of 𝑥 and multiply to the constant. (This is only true if the 
coefficient of 𝑥2 = 1) 

The two numbers that do this are +4 and +5 so the factors become: 

𝑥2 + 9𝑥 + 20 = (𝑥 +  4)(𝑥 +  5) 

 For example:  

Solve 2 + 5  + 6 = 0 

What two numbers add to 5 and multiply to 6? 2 and 3   

Therefore the factors are: (𝑥 + 2)(𝑥 + 3) 

This means that:  

if      𝑥2 + 5𝑥 + 6 = (𝑥 + 2)(𝑥 + 3) = 0  
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Therefore:  

either (𝑥 + 2) = 0 or (𝑥 + 3) =0  

if  𝑥 + 2 = 0  

  𝑥 = -2  

if 𝑥 + 3 = 0  

  𝑥 = ˗ 3  

Therefore, 𝑥 = ˗ 2 or -3  

Solve for  2 ˗ 5  - 14 = 0 

The two numbers that add to -5 and multiply to 14 are ˗ 7 and +2. 

Therefore the factors are (x ˗ 7)(𝑥 + 2) 

This means that: 

if  𝑥2 ˗ 5𝑥 - 14 = (𝑥 ˗ 7)(𝑥 + 2) = 0 

Therefore, either (𝑥 ˗ 7) = 0 or (𝑥 + 2) = 0 

if 𝑥 ˗ 7 = 0 then 𝑥 = +7 

if 𝑥 + 2 = 0 then 𝑥 = ˗ 2 

Therefore, 𝑥 = +7 and ˗ 2 

Solve for  2 - 9  + 20 = 0 

The two numbers that add to - 9 and multiply to 20 are ˗ 4 and ˗ 5. 

Therefore the factors are (𝑥 ˗ 4)(𝑥 ˗ 5) 

This means that: 

if  𝑥2 ˗ 9𝑥 + 20 = (𝑥 ˗ 4)(𝑥 ˗ 5) = 0 

Therefore, either (𝑥 ˗ 4) = 0 or (𝑥 ˗ 5) = 0 

if 𝑥 ˗ 4 = 0 then 𝑥 = +4 

if 𝑥 ˗ 5 = 0 then 𝑥 = +5 

Therefore, 𝑥 = +4 and +5 

Factorizing quadratic expression where the coefficient of x2 is more than 1 

A quadratic equation is one which takes the form y = a𝑥2 + b𝑥 + c 

There are a series of steps which must be followed. 

• Step 1: Multiply the coefficient of 𝑥2 by the constant (a × c). 

• Step 2: Find two numbers that sum to the coefficient of 𝑥 and multiply to the number (ac). 

• Step 3: Rewrite the original equation by replacing the 𝑥 term with two new 𝑥 terms based on the two 
numbers. 

• Step 4: Bracket the first two terms and the second two terms. Remember that if there is a minus sign 
before a set of brackets the sign inside the bracket must change. 

• Step 5: Factor the first two terms and the last two terms separately. The aim is to produce a factor in 
common. 

• Step 6: Complete the factorization. 
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 Illustration: 

Factorise: 2x² ˗ 7x + 3 

Step 1: Multiply the coefficient of 𝑥2 by the constant 2 × 3 = 6 

Step 2: Find two numbers that sum to −7 and multiply to 6. The two numbers are  ˗ 6 and ˗ 1 

Step 3: Rewrite the original equation by replacing the 𝑥 term with two 
new 𝑥 terms based on the two numbers. 

2𝑥² ˗ 6𝑥 ˗ 1𝑥 + 3  

Step 4: Bracket the first two terms and the second two terms 
(remembering to change the sign in the brackets if needed). 

(2𝑥² ˗ 6𝑥) ˗ (𝑥 ˗ 3) 

Note the sign change due to bracketing the second term. 

Step 5: Factor the first two terms and the last two terms separately. The 
aim is to produce a factor in common. 

2𝑥(𝑥 ˗ 3) ˗ 1(𝑥 ˗ 3) 

The end result is that the expression now has two x − 3 terms. 

Step 6: Complete the factorisation. (2𝑥 ˗ 1) (𝑥 ˗ 3) 

  

Solving the equation:  

(2𝑥 ˗ 1) (𝑥 ˗ 3) = 0 (therefore either (2𝑥 ˗ 1) = 0 or (𝑥 ˗ 3) = 0. 

if 2𝑥 ˗ 1 = 0 if 𝑥 ˗ 3 = 0. 

𝑥 = 0.5 𝑥 = 3 

Therefore 𝑥 = 0.5 or 3 

 For example:  

Solve 12 ² - 20  + 3 = 0 

Step 1: Multiply the coefficient of 𝑥2 by the constant 12 × 3 = 36 

Step 2: Find two numbers that sum to the coefficient of ˗ 20 and 
multiply to 36. 

The two numbers are − 2 and −18 

Step 3: Rewrite the original equation by replacing the 𝑥 term with two 
new 𝑥 terms based on the two numbers. 

12𝑥² ˗ 18𝑥 ˗ 2𝑥 + 3 = 0 

Step 4: Bracket the first two terms and the second two terms 
(remembering to change the sign in the brackets if needed). 

(12𝑥² ˗ 18𝑥) − (2𝑥 ˗ 3) = 0 

Step 5 Factor the first two terms and the last two terms separately. The 
aim is to produce a factor in common. 

6𝑥(2𝑥 ˗ 3) ˗ 1(2𝑥 ˗ 3) = 0 

Note the sign change due to multiplying the second 2𝑥 ˗ 3 term by ˗ 2. The end result is that the equation now 
has a 2𝑥 ˗ 3 term in each half. 

Step 5: Complete the factorisation. (6𝑥 ˗ 1)(2𝑥 ˗ 3) = 0 

Solving the equation:  

(6𝑥 ˗ 1)(2𝑥 ˗ 3) = 0 therefore either (6𝑥 ˗ 1) = 0 or (2𝑥 ˗ 3) = 0. 

if 6𝑥 ˗ 1 = 0 if 2𝑥 ˗ 3 = 0. 

𝑥 = 1/6 𝑥 = 2.5 

Therefore 𝑥 = 1/6 or 2.5 
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Solve for 24 ² + 10  ˗ 4 = 0 

Step 1: Multiply the coefficient of x2 by the constant 24 × (˗ 4) = ˗ 96 

Step 2: Find two numbers that sum to the coefficient of +10 and 
multiply to −96. 

The two numbers are +16 and ˗ 6 

Step 3: Rewrite the original equation by replacing the 𝑥 term with two 
new 𝑥 terms based on the two numbers. 

24𝑥² +16𝑥 ˗ 6𝑥 − 4 = 0 

Step 4: Bracket the first two terms and the second two terms 
(remembering to change the sign in the brackets if needed). 

(24𝑥² +16𝑥) ˗ (6𝑥 + 4) = 0 

Step 4: Factor the first two terms and the last two terms separately. The 
aim is to produce a factor in common. 

4𝑥(6𝑥 + 4) − 1(6𝑥 + 4) = 0 

Step 5: Complete the factorisation. (4𝑥 ˗ 1)(6𝑥 + 4) 

Solving the equation:  

(4𝑥 ˗ 1)(6𝑥 ˗ 4) = 0 therefore either (4𝑥 − 1) = 0 or (6𝑥 - 4) = 0. 

if 4𝑥 ˗ 1 = 0 if 6𝑥 + 4 = 0. 

𝑥 = 1/4 𝑥 = ˗ 2/3 

Therefore 𝑥 = 1/4 or 2/3 

Solve for 5 ² + 9  ˗ 2 = 0 

Step 1: Multiply the coefficient of 𝑥2 by the constant 5 × −2 = ˗ 10 

Step 2: Find two numbers that sum to the coefficient of +9 and multiply 
to −10. 

The two numbers are +10 and ˗ 1 

Step 3: Rewrite the original equation by replacing the 𝑥 term with two 
new 𝑥 terms based on the two numbers. 

5𝑥² +10𝑥 ˗ 𝑥 ˗ 2 = 0 

Step 4: Bracket the first two terms and the second two terms 
(remembering to change the sign in the brackets if needed). 

(5𝑥² +10𝑥) ˗ (𝑥 + 2) = 0 

Step 4: Factor the first two terms and the last two terms separately. The 
aim is to produce a factor in common. 

5𝑥(𝑥 + 2) ˗ 1(𝑥 + 2) = 0 

Step 5: Complete the factorisation. (5𝑥 ˗ 1)(𝑥 + 2) 

Solving the equation:  

(5𝑥 ˗ 1)(𝑥 + 2)= 0 therefore either (5𝑥 ˗ 1) = 0 or (𝑥 + 2) = 0. 

if 5𝑥 ˗ 1 = 0 if 𝑥 +2 = 0. 

𝑥 = 1/5 = 0.2 𝑥 = ˗ 2 

Therefore 𝑥 = 0.2 or ˗ 2 
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Solving quadratic equations by completing the square 

Not all quadratic equations can be factorised. If this is the case another method must be used to solve the 
equation. One such method is known as completing the square.  

In solving quadratic equation using completing the square method, the idea is to solve for a perfect square in 
the equation. Reference formula in this respect are  

(a + b)2 = (a + b)(a + b) = a2 + 2ab  +b2 

(a ˗ b)2 = (a ˗ b)(a ˗ b)  =a2 ˗ 2ab+  b2 

The approach is as follows: 

• Step 1: Rearrange the equation from the format a𝑥2 + b𝑥 + c = 0 into a𝑥2 + b𝑥 = ˗ c (signs as appropriate). 

• Step 1b: Divide the equation by the coefficient of 𝑥2 if this is not one. (The method only works if the 
coefficient of 𝑥2 equals unity). 

• Step 2: Take half of the coefficient of 𝑥 (including its sign). 

• Step 3: Square this number (note that as a short cut be aware that this appears in the final equation). 

• Step 4: Add this number to both sides of the equation. 

• Step 5: Rearrange into the required format (by factorising the left hand side as a perfect square). 

 Illustration:  

The equation 𝑥2 ˗ 6𝑥 ˗ 21=0 cannot be factorised but if it could be turned back into (𝑥 ˗ 3)2 ˗ 30 then that 
expression could be used to solve for 𝑥.  

This is what the technique of completing the squares does. 

(𝑥 ˗ 3)2 ˗ 30 = 0 

Adding 30 on both sides  

(𝑥 ˗ 3)2 = 30 

Taking a square root on both sides  

√(𝑥 ˗ 3)2 = √30 

𝑥 ˗ 3=+/˗ 5.477 

adding 3 on both sides  

𝑥 = +/˗ 5.477 + 3 

𝑥 = ˗ 2.477 or + 8.577. 

 For example:  

Complete the square of 2 2 ˗ 5  ˗ 12 = 0 

Step 1: Rearrange the equation 2𝑥2 ˗ 5𝑥 = 12 

Step 1b: Divide by the coefficient of 𝑥2 (2) 𝑥2 ˗ 2.5𝑥 = 6 

Step 2: Take half of the coefficient of 𝑥 (including its sign). ˗ 2.25 

Step 3: Square this number. 2.5625 

Step 4: Add this number to both sides of the equation. 𝑥2 ˗ 2.5𝑥 + 2.5625 = 6 + 2.5625 

Step 5: Rearrange into the required format. (𝑥 ˗ 2.25) (𝑥 ˗ 2.25) = 7.5625 

 (𝑥 ˗ 2.25)2 = 7.5625 
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Solve the equation 𝑥 ˗ 2.25 =  √7.5625 

 𝑥 = 2.25 ± √7.5625 

 𝑥 = 2.25 ±  2.75 = 4 𝑜𝑟 ˗ 2.5 

Solving quadratic equations by using a formula 

Some quadratic equations can be difficult or impossible to factorise. The completion of squares method will 
always work for those quadratic equations that can be solved but there is another method which involves using 
a formula (which in fact completes the squares automatically). 

 Formula:  

For Quadratic equation  

a𝑥2 + b𝑥 + c = 0 

𝑥 =
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
 

KEY POINTS 

• Constant must be at left hand side of the equation. 

• Coefficient of x2 = a, coefficient of x = b, where, c is the constant. 

• Equation must be in general form that is: ax2 + bx + c = 0 

• If b2 – 4ac > 0 that is +ve, then roots are real and unequal. 

• If b2 – 4ac < 0 that is –ve, then roots are imaginary or complex 

• If b2 – 4ac = 0 then roots are real and equal or same. 

 For example:  

Solve 2 - 5  - 14 = 0 using the formula 

a=1; b = ˗ 5, c= ˗ 14 

Substituting the values within the formula, we get  

𝑥 =
−(−5) ± √(−5)2 − 4(1)(−14)

2(1)
 

𝑥 =
5 ± √25 − (−56)

2
 

𝑥 =
5 ± √25 + 56

2
 

𝑥 =
5 ± √81

2
 

𝑥 =
5 ± 9

2
 

𝑥 =
5 + 9

2
 𝑜𝑟 𝑥 =

5 − 9

2
 

𝑥 =
14

2
 𝑜𝑟 𝑥 =

−4

2
 

𝑥 = 7 𝑜𝑟 𝑥 = −2 
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Application for Quadratic Equations:  

Quadratic equations when plotted on a graph are always U shaped or have an inverted U shape. This gives 
various applications for its everyday uses. This knowledge can be applied to evaluate  

• Area and distance  

• Forecasting and progression  

• Interest rates and amounts  

• Modeling a relationship between prices and products  

• Identifying minimum and maximum – Optimization  

Problems relating to quadratic functions can be solved using the same steps as of solving linear equation, 
however, nature of variable would have 2 as their highest degree.  

 Practice examples:  

The profit function of a company selling product J is given as P( ) = ˗ 0.025 2 + 9.85  ˗ 60. What will be the 

profit of the company if none of the product J is sold on the market? What would the breakeven units of 
product?  

In order to calculate the distance, x is the units of product J.  

i. So for no product sold in the market 𝑥 = 0 

P(0) = –0.025(0)2 + 9.85(0) ˗ 60 

P(0) = 0+0 ˗ 60 

P(0) = ˗ 60 

This means the company would bear a loss of Rs. 60.  

ii. for breakeven units, the profit must be zero. That is P(𝑥) = 0 

Using the standard form of quadratic equation and formula for quadratic equation  

0= ˗ 0.025𝑥2 + 9.85𝑥 ˗ 60 

a= ˗ 0.025; b =9.85, c= ˗ 60 

Substituting the values within the formula, we get  

𝑥 =
−(9.85) ± √(9.85)2 − 4(– 0.025)(−60)

2(– 0.025)
 

𝑥 =
−9.85 ± √97.0225 − (6)

−0.05
 

𝑥 =
−9.85 ± √97.0225 − 6

−0.05
 

𝑥 =
−9.85 ± √92.0225

−0.05
 

𝑥 =
−9.85 ± 9.5406

−0.05
 

𝑥 = −6.189 𝑜𝑟 𝑥 = 387.812 

Approximately, 388 units of J would yield break even.  
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 Example 2: 

Divide 25 into two parts so that the sum of their reciprocals is 1/6 

 Solution:  

let the parts be x and 25 - x  

By the question or 1/x+1/25-x=1/ 

150=25x-x2 

by solving x=10 and x=15 

 Example 3: 

Five times of a positive whole number is 3 less than twice the square of the number. The number is 

Let the number be x  

Five times a number is 5x 

 3 less than twice the square of a number = 2x2 -3 

 Summing up equation   5x=2x2 -3 

2x2 -3-5x=0 

2x2 -6x+x-3=0 

2x(x-3)+1(x-3)=0 

(2x+1)(x-3)=0 

x-=3 or x=-1/2 

S.S={3,-1/2}
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STICKY NOTES 

 

 

 

 

 

 

 
 

 
 

 
 

 

Expression is a number, a variable, or a combination of numbers and variables 
and their related operation symbol(s). When two mathematical expressions 
are considered equal (indicated by the sign =), they constitute an equation. 

 

A linear equation is one in which each term is either a constant or the product 
of a constant and a single variable. Slope intercept form of equation of a 
straight line is represented by : 

y = b + m x (or y = b – m x) 

Two or more equations are equivalent when they are said to have same 
solution. In solving the equation, each successive step leads to a simpler 
equation which is equivalent to the earlier. For linear equations with two 
variables, the equations can be solved simultaneously by the elimination of 
one variable. 

A quadratic expression is one in which the degree of variable is two (the 
highest power is a square).  
Formula:  

standard form: y = ax2 +bx +c 

The value of a quadratic equation can be computed for different values of x 

and these values plotted on a graph. 

 
Factorisation is like working backwards through a multiplication. There are a 

series of steps which must be followed. 

• Step 1: Multiply the coefficient of x2 by the constant (a × c). 

• Step 2: Find two numbers that sum to the coefficient of x and multiply to 

the number (ac). 

• Step 3: Rewrite the original equation by replacing the x term with two new 

x terms based on the two numbers. 

• Step 4: Bracket the first two terms and the second two terms. Remember 

that if there is a minus sign before a set of brackets the sign inside the 

bracket must change. 

• Step 5: Factor the first two terms and the last two terms separately. The 

aim is to produce a factor in common. 

• Step 6: Complete the factorisation. 
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Not all quadratic equations can be factorised. If this is the case another 
method must be used to solve the equation. One such method is known as 

completing the square.  

• Step 1: Rearrange the equation from the format ax2 + bx + c = 0 into ax2 + 

bx =  c (signs as appropriate). 

• Step 1b: Divide the equation by the coefficient of x2 if this is not one. (The 

method only works if the coefficient of x2 equals unity). 

• Step 2: Take half of the coefficient of x (including its sign). 

• Step 3: Square this number (note that as a short cut be aware that this 
appears in the final equation). 

• Step 4: Add this number to both sides of the equation. 

• Step 5: Rearrange into the required format (by factorizing the left hand 
side as a perfect square). 

Some quadratic equations can be difficult or impossible to factories.  
Formula:  

𝒙 =
−𝒃 ± √𝒃𝟐 − 𝟒𝒂𝒄

𝟐𝒂
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SELF-TEST 

1. The number of colour T.V sets sold by a firm was three times the combined sale of C.D players and radios. If the 
sales included 72 T.V. sets and 8 radios, then the numbers of C.D. players sold are:  

(a) 15      (b) 14 

(c) 16      (d) 13 

2. 4y – 𝑥 = 10 and 3𝑥 = 2y then 𝑥y is:          

(a) 2      (b) 3 

(c) 6       (d) 12 

3. If 7𝑥 – 5y = 13; 2𝑥 – 7y = 26; then 5𝑥 + 2y is:       

(a) 11      (b) 13 

(c) –11      (d) –13 

4. Zain is 𝑥 years old and his sister Ifrah is (5𝑥 – 12) years old. Given that Ifrah is twice as old as Zain, then the age 
of Ifrah is:       

(a) 8 years    (b) 10 years 

(c) 7 years    (d) 9 years 

5. Solution set for the simultaneous equations 2𝑥 – 3y = 19 and 3𝑥 + 2y = –4 is:   

(a) (2, 5)     (b) (–2, –5) 

(c) (–2, 5)    (d) (2, –5) 

6. Ten years ago the age of a father was four times of his son. Ten years hence the age of the father will be twice 
that of his son. The present ages of the father and the son are:     

(a) (50, 20)   (b) (60, 20) 

(c) (55, 25)   (d) None of these 

7. Two numbers are such that twice the greater number exceeds twice the smaller one by 18 and 1/3 of the 
smaller and 1/5 of the greater numbers are together 21. The numbers are:    

(a) (66, 75)   (b) (45, 36) 

(c) (50, 41)   (d) (55, 46) 

8. A piece of iron rod costs Rs.60. If the rod was 2 metre shorter and each metre costs Re.1.00 more, the cost 
would remain unchanged. The length of the rod is:      

(a) 13 metres   (b) 12 metres 

(c) 14 metres   (d) 15 metres 

9. Three times the square of a number when added to seven times the number results in 26. The numbers are: 

(a) –2 or –13/3  (b) 2 or –13/3 

(c) –2 or 13/3   (d) 2 or 13/3 
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10. Find out the point of intersection of following lines: 

i.  3𝑥 + y = 10 

ii.  𝑥+ y = 6 

(a) (4,2)     (b)  (2,4) 

(c)  (3,3)     (d)  (1,5) 

11. A table manufacturer has to pay Rs. 30,000 as a fixed cost and Rs. 10,000 as variable cost per table 
manufactured. If the Selling price of each table is Rs. 15,000 compute break-even point. 

(a) 6 units    (b)  4 units 

(c)  8 units    (d)  2 units 

12. A company sells two products A and B. Total profit earned by the company in one particular period is Rs. 
150,000 by selling 4 units of A and 10 units of B. The ratio of profits between A is to B is 1.5:1. Compute profit 
per unit from product B. 

(a) Rs. 9,375   (b)  Rs. 14,062.5 

(c)  Rs. 13,062.5  (d)  Rs. 10,375 

13. Sana distributed Rs. 1,800 amongst her three brothers in such a way that each one of them received Rs. 150 at 
least. What can be the maximum difference between amounts received by each brother? 

(a) Rs. 1,500   (b)  Rs. 1,350 

(c)  Rs. 1,650   (d)  Not possible to determine 

14. A manufacturer has three production workers working eight hours per day and producing twelve units in total. 
How many hours will this manufacturer need to operate per day if one worker leaves the company and 
company has to produce sixteen units in total. 

(a) 8 hours   (b)  16 hours 

(c)  24 hours   (d)  10 hours 

15. A company has total budget of Rs. 105,000 to purchase tables and chairs. The cost of each table is twice that of 
a chair and company wants to have 3 table and 15 chairs. If the company uses its entire budget, how much 
more will be spent on buying chairs as compared to tables 

(a) Rs. 30,000   (b)  Rs. 75,000 

(c)  Rs. 45,000    (d)  Rs. 50,000 

16. The product of two positive integers is 28 and when added together the result is 11. Find the integers 

(a) 2 and 14   (b)  4 and 7 

(c)  28 and 1   (d)  Not possible to determine 

17. A restaurant sells fries for Rs. 120 each, burgers for Rs. 200 each and sandwiches for Rs. 250 each.  If  the profit 
on fries is 1/3rd of its selling price, profit on burgers is Rs. 60 more than the profit on fries and profit on 
sandwiches is 125% of profit on burgers, what will be the total profit for the sale of 5 fries, 10 burgers and 15 
sandwiches 

(a) Rs. 3,075   (b)  Rs. 2,075 

(c)  Rs. 5,075   (d)  Rs. 2,175 
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18. A person buys 20units of a product for Rs. 950 in total, this includes discount of 5% which is applicable if more 
than 10 units are purchased. Compute cost per unit if 5 units are purchased 

(a) Rs. 250    (b) Rs. 45 

(c)  Rs. 50     (d)  Rs. 200 

19. A father gives his son certain amount of pocket money every week. Son saves 30% of amount and spends the 
rest, with spending on Saturday and Sunday being twice than what is spent on other days of the week. If total 
savings in the week are Rs. 420. How much is spent each Saturday? 

(a) Rs. 217.78   (b)  Rs. 317.78 

(c)  Rs. 117.78   (d)  Rs. 17.78 

20. The denominator of a fraction exceeds the numerator by 5 and if 3 is added to both the fraction becomes 3/4 
Find the fraction. 

(a) 12/17    (b) 11/17 

(c)  -9/17     (d) 3/17 

21. The solution for the pair of equations 1/(16x) + 1/(15y) = 9/20, 1/(20x) - 1/(27y) = 4/45 is given by 

(a)  (1/4, 1/3)   (b) (1/3, 1/4) 

(c)  (34)     (d) (43) 

22. x/p + y/q = 2, x + y = p + q are satisfied by the values given by the pair. 

(a)  (x = p, y = q)  (b)  (x = q, y = p) 

(c)  (x = 1, y = 1)  (d)  none of these 

23. Find the fraction which is equal to 1/2 when both its numerator and denominator are increased by 2. It is equal 
to 3/4 when both are increased by 12. 

(a)  3/8              (b)  5/8 

(c) 2/8      (d)  2/3 

24. If the solution of a quadratic equation has two values 0 and 4, the equation is:    

(a) 𝑥2 – 4 = 0    (b) 𝑥2 + 16 = 0  

(c) 𝑥2 – 16 = 0   (d) 𝑥2 – 4𝑥 = 0 

25. The equation 𝑥2 + k𝑥 – 18 = 0, where k is a constant, is satisfied by 𝑥 = 2. Then the value of k is: 

(a) –7      (b) 5 

(c) ±7      (d) 7 

26. Solution of the equation (𝑥 + 5)2 = 16 is:        

(a) 1 or 9     (b) ˗ 1 or ˗ 9 

(c) ˗ 1 or 9    (d) 1 or ˗ 9 

27. Given that 8𝑥2 ˗ 2𝑥y ˗ 3y2 = 0; then ‘y’ in term of ‘𝑥’ is:     

(a) 4𝑥/3 and 2𝑥  (b) 4𝑥/3 and ˗ 2𝑥 

(c) ˗ 4𝑥/3 and ˗ 2𝑥 (d) 4/3𝑥 and ˗ 2𝑥 
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28. A quadratic function can have: 

(a)  Only one 𝑥-intercept (b) Two 𝑥-intercepts  

(c)  No 𝑥-intercepts (d)  All options are possible 

29. Which of the following statements is / are correct: 

i. The roots of a quadratic equation can never be negative. 

ii. The roots of a quadratic equation can never be positive. 

iii. One of the roots of a quadratic equation is always zero. 

iv. A quadratic equation can have no real roots. 

(a)  I      (b) ii 

(c)  iii      (d)  iv 

30. Solve 𝑥2+7𝑥+12 = 0 

(a)  -3 and 4   (b)  3 and -4 

(c)  -3 and -4   (d)  3 and 4 

31. Which of the following statements is/are correct? 

i. Quadratic equations when plotted on a graph are always U shaped. 

ii. Quadratic equations when plotted on a graph are always inverted U shaped. 

iii. Quadratic equations when plotted on a graph can either be U shaped or inverted U shaped. 

iv. Quadratic equations when plotted on a graph can never be inverted U shaped. 

(a)  i      (b)  i and ii 

(c)  iii      (d)  iv 

32. A quadratic equation is one which takes the form: 

(a)  y = m𝑥 + c   (b)  y = a𝑥2 + b𝑥 + c 

(c)  y = a𝑥3 +b𝑥2 + c (d)  Any of the above 

33. Solve: (5𝑥 ˗ 1)(𝑥 ˗ 4)=0 

(a)  ˗ 1/5 and 4   (b)  ˗ 1/5 and ˗ 4 

(c) 1/5 and 4   (d)  4 only 

34. Expand the following equation: 

(𝑥+2)(𝑥+3) = 0 

(a)  𝑥+6 = 0   (b)  𝑥2+5𝑥+6 = 0 

(c)  𝑥2+3𝑥+4 = 0  (d)  𝑥2+6𝑥 = 0 

35. A quadratic expression is one in which the degree of variable is ____. 

(a)  One      (b)  Two 

(c)  Three     (d)  Four 
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36. If the solution of the equation (k𝑥 ˗ 3)(k𝑥+1)=0 has two roots 3/2 and ˗ 1/2, the value of k is: 

(a)  3      (b)  -1 

(c)  2      (d)  -2 

37. Roots of the equation (a𝑥+b)(c𝑥+d) = 0 are: 

(a)  ˗ b/a and ˗ d/c (b)  ˗ a/b and ˗ c/d 

(c)  a/b and c/d  (d)  b and d 

38. For the equation k𝑥2+2k2𝑥+k = 0. The possible values of k and k2 are: 

(a)  1 and 3   (b)  2 and 3 

(c)  2 and 5   (d)  2 and 4 

39. By comparing 5𝑥2+3𝑥˗6 = 0 with a𝑥2+b𝑥+c = 0 the values of a, b and c are: 

(a)  5, 3 and -6   (b)  3, 5 and 6 

(c)  5, 3 and 6   (d)  ˗ 5, ˗ 3 and 6 

40. By comparing -5𝑥2-3𝑥-6 = 0 with a𝑥2+b𝑥+c = 0 the values of a, b and c are: 

(a)  ˗ 5, ˗ 3 and ˗ 6  (b)  ˗ 5, 3 and 6 

(c)  5, 3 and 6   (d)  ˗ 5, 3 and -6 

41. Number of real roots for the quadratic equation 3𝑥2+2𝑥+1=0 are: 

(a)  One      (b)  Two 

(c)  Three     (d)  None 

42. Number of real roots for the quadratic equation ˗ 3𝑥2+2𝑥+1=0 are: 

(a)  Two     (b)  One 

(c)  Three     (d)  None 

43. Number of real roots for the quadratic equation 𝑥2+2𝑥+1=0 are: 

(a)  One      (b)  Two 

(c)  Three     (d)  Four 

44. Which of the following statements is / are correct: 

i. A quadratic equation will always have two equal roots. 

ii. A quadratic equation will always have two roots. 

iii. A quadratic equation will always have one root. 

iv. A quadratic equation will either have one or two roots. 

(a)  i      (b)  i and ii 

(c)  All      (d)  None 
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ANSWERS TO SELF-TEST QUESTIONS 

1 2 3 4 5 6 

(d) (b) (a) (c) (c) (d) 

7 8 9 10 11 12 

(a) (d) (a) (b) (b) (b) 

13 14 15 16 17 18 

(b) (a) (a) (b) (b) (c) 

19 20 21 22 23 24 

(b) (c) (a) (a) (a) (a) 

25 26 27 28 29 30 

(d) (d) (b) (b) (d) (d) 

31 32 33 34 35 36 

(a) (c) (b) (c) (b) (b) 

37 38 39 40 41 42 

(c) (a) (d) (a) (a) (d) 

43 44     

(a) (a)     
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CHAPTER 2 
  

COORDINATE SYSTEM AND 

ITS APPLICATION 

  

 

 
AT A GLANCE 

 A Coordinate System is a method of representing points in a 
space of given dimensions. Points are positioned in a three- or 
two-dimensional plane (𝑥 and y axis).  

Graphs are plots of points on a two-dimensional coordinate 
system.  

Any point representing a value of y given a value or 𝑥 will fall on 
the line. The equations of straight lines are represented using 𝑥 
and y variables. 

 

IN THIS CHAPTER 

AT A GLANCE 

SPOTLIGHT 

1 The coordinate system  

2 Application of coordinate 
system in business  

3 Break even analysis   

STICKY NOTES 

SELF-TEST  
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1 THE COORDINATE SYSTEM  

A coordinate system is a method of representing points in a space of given dimensions by coordinates. 

A coordinate is a group of numbers used to indicate the position of a point or a line.  

The coordinate system is a method of specifying a location with a series of numbers which refer to other fixed 
points. Coordinates can specify position in a three dimensional space or on a two dimensional plane. Most 
graphs that you have seen are plots on a coordinate plane. 

 Illustration 

 

Features: 

The plane has two scales called the 𝑥 axis (horizontal) and y axis (vertical) which are at right angles to each 
other. The point where the axes intersect is called the point of origin and is usually denoted 0. 

In the above diagram there are negative values for both 𝑥 and y. This divides the plane into 4 sections called 
quadrants. 

• Quadrant 1 where values of x and y are both positive; 

• Quadrant 2 where values of x are negative but values of y are positive; 

• Quadrant 3 where values of x and y are both negative; and 

• Quadrant 4 where values of x are positive but values of y are negative. 

Coordinates 

Any point on the plane can be identified by a value of 𝑥 and a value of y.  

On the above diagram point A has been identified as being located at (10, 15). By convention the location in 
relation to the x coordinate is always given first. 

The coordinates of A mean that it is located on a line at right angle from the 𝑥 axis at 10 on the 𝑥 axis scale and 
on a line at right angle from the y axis at 15 on the y axis scale. Identifying the exact location is described as 
plotting the point. 

All graphs in this syllabus are plots of points on a two dimensional coordinate system 
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Slope (gradient) 

The slope of a line is a number which describes how steep it is. It is a measure of the change in the value of the 
dependent variable (y) which results from a change in the independent variable. 

  Formula: Slope of a straight line 

   Slope = 
𝑦2−𝑦1 

𝑥2−𝑥1
 

  Where:   

 (𝑥1, y1) and (𝑥2, y2) are pairs of coordinates on the line    

The gradient may be positive, negative, infinite (a vertical line) or zero (a flat line). 

• Positive: upward sloping from left to right – increase in 𝑥 causes an increase in y; 

• Negative: downward sloping from left to right – increase in 𝑥 causes a decrease in y 

  Illustration: Positive and negative slopes 

 y = 2 + 2x (slope = +2) y = 2 − 2x (slope = −2)  

 

  

 

Slope-Intercept form of the equation of a straight line  

As it can be observed from the above table, for every increasing value of x, y increases. This can be plotted on a 
graph using a coordinate system.  

A straight line on a graph can be a line crossing various points on a coordinate system in an increasing or 
decreasing manner. 

Equation of a straight line (slope intercept version) would be as follows: 

y = b + m𝑥 (or y = b – m𝑥) 

Where: 

y = the dependent variable. 

𝑥 = the independent variable. 

b = the value of the intercept on the y axis. 

This is the value at which the line crosses the y axis (where x=0). It could have a negative value  

m = the slope (gradient) of the line. 

The gradient may be positive (upward sloping from left to right), negative (downward sloping from left to 
right), zero (parallel to 𝑥-axis) or undefined (parallel to y-axis). 
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 For example:  

Drawing a straight line graph requires information about two coordinates or information about one coordinate 
and the slope of the graph.  

Information about two coordinates might be given or can be estimated from the equation for the line by solving 
it to find two different values of y for two different values of 𝑥. 

Using example above, 𝑥 and y coordinates can be plotted using a two-dimensional graph as follows:   

x 0 1 2 3 4 

y 3 8 13 18 23 

 

Point slope form 

Equation of a straight line in a Point slope form  

y - y1 = m(𝑥 - 𝑥1)  

Where: 

(𝑥1, y1)   = A known set of coordinates on the line 

𝑥  = A chosen value 

m  = The slope (gradient) of the line    

A straight line can be drawn with information of a single set of coordinates and the slope of the line. In order to 
do any other value of 𝑥 is substituted into the equation.    

 For example:  

Calculate a second pair of coordinates of the line which passes through (6, 32) and has a slope of 4. 

Known values in the example are  

𝑥1= 6 

y1= 32 

m = 4 

y = m(𝑥 ˗ 𝑥1) + y1 

0, 3

1, 8

2, 13

3, 18

4, 23

0

5

10

15

20

25

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
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Substitute in the known values  

y = 4(𝑥 ˗ 6) + 32 

Pick any other value of 𝑥 (say 3).  

y = 4(3 ˗ 6) + 32 

y = ˗ 12 + 32 

y = 20 

The coordinates (3, 20) and (6, 32) could be used to draw the line. 

The point slope form could be used to calculate the value of the intercept. To do this, set the chosen value of x to 
zero. 

 For example:  

Calculate the value of the y intercept of the line which passes through (6, 32) and has a slope of 4. 

Known values in the example are  

𝑥1 = 6 

y1 = 32 

m = 4 

  = 0 

Substitute in the known values in the equation y = m(𝑥 ˗ 𝑥1) + y1 

y = 4(𝑥 ˗ 6) + 32 

Set the other value of x to zero 

y = 4(0 ˗ 6) + 32 

y = 4(˗ 6) +32 

y = ˗ 24 + 32 

y = 8 

Intercept form 

This equation does not apply unless the line intercepts both the 𝑥 and the y axis. Most lines do, as the intercept 
could be in a negative quadrant. The equation does not apply to any line that is parallel to either axis or to a line 
that goes through the point of origin (where the axes meet). 

The equation can be used to derive the slope–intercept form. 

 Formula:  

Intercept form of equation of a straight line 

 Intercept form  

  
𝑥

𝑎
+

𝑦

𝑏
= 1 

 Where:  

 (𝑥, y)  = A pair of coordinates 

 a  = the intercept value on the 𝑥 axis 

 b  = the intercept value on the y axis 
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 For example:  

A line has an 𝑥 intercept of 6 and a y intercept of 3. Derive the slope–intercept form of the equation of a straight 
line. 

𝑥

𝑎
+

𝑦

𝑏
= 1 

Substitute in the known values  

𝑥

6
+

𝑦

3
= 1 

Multiply by 18 (6 × 3) to eliminate the fractions 

18(
𝑥

6
)+18(

𝑦

3
)=18(1) 

3x+6y = 18 

Rearrange: 

6y = 18 ˗ 3𝑥 

Divide by 6 on both sides  

6𝑦

6
 = 

18

6
 ˗ 

3𝑥

6
 

𝑦 = 3 ˗ 
1

2
𝑥 

 Practice example: 

A line with a negative slope passes through (3, 2). It has an x intercept value which is twice the y intercept 
value. Derive the slope–intercept form of the equation of a straight line. 

𝑥

𝑎
+

𝑦

𝑏
= 1 

But a = 2b so the equation would be  

𝑥

2𝑏
+

𝑦

𝑏
= 1 

Substitute in the known values  

3

2𝑏
+

2

𝑏
= 1 

Multiply by 2b  

2𝑏(
3

2𝑏
) + 2𝑏(

2

𝑏
) = 2𝑏(1) 

3 + 4 = 2b  

7 = 2b 

b =  
7

2
 or 3.5 

Substituting the value of b to arrive at a 

a = 2(3.5) 

a = 7 

 

 



PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS   CHAPTER 2: COORDINATE SYSTEM AND ITS APPLICATION  

 

THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN 31 

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

Insert these values into the intercept form equation 

𝑥

7
+

𝑦

3.5
= 1 

Multiply by 7 

𝑦 = 3.5 −
1

2
𝑥  

Rewrite the equation y – 4  – 5 = 0 in a slope intercept form, find slope m and y intercept b.  

y ˗ 4𝑥 ˗ 5= 0 

y ˗ 4𝑥 = 5  

y = 5 + 4𝑥 

As per the formula 

y = b + m𝑥  

so b = 5 and m = 4  

However, y-intercept can be calculated by keeping 𝑥 = 0 

y = 5 + 4(0) 

y = 5 

In identifying the slope, lets calculate various values of y for corresponding values of x 

x Solution Value of y 

0 = 5 + 4(0) = 5 =  5 

1 = 5 + 4(1) = 5+4 =  9 

2 = 5 + 4(2) = 5+8 = 13 

3 = 5 + 4(3) = 5+12 = 17 

4 = 5 + 4(4) = 5+16 = 21 

Using the formula for slope  

Slope(m)= 
𝑦2−𝑦1 

𝑥2−𝑥1
   

m =  
9−5 

1−0
 

m = 4 

It can be useful here to calculate x intercept where y=0 

y = 5 + 4𝑥 

(0) = 5 + 4𝑥 

˗ 5 = 4𝑥    ;     − 
5 

4
 = 𝑥  
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Two Point form:  

If two points (x1, y1) and (x2, y2) are given and we have to make equation of straight line then we shall use  

𝑦 − 𝑦 1
𝑦 2 − 𝑦 1

=  
𝑥 − 𝑥 1  

𝑥 2 −   𝑥 1
 

 Example: 

Find the equation of straight line passing through (2,3) and (5,7) . 

Here: 

(x1, y1) = (2,3) 

& (x2 , y2) = (5,7) 

Using 

𝑦 − 𝑦 1
𝑦 2 − 𝑦 1

=  
𝑥 − 𝑥 1

𝑥 2 − 𝑥 1
 

𝑦 − 3

7 − 3
=  

𝑥 − 2

5 − 2
 

𝑦 − 3

4
=  

𝑥 − 2

3
 

3y – 9 = 4x – 8 

0 = 4x – 3y – 8+9 

4x – 3y + 1 = 0. 

Plotting two equations  

Two simultaneous equations can be plotted in a single graph.  

Where two lines cross there is a single value for x and a single value for y that satisfies both equations. 

Solving simultaneous equations using graphs means finding the point where two lines intersect.  

It involves finding the values of x and y which are true to both equations 

 Practice example: 

Solve for y = 5 + 4  and y = 3 + 5  (as above) using graphs  

The following table shows values of y using multiple values of 𝑥: 

y = 5 + 4x y = 3 + 5x 

x y x y 

0 5 0 3 

1 9 1 8 

2 13 2 13 

3 17 3 18 

4 21 4 23 
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Solve for equations 3x + 4y = 36 and x + 2y = 16 using graphs.  

3𝑥 + 4y = 36 

4y = 36 - 3𝑥 

y = 
(36 − 3𝑥)

4
 

𝑥 + 2y = 16 

2y = 16 - 𝑥 

y =  
(16−𝑥)

2
 

Following table shows values of y using multiple values of 𝑥: 

y =  
(𝟑𝟔 − 𝟑𝒙)

𝟒
 y = 

(𝟏𝟔 − 𝒙)

𝟐
 

x y x y 

0 9 0 8 

2 7.5 2 7 

4 6 4 6 

6 4.5 6 5 

8 3 8 4 

In plotting the points as above, value of 𝑥 and y are 

𝑥 = 4 

y = 6 

0, 5

1, 9

2, 13

3, 17

4, 21

0, 3

1, 8

2, 13

3, 18

4, 23

0

3

6

9

12

15

18

21

24

27

0 1 2 3 4

y=5+4x y=3+5x
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Application for Linear Function:  

Linear Functions represent straight line which are very important in business operations. This knowledge can 
be applied to evaluate  

• Cost behaviour (Cost Function) 

• Average cost function  

• Revenue Function  

• Demand and Supply function 

• Profit and loss function 

• Break even analysis (Algebraically as well as graphically)  

 Practice example: 

A factory pays workers at the rate of Rs. 20 per hour per person. If there are 500 workers working for 8 
hours a day and 20 days a month, what is the total cost of the factory when it also pays the monthly rent 
Rs. 85,000/-? What would the cost be if factory reduces their employees to 240? 

Rate = Rs. 20 per hour  

Number of hours: 8 × 20 = 160 hours per month  

Number of workers = 500 

Rent = 85,000/- 

Variable cost = 160 × 20 = Rs. 3,200 

Equation would be  

Total = Variable cost × units + Fixed cost  

For total cost at 500 units 

T1 = (3,200×500) + 85,000 

T1 = 1,600,000 + 85,000 

T1 = Rs. 1,685,000  

0, 9

2, 7.5

6, 4.5

8, 3

0, 8

2, 7

4, 6
6, 5

8, 4

0

2

4

6

8

10

0 2 4 6 8

y=(36-3x)/4 y=(16-x)/2
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For total cost at 240 units.  

T2 = (3,200 + 240) + 85,000 

T2 = (3,200 + 240) + 85,000 

T2 = 768,000 + 85,000 

T2 = 853,000 

Mr. G works as a Freelance for a News agency. He earns Rs. 2,500 per hour. One day he earned a total of 
Rs. 8,000, including Rs. 5,000 from tips. How many hours did he work that day? 

Using the linear equation,  

2,500×h + 5,000 = 8,000 

Subtracting from both sides  

2,500h = 8,000 ˗ 5,000 

2,500h = 7,500 

h = 
7,500

2500
 

h = 3 

He worked three hours that day.  

A car manufacturer is building a garage. The length of the garage must be 6 times the width. If the 
perimeter of the garage is 1,400m, then find the length of the garage.  

Using the linear equations:  

Perimeter of a rectangle (P) = 2(L+B) 

P = 2(6w + w) 

1,400 = 12w + 2w 

1,400 = 14w 

Dividing both sides with 14 

1,400

14
 = w 

100=w.  

Length must be 6(100) = 600m. 

A raw material used for production of a chemical compound is on sale for 35% less than its usual price 
and if the current price is Rs. 78,000, how much would it cost for the buyer?  

Using Linear Equations:  

P1 = 78,000 

discount 35% or 0.35 less than the current price  

P2 = 78,000 (1 ˗ 0.35) 

P2 = 78,000(0.65) 

P2 = 50,500 

 

 



CHAPTER 2: COORDINATE SYSTEM AND ITS APPLICATION PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

36 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

Two Swimmers are 4 km apart and moving directly towards each other. One Swimmer is moving at a 
speed of 1.5 kmph and the other is moving at 0.5 kmph. Assuming that the Swimmer start moving at the 
same time how long does it take for the two to meet??  

Using Linear Equations:  

Distance between two = D1 + D2 = 4 

Distance = Speed × time 

1.5t + 0.5t = 4 

2t = 4 

t = 2 hours  

they will meet in 2 hours.  

A company makes and sells a single product. The company is required to calculate its variable production 
cost of per unit. The product has a variable selling cost of Rs.1.5 per unit and a selling price of the product 
is Rs.6. Number of units sold are 50 and a contribution margin of 50.  

Known:  

Units (𝑥) = 50 

Variable selling cost (v1) = 1.5 

Selling price (s) = 6 

Contribution Margin (CM) = 50 

Equation would be formed as follows:  

CM = R ˗  VC 

CM = (s)( 𝑥) ˗  (v1 + v2)(𝑥) 

75 = 6 × 50 ˗ (1.5 + v2)(50) 

75 = 300 ˗ 75 ˗ 50v2 

75 = 225 ˗ 50v2 

Subtracting 225 from both sides  

75 ˗ 225 = ˗ 50v2 

˗ 150= ˗ 50v2 

Dividing both sides with (˗ 50) 

−150

−50
 = v2 

3 = V2 

A company makes a single product that has a selling price of Rs.16,000 per unit and variable costs of Rs. 
9,000 per unit. Fixed costs are expected to be Rs.50,000,000.  What volume of sales is required to break 
even?  

Known:  

Fixed Cost = 50,000,000 

Variable selling cost (v) = 9,000 per unit  

Selling price (s) = 16,000 per unit  

Break even sales  
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First let’s calculate contribution margin per unit  

CM = s – v 

CM = 16,000 ˗ 9,000 

CM = 7,000 

Breakeven point:  
𝐹𝐶

𝐶𝑀
  per unit  

BE = 
50,000,000

7,000
 

BE sales = 7,142.857 units. (7,143 units) 

In sales revenue:  

It is 7143×16,000= Rs.114,288,000. 

A family member is 15 years younger than a second member. Three times of the age of the first member 
added to twice the age of second member combines to 80 years. Find age of the two family members.  

Using Linear Equations:  

Age of the member 1 = 𝑥 and Age of the member 2 = y 

As per the first statement 

𝑥 = y ˗ 15 

then as per the second statement  

3𝑥 + 2y = 80 

Substituting first equation in the second.  

3(y ˗ 15) + 2y = 80 

3y ˗ 45 + 2y = 80 

5y ˗ 45 = 80 

Adding 45 on both sides  

5y = 125 

Dividing both sides by 5 

y = 25 

so x would be  

𝑥 = 25 ˗ 15 years     ;   𝑥 =10 years 
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Two simultaneous equations can be plotted in a single graph.  

Where two lines cross there is a single value for x and a single value for y that 

satisfies both equations. Solving simultaneous equations using graphs means 
finding the point where two lines intersect. 

STICKY NOTES 

 

 
 

 

 

  

A coordinate system is a method of representing points in a space of given 
dimensions and coordinates 
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SELF-TEST 

1. In the diagram, B is the point (0, 16) and C is the point (0, 6). The sloping line through B and the horizontal 
line through C meet at the point A. Then the equation of the line AC is:   

 

(a) y = 6    (b) 𝑥 = 6 

(c) y = –6    (d) y = 0 

2. A line passes through the point (0, 5) and has gradient –2. The equation of the line is:   

(a) y = 5 + 2𝑥    (b) y = –5 – 2𝑥 

(c) y = 5 – 2𝑥    (d) y = –5 + 2𝑥 

3. The slope of the line perpendicular to the line 3𝑥 – 4y + 5 = 0 is:    

(a) 3/4     (b) –3/4 

(c) 4/3     (d) –4/3 

4. Whether the pair of lines 3𝑥 = y + 7 and 𝑥 + 3y = 7 are parallel, perpendicular or neither:  

(a) Perpendicular   (b) Parallel 

(c) Neither    (d) Not possible 

5. y-intercept and slope of the equation 3y = 9 – 12𝑥 are:      

(a) y-intercept 4, slope –3  (b) y-intercept 3, slope 4 

(c) y-intercept 3, slope –4  (d) y-intercept –3, slope –4 

6. y = c is the equation of straight line parallel to:       

(a) x-axis    (b) y-axis 

(c) x, y axis    (d) None of these 

B 
(0, 16) 

C 

0 

A 

(0, 6) 

Y 

X 
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7. A firm’s fixed costs are Rs.50,000 per week and the variable cost is Rs.10 per unit. The total cost function for 
the firm is:         

(a) C(x) = 10𝑥 + 50,000   (b) C(𝑥) = 10𝑥 + 5,000 

(c) C(x) = 10𝑥 – 50,000   (d) C(𝑥) = 10𝑥 – 5,000 

8. The total cost curve of the number of copies of a particular photograph is linear. The total cost of 5 and 8 
copies of a photograph are Rs.80 and Rs.116 respectively. The total cost for 10 copies of the photograph will 
be:   

(a) Rs.100    (b) Rs.120 

(c) Rs.130    (d) Rs.140 

9. A manufacturer produces 80 T.V. sets at a cost Rs.220,000 and 125 T.V. sets at a cost of Rs.287,500. 
Assuming the cost curve to be linear. The cost of 95 sets with the help of equation of the line is:  

(a) Rs.242,600    (b) Rs.242,500 

(c) Rs.245,500    (d) Rs.242,400 

10. The cost of production of a product in rupees is: C = 15𝑥 + 9,750 where 𝑥 is the number of items produced. If 
selling price of each item is Rs.30, the sales quantity at which there would be no profit or loss is:  

(a) 560 units    (b) 600 units 

(c) 650 units    (d) 500 units 

11. A manufacturer sells a product at Rs.8 per unit. Fixed cost is Rs.5,000 and the variable cost is Rs.22/9 per 
unit. The total output at the break-even point is:   

(a) 600 units    (b) 900 units 

(c) 700 units    (d) 800 units 

12. The slope of the straight line y = 2 – 3𝑥 is:        

(a) 2     (b) –3 

(c) 3     (d) –2 

13. For the profit function P = –Q2 + 17Q – 42, break even points are:   

(a) 13 and 4    (b) 12 and 5 

(c) 14 and 6    (d) 14 and 3 

14. The equation of line joining the point (3, 5) to the point of intersection of the lines 4𝑥 + y – 1 = 0 and 7𝑥 – 3y 
– 35 = 0 is:        

(a) 2𝑥 – y = 1    (b) 3𝑥 + 2y = 19 

(c) 12𝑥 – y – 31 = 0   (d) None of these 

15. A firm is introducing a new washing detergent. The firm plans to sell the family size box for Rs.24. 
Production estimates have shown that the variable cost of producing one unit of the product is Rs.21.60. 
Fixed cost of production is Rs.36,000. It is assumed that both the total revenue and total cost functions are 
linear over the relevant sale quantity range. Then the break-even volume of sales is:    

(a) 150,000 boxes   (b) 1,500 boxes 

(c) 150 boxes    (d) 15,000 boxes 
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16. y = 3𝑥 + c is the equation of a straight line. The line passes through the point (2,11). Determine value of y-
intercept  

(a) 5  (b)  6 

(c)  8  (d)  10 

17. Find the equation of a line which passes through the points (2,1) and (4,9) 

(a) y = 4𝑥 - 7 (b)  y = 2𝑥 + 7 

(c)  y = 6𝑥 - 7 (d)  y = 4𝑥 + 7 

18. Determine x-intercept of a line passing through the points (1,7) and (2,10) 

(a) 3/4  (b)  – ¾ 

(c)  – 4/3 (d)  4/3 

19. The slope of the line parallel to 𝑥-axis is: 

(a)  0  (b)  cannot be determined 

(c)  +1  (d)  -1 

20. The slope of the line which passes through the origin and such that every coordinate has equal 𝑥 and y 
values is: 

(a) 0  (b)  1 

(c)  -1  (d)  infinity 

21. The profit function of a company is given as P(𝑥) = ˗ 0.05𝑥2 + 4𝑥 ˗ 30. What will be the profit of the company if 
company sells 25 units? 

(a)  38.75    (b)  48.75 

(c)  58.75    (d)  68.75 

22. The profit function of a company is given as P(𝑥) = ˗ 0.05𝑥2 + 4𝑥 ˗ 30. What will be the profit of the company 
if company is not able to sell any unit? 

(a)  ˗ 30     (b)  0 

(c)  30     (d)  Cannot be determined 

23. Which of the following statements is/are correct? 

i. Graph of a quadratic function will always intersect 𝑥-axis. 

ii. Graph of a quadratic function may intersect 𝑥-axis. 

iii. Graph of a quadratic function will always have two x-intercepts. 

iv. Graph of a quadratic function will never have two 𝑥-intercepts. 

(a)  i (b)  ii 

(c)  iv (d)  iii and iv 
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24. Which of the following statements is/are correct? 

i. Graph of a quadratic function will always have a negative slope. 

ii. Graph of a quadratic function never intersects y-axis. 

iii. Graph of a quadratic function will always be U shaped. 

iv. Graph of a quadratic function may have two 𝑥-intercepts 

(a)  iv  (b)  iii 

(c)  ii  (d)  i 
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ANSWERS TO SELF-TEST QUESTIONS 

1 2 3 4 5 6 

(a) (c) (d) (a) (c) (a) 

7 8 9 10 11 12 

(a) (d) (b) (c) (b) (b) 

13 14 15 16 17 18 

(d) (c) (d) (a) (a) (c) 

19 20 21 22 23 24 

(a) (b) (d) (a) (c) (b) 
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CHAPTER 3 
  

MATHEMATICAL PROGRESSION 

  

 

 
AT A GLANCE 

 A numerical sequence is a succession of numbers each of which 
is formed according to a definite law that is the same 
throughout the sequence. An arithmetic progression is one 
where each term in the sequence is linked to the immediately 
preceding term by adding or subtracting a constant whereas, 
geometric progression is formed when each term in the 
sequence is linked by multiplying a constant. In order to identify 
the progression in the sequence, knowing law that links the 
numbers is critical and for that various mathematical formulae 
are used.  

 

IN THIS CHAPTER 

AT A GLANCE 

SPOTLIGHT 

1 Sequences 

2 Geometric progression   

3 Infinite geometric series  

STICKY NOTES  

SELF-TEST 
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1 SEQUENCES: 

A sequence is an ordered list of numbers or objects. Each member of the sequence is called a term. For example, 
the sequence of natural numbers 1,2,3,4,…is simple. 

Types of Sequences: 

Arithmetic Sequence: A sequence where each term is obtained by adding a constant difference to the previous 
term. Example: 2,5,8,11,…,… 

Geometric Sequence: A sequence where each term is obtained by multiplying the previous term by a constant 
ratio example : 3,6,12,24,…3 

Progression 

For an AP Whose first term  is a,  and the common difference is d the progression is   

a,a+d,a+2d,a+3d,a+4d ……………….  

We notice that in any  term the coefficient of d  is always less  by one than the number of the term in series 

Thus the 2nd term is a+d 

3rd terms are  a+2d 

4th term is  a+3d  

Similarly, 20th term is  a+19d 

And in general, the nth term of an AP  

An=a+(n-1)d 

Where an ,or L is the  nth or last term 

For Introduction  

The chapter mathematical progression is devoted to the study of sequences and series, i.e. Arithmetic and 
Geometric progressions and their applications to business problems. The theory can also be used to find 
interest earned, depreciation after a certain amount of time and the total sum on recurring deposit. 

1. Sequence 

A sequence is defined as a succession of terms arranged in a  definite order and formed according to a 
definite law, i.e., the set {u1, u2, u3, ….. un,…}, where u1, u2, … un, … are real numbers arranged in a definite 
order. The terms u1, u2, …. Un, .. of the sequence are known as first term second term, …, nth terms 
respectively. 

2. Series 

The Expression of the form u1 +  u2 + u3 + …. + un … is called a series and is symbolically expressed ∑ un. 
i.e. sum of all terms of the sequence is called series. Then real numbers u1,u2,u3,…..un are known as the 
first, second, third…. And the nth term respectively of the series. 

A series can be defined as the succession of terms formed and arranged according to some definite law or 
rule. 

 Illustration 1 

Consider the following succession of number: 

i. 2, 6, 10, 14, ….. 

ii. 16, 8, 4, 2, …. 

Examining the above groups, we notice that in 

Each term is greater than the previous term by 4. 

Each term is obtained by multiplying the previous term by 
1

2
, 

Thus we notice that the groups of numbers given by (i), (ii) are connected by a definite law.  
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3. Term Of A Sequence 

The successive number forming the sequence are called the terms of the sequence, and the successive 
terms are usually denote by T1, T2, T3, ... Tp, …. Tn, where Tp denotes the pth term and Tn, the nth tern. The 
nth term Tn of a sequence is called its general term.  

4. Arithmetic Progression  

We have seen that 2+6+10+14+ … is a series, where the difference between any term and the term 
previous to it, is always 4. Such a series, in which the difference obtained by subtracting any term from its 
immediately preceding term is constant throughout, is called an Arithmetic series of Arithmetical 
Progression. The constant difference, thus obtained is called the common Difference. Thus Arithmetical 
Progression is a series in which the successive terms increase or decrease by a common difference. For 
example, the series given below are all Arithmetical Progression.  

Series Common Difference 

1. 10 + 5 + 0 – 5 – 10 - ……………..    -5 

2. 3 + 9 + 15 + 21 + ………………….      6 

3. 17 + 14 + 11 + 8 + ……………….     -3 

Note.  The Arithmetical Progression is briefly written as A.P. 

5. TO FIND THE GENERAL TERM (OR Nth TERM) OF AN A.P.   

Let a be the first term of an A.P. and d be the common difference. Then the A.P. is: a , (a + d), (a + 2d) ,  (a + 
3d) , … We observe that:  

T2 = the second term is a + d = a + (2 – 1) d ;  

T3 = the third term is a + 2d = a + (3 – 2) d ; 

T4 = the fourth term is a + 3d = a + (4 – 1) d. 

Similarly, Tp + = the pth term = a + (p – 1) d & 

Tn = the nth term = a + (n -1) d. 

:. Tn = a + (n – 1) d.    

Gives the general term of the nth term of an A.P. 

 For Example: 

Which term of the sequence? 

- 
9

4
 −  2, − 

7

4
, … .. is zero. 

 Solution 

Let ‘O’ be the nth term of the given series whose first term is a = - 
9

4
 and common difference d = - 2 + 

9

4
  = 

1

4
 . 

:. Tn = a + (n – 1) d=» 0 = - 
9

4
 + ( n  - 1) 

1

4
. =» n = 10 
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 Business Problem: 

Mr. Dawood was drawing a salary of Rs. 400 p.m. during 11th year of service and Rs. 760 during the 29th 
year. It is known that his salary per month of different years of service is in A.P. Find his starting salary 
and rate of increment. What should be his salary at the tie of retirement just on the completion of 36 years 
of service? 

A. Rs. 200 Per Month & Increment Rs. 20 

B. Rs. 200 Per Month & Increment Rs. 30 

C. Rs. 200 Per Month & Increment Rs. 40 

D. Rs. 200 Per Month & Increment Rs. 50 

A man buys every month certificates of value exceeding the last year’s by Rs. 25. In 25th year the total 
value of the certificates purchased by him is Rs. 7250. Find the value of the certificates bought by him in 
the 13th year. 

A. Rs.6960 

B. Rs.9650 

C. Rs.6910 

D. Rs.5950 

 For example:  

What is the 8th term? When a=10 and d=5 

8th term = 10 + (8 ˗ 1)5 = 45 

What is the 19th term? when a=10 and d= ˗ 6 

19th term = 10 + (19 ˗ 1) (˗ 6) = ˗ 98 

 Practice examples:  

Calculate the 6th and 11th term of a series which starts at 7 and has a common difference of 6  

a = 7 and d = 6 

6th term = 7 + (6 ˗ 1)6 = 37 

11th term = 7 + (11 ˗ 1)6 = 67 

Calculate the 5th and 12th term of a series which starts at 8 and has a common difference of ˗ 7. 

a = 8 and d = ˗ 7 

5th term   = 8 + (5 ˗ 1) (˗ 7) = ˗ 20 

12th term = 8 + (12 ˗ 1) (˗ 7) = ˗ 69 

The first two numbers in an arithmetic progression are 6 and 4. What is the 81st term? 

a = 6 and d = ˗ 2 

81st term = 6 + (81 ˗ 1) (˗ 2) = ˗ 154 

Ali intends to start saving in July. He will set aside Rs 5,000 in the first month and increase this by Rs 300 in 
each of the subsequent months. How much will he set aside in March next year? 

a = 5,000 and d = 300 

n = 9 (March is 9 months after July) 

9th term = 5,000 + (9 − 1)300 = Rs 7,400 
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6. To Find The Sum Of A Given Number Of Terms Of An A.P. Whose First Term And The Common 
Difference Are Given   

Case No. I 

If ‘a’ is the first term of the arithmetic sequence and ‘d’ is the common difference then ‘A.P.’ is = a, a + d,  a + 
2d, a + 3d, ……., a + (n – 1)d and arithmetic series is: 

a + (a + d) + (a + 2d) + (a + 3d) + ………… + {a + (n – 1)d} 

If Sn denotes the sum of the series to ‘n’ terms, we have: 

Sn = a + (a + d) + (a + 2d) + … + {a + (n – 2)d} + {a + (n – 1)d}………(1) 

By writing the sum of the terms of the series in the reverse order, we have 

Sn = {a + (n – 1)d} + {a + (n – 2)d} + … + (a + 2d) + (a + d) + a ………(2) 

Adding the corresponding terms of (1) and (2), we get2Sn = {2a + (n – 1)d} + {2a + (n – 1)d} + … + {2a + (n – 
1)d}; 

{2a + (n – 1)d} + … + {2a + (n – 1)d}; (‘n’ such terms in all) 

Or 2Sn = n{2a + (n – 1)d} 

Hence:𝑆𝑛 =
𝑛

2
{2𝑎 + (𝑛 − 1)𝑑} 

Case No. II 

According to case No. I𝑆𝑛 =
𝑛

2
{2𝑎 ⥂ +(𝑛 − 1)𝑑} 

𝑆𝑛 =
𝑛

2
{𝑎 ⥂ +𝑎(𝑛 − 1)𝑑} 

Where: l =a + (n – 1)d, 𝑆𝑛 =
𝑛

2
(𝑎 + 𝑙)

 
Working Rule: We notice that S, the sum of n terms of an A.P. is given by  

S = n/2 (a+l)      

S = n/2 [2a + (n – 1)d] 

The expression (A) is used when the first term and the last term are given and the expression (B) is used 

when the first term and the common difference are given. In any question involving the five quantities a,d,l, 

n and S, we can determine all of them if any three are given.  

 For example:  

What is the sum of the first 8 terms? When a = 10; d = 5 

Method 1:  Method 2: 

𝑠 =
8

2
{2 × 10 + (8 − 1)5} 

s = 4 (20 +35) 

s = 220 

Step 1 – find the 8th term 

nth term = a + (n ˗ 1)d 

8th term = 10 + (8 ˗ 1)5 = 45 

Step 2 – sum the terms 

s = ½ n(a + l) 

s = ½ 8(10 + 45) = 220 
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What is the sum of the first 19 terms?  a = 10; d = - 6 

Method 1:  Method 2: 

𝑠 =
19

2
{2 × 10 + (19 − 1)6} 

s = 9.5 {(20) + (18) × ˗ 6} 

s = 9.5 (20 ˗ 108) 

s = ˗ 836 

 

Step 1 – find the 19th term 

nth term = a + (n ˗ 1)d 

19th term = 10 + (19 ˗ 1) ˗ 6 = 10 ˗ 108 = ˗ 98 

Step 2 – sum the terms 

s = ½ n(a + l) 

s = ½ 19(10 + (˗ 98)) = ½ (˗ 1672) = ˗ 836 

To find the arithmetic mean between two given quantities 

Let a and b be the two quantities, A be the arithmetic mean. Then since a. A b are in AP Then we have b - A = A – 
a Solving and simplifying AM = (a + b)/2 

 Example  

Insert 20 arithmetic means between 4 and 67 

 Solution 

Let 20 arithmetic means are, A1, A2,…..A20 

Thus, the series is 4. A1., A2,   …………A20, 64  

Hence a = 4 n = 20 + 2 = 22  an = 67 

Using an= a + (n - 1) d  

a22 = a * 21d 

67 = 4 + 21d  

d = 3 Now a = 4  

Therefore, the series is 4,7, 10,13………… 61, 64, 67 and the required means are  

7 10. 13, ………….58, 61, 64 

Problem of a more complex nature and practical applications 

So far the above equations have been used to solve for values of s. A question might require to solve for a, d or n 
instead. Using the equation to solve for a or d is relatively straight forward. However, a quadratic equation 
results when solving for n. This must be solved in the usual way. 

 For example:  

Solve for n When the first term is 10 and the series has a common difference of 2. How many terms are needed 
to produce a sum of 252? 

𝑠 =
𝑛

2
{2𝑎 + (𝑛 − 1)𝑑} 

252 =
𝑛

2
{2 × 10 + (𝑛 − 1)2} 

Multiply by 2 on both sides  

504 = n{(2 × 10) + (n ˗ 1)2} 

504 = n(20 + 2n ˗ 2) 

504 = 18n + 2n2 
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Rearrange in the form of quadratic equation  

2n2 + 18n ˗ 504 = 0 

𝑛 =
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
 

a=2; b=18, c= ˗ 504 

𝑛 =
−18 ± √182 − 4 × 2 × −504

2 × 2
 

𝑛 =
−18 ± √324 − (−4032)

4
 

𝑛 =
−18 ± √324 + 4032

4
 

𝑛 =
−18 ± √4356

4
 

𝑛 =
−18 ± 66

4
 

𝑛 =
−18 − 66

4
 𝑛 =

−18 + 66

4
 

𝑛 =
−84

4
 𝑛 =

48

4
 

𝑛 = −21 𝑛 = 12 

The value cannot be -21 in the context of this problem n = 12 

The first term is 10 and the series has a common difference of 5. How many terms are needed to produce a sum 
of 325? 

𝑠 =
𝑛

2
{2𝑎 + (𝑛 − 1)𝑑}  

325 =
𝑛

2
{2 × 10 + (𝑛 − 1)5} 

Multiply 2 on both sides  

650 = n{(2 × 10) + (n ˗ 1)5} 

650 = n(20 + 5n − 5) 

650 = 15n + 5n2 

Rearranging the same as standard quadratic equation  

5n2 + 15n − 650 = 0 

Solve for n using the quadratic equation  
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Where a = 5; b=15; c = ˗650 

𝑛 =
−15 ± √152 − 4 × 5 × −650

2 × 5
 

𝑛 =
−15 ± √225 − (−13000)

10
 

𝑛 =
−15 ± √225 + 13000

10
 

𝑛 =
−15 ± √13225

10
 

𝑛 =
−15 ± 115

10
 

𝑛 =
−15 − 115

10
 𝑛 =

−15 + 115

10
 

𝑛 =
−130

10
 𝑛 =

100

10
 

𝑛 = −13 𝑛 = 10 

The value cannot be -13 in the context of this problem n = 10 

Mathematical progression has its implications for various accounting and other everyday problems including 
identifying installments, determining the time sequence and even locating a number in a series. For such 
situations, the formula for determining the nth term be same but now it would be used to solve for a particular 
number or amount in each situation.  

Important points about terms of an AP 

If it is needed to find three, four or five terms in AP then we must assume values of numbers like this  

• Three terms (a-d), a(a+d) 

• Four terms (a-3d),(a-d),(a+d),(a+3d) 

• Five terms  (a-2d),(a-d), a.(a+d),(a+2d) 

Properties of AP 

i. If a constant is added to / or subtracted from each term of an A.P. then the resulting progression will also 
be in A.P. having the same common difference. 

ii. If each term of A.P is multiplied by a constant, then the resulting progression will also be an A.P having a 
common difference multiplied by that constant. 

iii. If each term of A.P. is divided by a constant, then the resulting progression will also be an A.P having a 
common difference divided by that constant. 

Transformation New Common Difference 

Add/Subtract a constant k Same as original (d) 

Multiply by a constant k d×k 

Divide by a constant k d÷k 

These properties show that arithmetic progressions maintain their structure under these transformations, with 
predictable changes in their common difference. 
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 For example:  

A person sets aside Rs 1,000 in the first month, 1,100, in the second, 1,200 in the third and so on. How many 
months will it take to save Rs 9,100?  

Here in this situation, a= 1000, and d = 100 and s=9,100 

𝒔 =
𝒏

𝟐
{𝟐𝒂 + (𝒏 − 𝟏)𝒅} 

9,100 = n/2{(2 × 1,000) + (n - 1)100} 

Multiplying both sides with 2 

18,200 = n{(2 × 1,000) + (n - 1)100} 

18,200 = n(2,000 + 100n - 100) 

18,200 = 1,900n + 100n2 

Rearranging in the standard quadratic equation format  

100n2 + 1,900n ˗ 18,200 = 0 

Where a = 100; b = 1900; c = ˗18200 

𝑛 =
−1,900 ± √1,9002 − 4 × 100 × −18,200

2 × 100
 

𝑛 =
−1,900 ± √3610000 − (−7280000)

200
 

𝑛 =
−1,900 ± √3610000 + 7280000

2 × 100
 

𝑛 =
−1,900 ± √10890000

200
 

𝑛 =
−1,900 ± 3300

200
 

𝑛 =
−1900 − 3300

200
 𝑛 =

−1900 + 3300

200
 

𝑛 =
−5200

200
 𝑛 =

1400

200
 

𝑛 = −26 𝑛 = 7 

The value cannot be -26 in the context of this problem n = 7 

It will take 7 months to save the desired sum.  

A company is funding a major expansion which will take place over a period of 18 months. It will 
commit Rs. 100,000 to the project in the first month followed by a series of monthly payments 
increasing by Rs. 10,000 per month. 

What is the monthly payment in the last month of the project? 

What is the total amount of funds invested by the end of the project? 

In order to find the 18th payment:  

n = 18; d = 10,000; and a = 100,000.  

nth term = a + (n - 1)d 

18th term = 100,000 + (18 - 1)10,000 

18th term = 100,000+170,000 

18th term = Rs.270,000 
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For total investment in the 18 months  

𝑠 =
𝑛

2
{2𝑎 + (𝑛 − 1)𝑑} 

𝑠 =
18

2
{2(100,000) + (18 − 1)10,000} 

𝑠 =
18

2
{200,000 + (17)10,000} 

𝑠 =
18

2
{200,000 + 170,000} 

𝑠 =
18

2
{370,000} 

s = 9{370,000} 

s = Rs. 3,330,000 

A company has spare capacity of 80,000 hours per month. (This means that it has a workforce which 
could work an extra 80,000 hours if needed). 

The company has just won a new contract which requires an extra 50,000 hours in the first month. This 
figure will increase by 5,000 hours per month. 

The company currently has enough raw material to service 300,000 hours of production on the new 
contract. It does not currently use this material on any other contract. January is the first month of the 
contract 

In what month will the company need to hire extra labour? 

In what month will the existing inventory of raw material run out? 

In order to find the month (n) when 80,000 extra hours would be reached.  

Here: d=5000; and a= 50,000.  

80,000 = a+(n ˗ 1)d 

80,000 = 50,000 + (n ˗ 1)5,000 

80,000 = 50,000 +5,000n ˗ 5,000 

80000 = 45000 + 5000n 

80000 ˗ 45000 = 5000n 

35000 = 5000n 

35000/5000 = n 

7 = n 

The company will need to hire extra labour in August. 

In order to determine in which month (n) existing inventory of raw material will run out, we use the equation:  

𝑠 =
𝑛

2
{2𝑎 + (𝑛 − 1)𝑑} 

300,000 =
𝑛

2
{2(50,000) + (𝑛 − 1)5,000} 

300,000 =
𝑛

2
{(100,000) + 5000n − 5,000} 

300,000 =
𝑛

2
{95,000 + 5,000n} 

600,000 = n(95,000 + 5,000n) 

600,000 = 95,000n + 5,000n2 
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Rearranging in the standard quadratic equation format  

5,000n2 + 95,000n ˗ 600,000 = 0 

Dividing the equation by 5000 we get  

n2 + 19n ˗ 120 = 0 

Solving the equation using formula  

Where a = 1; b=19; c= ˗ 120 

𝑛 =
−19 ± √192 − 4 × 1 × −120

2 × 1
 

𝑛 =
−19 ± √361 − (−480)

2
 

𝑛 =
−19 ± √361 + 480

2
 

𝑛 =
−19 ± √841

2
 

𝑛 =
−19 ± 29

2
 

𝑛 =
−48

2
 𝑛 =

10

2
 

𝑛 = −24 𝑛 = 5 

The value cannot be -24 in the context of this problem n = 5 

The supply of inventory will be used up in May. 

A property owner has to repay his load of Rs. 425,000. He can pay Rs. 20,000 in the first year and then 
increases payment by Rs. 5,000 in every installment. How many installments will it take for him to clear 
his loan? 

In order to determine in number of installments to reach the sum, we use the equation:  

𝑠 =
𝑛

2
{2𝑎 + (𝑛 − 1)𝑑} 

Where a = 20,000; d = 5000 and s = 425000 

425,000 =
𝑛

2
{2(20,000) + (𝑛 − 1)5,000} 

425000 =
𝑛

2
{(40,000) + 5,000𝑛 − 5,000} 

425000 =
𝑛

2
{35000 + 5000𝑛} 

Multiplying 2 on both sides  

850,000 = n(35,000 + 5,000n) 

850,000 = 35,000n + 5,000n2 

Rearranging in the standard quadratic equation format  

5000n2 + 35,000n − 850,000 = 0 

Dividing the equation by 5,000 we get  

n2 + 7n − 170 = 0 
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Solving the equation using formula  

Where a = 1; b=7; c=-170 

𝑛 =
−7 ± √72 − 4 × 1 × −170

2 × 1
 

𝑛 =
−7 ± √49 − (−680)

2
 

𝑛 =
−7 ± √49 + 680

2
 

𝑛 =
−7 ± √729

2
 

𝑛 =
−7 ± 27

2
 

𝑛 =
−7 − 27

2
 𝑛 =

−7 + 27

2
 

𝑛 =
−34

2
 𝑛 =

20

2
 

𝑛 = − 17 𝑛 = 10 

It will take 10 annual installments to reach the loan amount.  

A firm agrees to hire an employee at the pay of Rs. 65,000 per month. Annual increase in salary would be 
78,000. However, it does not agree to increase the salary after it reaches Rs. 1,638,000 per year. How long 
would it take the employee to exhaust his increment?  

In order to determine in number of year to reach the sum, we use the equation: 

Where annual salary = Rs 65,000 x 12 = Rs 780,000  

Nth term = a + (n ˗ 1)d 

1,638,000 = 780,000 + (n - 1)78,000 

1,638,000 = 780,000+78,000n ˗ 78,000 

1,638,000 = 702,000+78,000n 

936,000 = 78,000n 

12 = n 

Employee will be able to get 12 such annual increments.   

Mr. Z has opted for a loan from the bank. In his tenth installment he paid Rs. 25,000 and in the fifteenth he 
paid Rs. 30,000. How much he paid in the first month? And how many installments it would reach until it 
does not exceed Rs. 72,000.  

In order to determine the first installment, we use the equation:  

Nth term = a + (n ˗ 1) d and solve it simultaneously  

Nth term1 = a + (n1 ˗ 1 ) d   Nth term2 = a + (n2 ˗ 1 ) d   

25,000 = a + (10 ˗ 1)d 30,000 = a + (15 ˗ 1)d 

25,000 = a + 9d 30,000 = a + 14d 
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Eliminating a from both the equations 

25,000 ˗ 9d = a 30,000 ˗ 14d = a 

Solving it simultaneously we get  

25,000 ˗  9d = 30,000 ˗ 14d 

14d ˗ 9d = 30,000 ˗  25,000 

5d = 5,000 

d = 1,000 

Substituting d in any of the above equation to solve for the ‘a’ we get:  

25,000 ˗ 9(1,000) = a 

25,000 ˗ 9,000 = a 

16,000 = a 

First installment was Rs. 16,000 

Now if required to calculate the time:  

72,000 = 16,000 + (n ˗ 1) 1,000 

7,2000 = 16,000 + 1,000n ˗ 1,000 

72,000 = 15,000 + 1,000n 

72,000 ˗  15,000 = 1,000n 

57,000 = 1,000n 

57 = n 

It would require 57 installments to reach that limit.  

Ms. A’s annual installment for the loan taken increases by the same amount every year. At its fourth 
installment, she has to pay Rs. 3,700. In her thirteenth, she has to pay Rs. 6,400. How much she will have to 
pay in her last twentieth installment? What is the total amount paid?   

In order to determine the first installment, we use the equation:  

Nth term = a + (n ˗ 1) d and solve it simultaneously  

Nth term1 = a + (n1 ˗ 1 ) d   Nth term2 = a + (n2 ˗ 1 ) d   

3,700 = a + (4 ˗ 1)d 6,400 = a + (13 ˗ 1)d 

3,700 = a + 3d 6,400 = a + 12d 

Eliminating a from both the equations 

3,700 – 3d  = a 6,400 – 12d = a 

Solving it simultaneously we get  

3,700 – 3d = 6,400 – 12d 

12d – 3d = 6,400 – 3,700 

9d = 2,700 

d = 300 
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Substituting d in any of the above equation to solve for the ‘a’ we get:  

3700 – 3(300) = a  

3700 – 900 = a 

2,800= a 

First installment was Rs. 2,800 

Now if we are required to calculate twentieth the time:  

20th installment = 2,800 + (20 - 1) 300 

20th installment = 2,800 + (19) 300 

20th installment = 2,800 + 5,700 

20th installment = 2,800 + 5,700 

20th installment = 8,500 

Her 20th installment would be Rs. 8500.  

In solving for the loan amount, we would use the equation  

𝑠 =
𝑛

2
{2𝑎 + (𝑛 − 1)𝑑} 

Where a=2,800; d=300 and n= 20 

𝑠 =
20

2
{2(2,800) + (20 − 1)300} 

𝑠 =
20

2
{5,600 + (19)300} 

𝑠 =
20

2
{5,600 + 5,700} 

𝑠 = 10(11,300) 

𝑠 = 113,000 

She in all paid Rs. 113,000 in her installments.  
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2 GEOMETRIC PROGRESSION   

A sequence in which each term is obtained by multiplying the previous term by a constant. (Neither the first 
term in the series nor the constant can be zero). 

A geometric progression is one where the ratio between a term and the one that immediately precedes it is 
constant throughout the whole series.  

 For example:  

Sequence Common ratio 

1, 2, 4, 8, 16, 32, 64, 128 etc. 2 

1, ˗2, 4, ˗8, 16, ˗32, 64, ˗128 etc. ˗2 

1, ½, ¼, 1/8, 1/16 etc. ½ 

The ratio that links consecutive numbers in the series is known as the common ratio.  

The common ratio can be found by dividing a term from the term preceding it in the sequence. Note that for the 
three consecutive terms x, y and z in a geometric progression: 

𝑦

𝑥
=

𝑧

𝑦
 

 For example:  

Series: Common ratio: 

6, ˗12, 24, ˗48….. ˗ 12/6 = ˗2 or ˗ 48/24 = ˗2 

of GENERAL TERM OR TERM OF A G.P. 

Let a, ar, ar2, ar3, …… be a geometric sequence whose first term is a and common ratio is r.  

Here T1 = a; T2 = ar = ar2-1 

 T3 = ar2 = ar3-1;  T4 = ar3 = ar4-1 

And, therefore, on generalization: Tn = arn-1  

TO FIND THE SUM OF n TERMS OF A G.P 

Let a be the first term and r be the common ratio of a G.P. Let Sn be the sum of n terms.  

Then 

   Sn = a + ar + ar2 + ar3 + … + arn-1 

:. rSn = ar + ar2 + ar3 + …. + arn-1 + arn 

[i.e. multiplying both sides by r, and writing the new series below the first so that each term is shifted one place 
to the right] 

Subtracting (ii) from (i) columwise, we get: Sn (1-r) = a - arn 

Or  Sn = a(1-rn)/1-r, if r<1  …(iii) 

 Sn = a(rn -1)/r-1, ir r>1  ..(iv) 
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If l be the last term, then l = arn-1, 

 Sn = arn – a/r-1 = lr-a/r-1 or Sn = a-lr/1-r 

Note. It is important to note that we can use (iii) and (iv) for finding Sn. But if r<1, then it is convenient to use 

 Sn = a(1-rn)/1-r 

and if r>1, then it is convenient to use the expression (iv) 

i.e. Sn = a(rn – 1)/r-1 

In case r =1, then each term of the series is equal to a and, therefore. 

 Sn = na. 

 For example:  

What is the 9th term and their sum? When a= 3; r = 2 

𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 = 𝑎𝑟𝑛 −1  

9th term = 3 × 29 −1 

9th term = 3 × 256 = 768 

In order to find the sum we use the formula:  

𝑠 =  
𝑎(𝑟𝑛 − 1)

𝑟 − 1
 

𝑠 =  
3(29 − 1)

2 − 1
 

𝑠 =  
3(512 − 1)

1
 

𝑠 =  3(511) 

𝑠 =  1,533 

What is the 9th term and their sum? When a = 100; r = 0.5 

𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 = 𝑎𝑟𝑛 −1 

9th term = 100 × 0.59 −1 

9th term = = 0.390625 

In order to find the sum we use the formula:  

𝑠 =  
𝑎(1 − 𝑟𝑛)

1 − 𝑟
 

𝑠 =   
100(1 − 0.59)

1 − 0.5
 

𝑠 =   
100(1 − 0.001953125)

0.5
 

𝑠 =   
100(0.998047)

0.5
 

𝑠 =   
99.8047

0.5
 

𝑠 =  199.6094 
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Find the 10th term of the geometric progression, 5, 10, 20... and their sum 

𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 = 𝑎𝑟𝑛 −1  

Here a=5, r=2 

10th term = 5 × 210 −1 

10th term = 5 × 512 = 2,560 

In order to find the sum, we use the formula:  

𝒔 =  
𝒂(𝒓𝒏 − 𝟏)

𝒓 − 𝟏
 

𝑠 =  
5(210 − 1)

2 − 1
 

𝑠 =  
5(1024 − 1)

1
 

𝑠 =  5(1,023) 

𝑠 =  5,115 

Find the 12th term of the geometric progression, 5, −10, 20, −40 …….. 

To find the common ratio: 

 𝑟 =
−10

5
= 2 

𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 = 𝑎𝑟𝑛 −1 

Here, a=5, r = -2 

12th term = 5 × (-212 −1) 

12th term = 5 × (-211) 

12th term = 5 × (-2048) = -10240 

In order to find the sum we use the formula:  

𝑠 =  
𝑎(1 − 𝑟𝑛)

1 − 𝑟
 

𝑠 =   
5(1 − (−2)12)

1 − (−2)
 

𝑠 =   
5(1 − 4,096)

3
 

𝑠 =   
5(−4,095)

3
 

𝑠 =   
−20,475

3
 

𝑠 =  −6,825 
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Find the 6th term of the geometric progression, 1,000, 800, 640… 

To find the common ratio: 

 𝑟 =
800

1000
= 0.8 

𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 = 𝑎𝑟𝑛 −1 

Here, a = 1,000; r =0.8 

6th term = 1,000 × 0.86 −1 

6th term = 1,000 × 0.32768 = 327.68 

To find the sum, we use the formula:  

𝑠 =  
𝑎(1 − 𝑟𝑛)

1 − 𝑟
 

𝑠 =   
1,000(1 − 0.86)

1 − 0.8
 

𝑠 =   
1,000(1 − 0.262144)

0.2
 

𝑠 =   
1,000(0.737856)

0.2
 

𝑠 =   
737.856

0.2
 

𝑠 =  3,689.28 

Infinite series 

A sequence may be infinite means there would not be any last term. With common ratio greater than 1, the sum 
of infinite sequence be a larger number up to infinity. If the common ratio is less than 1 (|r| <1), the sum of 
infinite series may be found.  

 Formula:  

As the number of terms approaches infinity n becomes very large and rn becomes very small so that it can be 
ignored. 

In other words, as n approaches infinity then rn approaches zero. 

𝑠 =  
𝑎

1 − 𝑟
 

Where: 

a = the first term in the sequence 

r = the common ratio 
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 For example:  

Find the sum of the given geometric series:  

𝟏

𝟐
+

𝟏

𝟒
+

𝟏

𝟖
+

𝟏

𝟏𝟔
+ ⋯

𝟏

𝒏
 

To find the common ratio r  

¼ ÷ ½ = ½ 

𝑠 =  
𝑎

1 − 𝑟
 

𝑠 =  

1
2

1 −
1
2

 

𝑠 =  
0.5

0.5
= 1 

Find the sum of the given geometric series:  

6, ˗ 1, 1/6, ˗ 1/36… 

To find the common ratio r  

−1 ÷ 6 = ˗ 1/6 

𝑠 =  
𝑎

1 − 𝑟
 

𝑠 =  
6

1 − (−
1
6

)
 

𝑠 =  
6

1 + 1/6
 

𝑠 =  
6

1
1
6

= 5.143 

REPRESENTATION OF TERMS IN G.P 

If it is required to find three, four or five terms in G.P. when other information is given in the problem. Then 
assume the required numbers as 

i. Three terms ar-1, a, ar 

ii. Four terms ar-3 ,a r-1 ar, ar3 

iii. Five terms ar-2 , ar-1, a, ar, ar2 

 For example  

The sum of three terms in a G.P is 13 and their product is 27. Find the terms. 

 Solution 

Let three terms in G.P ar-1 a, ar  

Product of terms is 27 (ar-1)(a)(ar) = 27  

a 3 = 27  

a = 3 
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Now the sum of the number  is 13  

ar-1+a+ar =13 

a/r+a+ar=13 

3/r+3+3r=13 

Multiply r  by both sides  

3+3r+3r2=13r 

3r2-10r+3=0 

Solving through factorization  

3r2-9r-r+3=0 

3r(r-3)-1(r-3)=0 

(3r-1)(r-3)=0 

r=3  ,r=1/3 

now if r=1/3  hen a =3  then numbers are  9,3,1 

while if r=3  then a =3  so the series becomes 1.3,9  

Problem of a more complex nature and practical applications 

For geometrical sequence, questions of more complexity can require solving for the term or sum of in finite 
terms. In this respect, knowledge and applications for log and exponential functions would be used.   

 For example:  

What is the last term in the sequence 1.2, 1.44, … , 2.0736. Also find its sum.  

𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 = 𝑎𝑟𝑛 −1  

a = 1.2; r= 1.44/1.2 = 1.2 

nth term = 1.2 × 1.2n −1 

2.0736 = 1.2 × 1.2n ×1.2-1 

2.0736 =
1.2 × 1.2𝑛

1.2
  

2.0736 = 1.2n  

This can either be solved using log or substituting for n 

1.24 = 1.2n  

n = 4 

To find the sum, we use the formula:  

𝑠 =  
𝑎(𝑟𝑛 − 1)

𝑟 − 1
 

𝑠 =  
1.2(1.24 − 1)

1.2 − 1
 

𝑠 =  
1.2(2.0736 − 1)

0.2
 

𝑠 =  
1.2(1.0736)

0.2
 

𝑠 =  
1.28832

0.2
 

𝑠 =  6.4416 
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What is the last term in the sequence 240, 144, … , 4.0310784. Also find its sum.  

𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 = 𝑎𝑟𝑛 −1  

a = 240; r= 144/240 = 0.6 

nth term = 240 × 0.6n −1 

4.0310784 = 240 × 0.6n ×0.6-1 

4.0310784 =
240 × 0.6𝑛

0.6
  

4.0310784 = 400 × 0.6𝑛  

0.0100777 = 0.6n 

This can either be solved using log or substituting for n 

0.69 = 0.6n  

n = 9 

In order to find the sum, we use the formula:  

𝑠 =  
𝑎(1 − 𝑟𝑛)

1 − 𝑟
 

𝑠 =  
240(1 − 0.69)

1 − 0.6
 

𝑠 =  
240(0.989922)

0.4
 

𝑠 =  
237.581

0.4
 

𝑠 =  593.95338 

Geometrical progression has also its implications to everyday problems. Some of the problems involve solving 
for the nth term while others would require summing up the potential amount.  

 For example:  

Mr K. is planning for a loan from a bank. The installment increases 25% every year. If the installment 
starting in 2020 is Rs. 4,000, what would be the installment in the year 2027.  

If the installment increases 25% each year then the common ratio is 1.25. 

Year 2020 : 4000 

Year 2021 : 4000 + 4000(0.25) = 5000 

Common Ratio = 5000/4000 = 1.25 

𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 = 𝑎𝑟𝑛 −1  

a = 4000; r= 1.25; n = 8 

2027 = 8th term = 4000 × 1.258 −1 

2027 = 8th term = 4000 × 1.257 

2027 = 8th term = 4000 × 4.7684 

2027 = 8th term = 19,073.6 

Installment in the year 2027 would be Rs. 19,073.6 
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A company earns a profit of Rs. 75000 in its first year. In the second year, it made Rs. 86250. If the profit 
continues to grow in geometric sequence, what will be the profit in its 4th year. What will be the total 
earned profit.  

If the installment increases 15% each year then the common ratio is 1.15. 

Common Ratio = 86,250/75,000 = 1.15 

𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 = 𝑎𝑟𝑛 −1  

a = 75000; r= 1.15; n = 4 

4th term = 75,000 × 1.154 −1 

4th term = 75,000 × 1.153 

4th term = 75,000 × 1.520875 

4th term = 114,065.625 

Profit in the fourth year would be Rs. 114,065.625 

𝑠 =  
𝑎(𝑟𝑛 − 1)

𝑟 − 1
 

𝑠 =  
75,000(1.154 − 1)

1.15 − 1
 

𝑠 =  
75,000(1.749 − 1)

0.15
 

𝑠 =  
75,000(0.749)

0.15
 

𝑠 =  
56,175

0.15
 

𝑠 =  374,500  

Total profit earned in four years would be Rs. 374,500 approximately.  
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3 INFINITE GEOMETRIC SERIES 

To find the sum of an infinite geometric series a,ar,ar2, ar3, ….., where a and r are finite quantities. 

Here Sn  = a(1-rn)/1-r, if r<1; Sn = a(rn -1)/1-r, if r>1; 

and    Sn = n.a  if r=1. 

Thus we have to discuss the three cases: 

CASE i  When r = 1 

In this case, each term becomes a and the sum: Sn = n.a. 

CASE ii When r < 1 

In this case rn becomes smaller and smaller as n becomes larger and larger 

Thus   Sn = a (1-rn)/1-r 

becomes   Sn = a/1-r (with the help of calculus) 

CASE iii  When r > 1 

In this case rn becomes larger and larger as an becomes larger and larger 

Thus   Sn = a(rn – 1)/r-1 

becomes    Sn = infinity(ά) 

 Example 1 

For each of the following GPs, determine the sum to infinity, if it exists. 

a) 8,2,
1

2
, . ..   

b) 9, −6,4, . .. 

 Solution: 

We have a = 8 and 𝑟 =
2

8
=

1

4
. 

Since:−1 < 𝑟 < 1, 𝑆∞𝑒𝑥𝑖𝑠𝑡𝑠. 

𝑆∞ =
𝑎

1 − 𝑟
=

8

1 −
1
4

= 10
2

3
 

Here a = 9 and 𝑟 =
−6

9
=

2

3
. 

Since:−1 < 𝑟 < 1, 𝑆∞𝑒𝑥𝑖𝑠𝑡𝑠. 

𝑆∞ =
𝑎

1 − 𝑟
=

9

1 −
2
3

= 5
2

5
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STICKY NOTES 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

An arithmetic progression is one where each term in the sequence is linked to 
the immediately preceding term by adding or subtracting a constant number. 

Value of any term in an arithmetic progression can be found by: 

nth  term= a+(n-1)d 

 
 

 
The sum of all the terms of an arithmetic sequence is called an arithmetic 

series. Sum of terms in an arithmetic progression can be found by: 

𝑠 =
𝑛

2
{2𝑎 + (𝑛 − 1)𝑑} and 𝑠 =

1

2
𝑛(𝑎 + 𝑙) 

 

A geometric progression is one where the ratio between a term and the 

one that immediately precedes it is constant throughout the whole series. 

For nth term in a geometric progression 

𝑛𝑡ℎ 𝑡𝑒𝑟𝑚 = 𝑎𝑟𝑛 −1  

  

Sum of a number of terms in a geometric series can be found using the 
formula:  

𝒔 =  
𝒂(𝒓𝒏 − 𝟏)

𝒓 − 𝟏
 

A sequence may be infinite means there would not be any last term. As the number 
of terms approaches infinity n becomes very large and rn becomes very small so that 
it can be ignored. Therefore, in order to find the sum following formula can be used.  

𝑠 =  
𝑎

1 − 𝑟
 

 



PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS  CHAPTER 3: MATHEMATICAL PROGRESSION 

THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN 69 

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

SELF-TEST 

1. 7th term of an A.P. 8, 5, 2, –1, –4… is:        

(a) 9     (b) 10 

(c) –9     (d) –10 

2. (a – b), a, (a + b) are in ________ progression.       

(a) Geometric    (b) Arithmetic 

(c) Harmonic    (d) None of these 

3. The sum of the series 1 + 2 + 3 ……… + n is:       

(a) (n + 2)/2    (b) n(n – 1)/2 

(c) n(n + 1)/2    (d) None of these 

4. 2 + 4 + 6 + ………. + 100 = ________.         

(a) 2,500    (b) 2,550 

(c) 2,575    (d) None of these 

5. Which term of the AP 
7

5
,

7

4
,

7

3
…… is 

7

17
?      

(a) 15     (b) 17 

(c) 16     (d) 18 

6. The value of x such that 8𝑥 + 4, 6𝑥 – 2, 2𝑥 + 7 will form an AP is:    

(a) 15     (b) 2 

(c) 15/2    (d) None of these 

7. The sum of a certain number of terms of an AP series –8, –6, –4, …… is 52. The number of terms is:  

(a) 12     (b) 13 

(c) 11     (d) None of these 

8. The 7th term of the series 6, 12, 24…… is:        

(a) 384     (b) 834 

(c) 438     (d) None of these 

9. The last term of the series 𝑥2, 𝑥, 1,…… to 31 terms is:      

(a) 𝑥28     (b) 1/𝑥 

(c) 1/𝑥28    (d) None of these 
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10. If the terms 2𝑥, (𝑥 + 10) and (3𝑥 + 2) be in A.P., the value of 𝑥 is:    

(a) 7     (b) 10 

(c) 6     (d) None of these 

 

11. The sum of all odd numbers between 200 and 300 is:      

(a) 11,600    (b) 12,490 

(c) 12,500    (d) 24,750 

12. The sum of the series 1, 
125

27
,

25

9
,

5

3
…… to infinity is:     

(a) 2/5     (b) 3/2 

(c) ˗2/5    (d) 5/2 

13. Sum of the series 6 + 
8

3

2

3
+  + ……… to infinity is:      

(a) 6     (b) 8 

(c) 7     (d) 9 

14. The sum of the infinite Series 1 + 1/2 + 1/4 + …… is:      

(a) 1.99999    (b) 2.00001 

(c) 2          (d) 1.999 

15. Sum of infinity of the following geometric progression                  

 ........
(1.1)

1

(1.1)

1

1.1

1
32
+++ is: 

(a) 9     (b) –10 

(c) 10     (d) –9 

16. The first term of an A.P is 14 and the sum of the first five terms and the first ten terms are equal in 

magnitude but opposite in sign. The 3rd term of the AP is:  

(a) 
11

4
6     (b) 6 

(c) 
11

4
     (d) None of these 

17. The first and the last term of an AP are –4 and 146. The sum of the terms is 7171. The number of terms is: 

(a) 101     (b) 100 

(c) 99     (d) None of these 
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18. If you save 1 paisa today, 2 paisas the next day 4 paisas the succeeding day and so on, then your total 

savings in two weeks will be:       

(a) Rs.163    (b) Rs.183 

(c) Rs.163.83    (d) None of these 

19. A person is employed in a company at Rs.3,000 per month and he would get an increase of Rs.100 per year 

in his monthly salary. The total amount which he receives in 25 years and the monthly salary in the last 

year are:  

(a) Rs.5,400 and Rs.1,250,000  (b) Rs.540 and Rs.1,260,000 

(c) Rs.5,500 and Rs.1,260,000  (d) Rs.5,400 and Rs.1,260,000 

20. Three numbers are in AP and their sum is 21. If 1, 5, 15 are added to them respectively, they form a G.P. the 

numbers are:       

(a) 5, 7, 9    (b) 9, 5, 7 

(c) 7, 5, 9    (d) None of these 

21. The sum of three numbers in G.P. is 70. If the two extreme terms are each multiplied by 4 and the 

geometric mean of these three terms is multiplied by 5, the first term multiplied by 4, the geometric mean 

and the third term multiplied by 4are in A.P. the numbers are:  

(a) 12, 18, 40    (b) 10, 30, 90 

(c) 40, 20, 10    (d) None of these 

22. The sum of all natural numbers between 500 and 1000 which are divisible by 13 is:    

(a) 28,405    (b) 24,805 

(c) 28,540    (d) None of these 

23. If unity is added to the sum of any number of terms of the A.P. 3, 5, 7, 9,…… the resulting sum is:  

(a) ‘a’ perfect cube   (b) ‘a’ perfect square 

(c) both (a) and (b)   (d) none of these 

24. A person has to pay Rs.975 by monthly installments each less than the former by Rs.5. The first installment 

is Rs.100. The time by which the entire amount will be paid is:     

(a) 10 months    (b) 15 months 

(c) 14 months    (d) None of these 

25. Divide 12.50 into five parts in A.P. such that the first part and the last part are in the ratio of 2:3. 

(a) 2, 2.25, 2.5, 2.75, 3   (b) –2, –2.25, –2.5, –2.75, –3 

(c) 4, 4.5, 5, 5.5, 6   (d) –4, –4.5, –5, –5.5, –6 

26. The least value of n for which the sum of n terms of the series 1 + 3 + 32 + …… is greater than 7,000 is: 

(a)  9     (b) 10 

(c) 8     (d) 7 
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27. If the sum of infinite terms in a G.P. is 2 and the sum of their squares is 4/3 the series is:  

(a) 1, 1/2, 1/4……   (b) 1, –1/2, 1/4…… 

(c) –1, –1/2, –1/4……   (d) None of these 

28. The infinite G.P. with first term 1/4 and sum 1/3 is:      

(a) 1/4, 1/16, 1/64……   (b) 1/4, –1/16, 1/64…… 

(c) 1/4, 1/8, 1/16……   (d) None of these 

29. The numbers 𝑥, 8, y are in G.P. and the numbers 𝑥, y, –8 are in A.P. The values of 𝑥, y are:  

(a) 16, 4    (b) 4, 16 

(c) Both (a) and (b)   (d) None of these 

30. How many terms are there in the sequence of 1/128, 1/64, 1/32….., 32, 64?     

(a) 13     (b) 14 

(c) 15     (d) 16 

31. An auditorium has 20 seats in the front row, 25 seats in the second row, 30 seats in the third row and so on 

for 13 rows. Numbers of seats in the thirteenth row are:      

(a) 70     (b) 80 

(c) 82     (d) 90 

32. Sum of the series 1, 1/3, 1/9, 1/27 ……… to infinity is:     

(a) –3/2    (b) 2/3 

(c) 1/3     (d) 3/2 

33. The sum of the infinite series 2 + 2  + 1 + ……… is:      

(a) 242 −     (b) ( )212 +−  

(c) 242 +     (d) 224 +  

34. Shaheer bought equipment for Rs. 450,000. The amount is payable in 11 annual installments, where first 

10 installments are in arithmetic progression and 11th installment will settle the remaining balance. If the 

first two installments are Rs. 10,000 and Rs. 12,000 respectively compute the amount of 11th installment. 

(a) 240,000    (b) 230,000 

(c) 260,000    (d) 280,000 

35. Saqib will invest Rs. 2 on the first day of January, Rs. 4 on the second day of January, Rs. 6 on the third day 

of January and so on for the first five days of January. He will then spend Rs 1 per day from sixth to tenth 

day of January. Compute what amount will he have with him on the eleventh day of January 

(a) 25     (b) 30 

(c) 40     (d) 45 
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36. A company produces 100 units in first week. It is expected that re-engineering production process will 

increase output by 10% every week of the amount of units produced in previous week till fifth week, after 

which the output per week will be constant. 

If re-engineering is carried out compute the number of total units produced in ninth and tenth week (to the 

nearest whole number) 

(a) 293     (b) 280 

(c) 275     (d) 288 

37. The first and last terms of an arithmetic progression are 5 and 25 respectively. Find the middle term of the 

series 

(a) 20     (c) 25 

(b) 5     (d) 15 

38. Sami borrowed a loan of Rs 11,000 with the condition that the repayments will be made in seven annual 

installments. The first and the last installments will be equal to each other and the first six installments will 

be in arithmetic progression. If common difference between first six installments is Rs 500. Compute fifth 

installment. 

(a) 2,500    (c) 500 

(b) 3,000    (d) 1,000 

39. A company earned a profit of Rs. 50,000 in first year. The profit is expected to increase by Rs 5,000 each 

year. How many years will it take the company to earn a total profit of Rs. 165,000 

(a) 4     (b) 3 

(c) 5     (d) 2 

40. Find the value of Y such that Y+2, 2Y+3, 6Y+1 will form an AP 

(a) 2     (b) 3 

(c) 1     (d) 5 

41. If the first and the last terms of an arithmetic progression are 10 and 50 respectively and the total number 

of terms is 10. Find the sum of all the terms 

(a) 200     (b) 400 

(c) 300     (d) 100 

42. A worker produces 1,092 units in three days. If the production is expected to increase by 20% percent each 

day compute the total number of units produced on first and last day. 

(a) 732      (b) 432 

(c) 300      (d) 360 

43. The first and the last term of an arithmetic progression are in the ratio of 3:4. The sum of all terms is 210 

and there are 6 terms in total. Compute common difference. 

(a) 2      (b) 3 

(c) 5      (d) 10 
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44. Rizwan borrowed a loan of Rs 6,620 to be paid in three annual payments in geometric progression. If the 

first installment is Rs. 2,000 compute the common ratio. 

(a) 1.15    (b) 1.1 

(c) 1.2     (d) 1.22 

45. The sum of 5 terms of an AP, whose last term is 17 is 65. The first term and common difference are: 

(a) 9 and 2    (b) 13 and 2 

(c) 11 and 7     (d) 11 and 2 

46. The last term of the sequence, 1, -4, 16, …… to 5th term is 

(a) 64      (b) 256 

(c) -256     (d) -64 

47. Find the value of 𝑥 such that 𝑥+3, 2𝑥+11, 2𝑥+41 are in G.P. 

(a) 3      (b) 4 

(c) 2      (d) 1 

48. If the first term of a G.P is a and the common ratio is 2. What will be the value of third term? 

(a) a      (b) 2a 

(c) 3a      (d) 4a 

49. If the fourth term of a G.P is 8 times its first term compute common ratio 

(a) 3     (b) 4 

(c) 2      (d) 5 

50. The first term of an A.P. is 5 and fourth term is 17. Compute the value of common difference 

(a) 4      (b) 12 

(c) 3      (d) 5 

51. A particular A.P. has first term as 3 and third term as 7. The common difference of this A.P. is equivalent to 

the first term of a G.P. with common ratio of 5. Compute third term of the G.P. 

(a) 60      (b) 50 

(c) 40      (d) 20 

52. Sum of a G.P. is 175, if the total number of terms is 3 and common ratio is 2 compute the value of first term 

(a) 25     (b) 50 

(c) 40     (d) 70 

53. The infinite G.P. with common ratio of ½ and sum 10 is: 

(a) 5, 2.5, 1.25…..   (b) 1.25, 2.5, 5…. 

(c) 2.5, 1.25, 5….   (d) None of these 
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ANSWERS TO SELF-TEST QUESTIONS 

1 2 3 4 5 6 

(d) (b) (c) (b) (a) (c) 

7 8 9 10 11 12 

(b) (a) (c) (c) (c) (d) 

13 14 15 16 17 18 

(b) (c) (c) (a) (a) (c) 

19 20 21 22 23 24 

(d) (a) (c) (a) (b) (b) 

25 26 27 28 29 30 

(a) (a) (a) (a) (a) (a) 

31 32 33 34 35 36 

(b) (b) (d) (d) (c) (a) 

37 38 39 40 41 42 

(a) (d) (a) (b) (c) (c) 

43 44 45 49 47 48 

(a) (a) (b) (a) (b) (c) 

49 50 51 52 53  

(d) (c) (a) (b) (a)  
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CHAPTER 4 
 

LINEAR PROGRAMMING 

  

 

 
AT A GLANCE 

A linear programming problem involves maximizing or 
minimizing a linear function (the objective function) subject to 
linear constraints. As per the problem, defined constraints will 
lead to the maximum or minimum value of the objective 
function. Plotting a graph helps in identifying the value that 
satisfies the objective function. The straight line for each 
constraint is the boundary edge of that constraint – its outer 
limit in the case of maximum amounts (and inner limit, in the 
case of minimum value constraints). The optimal combination 
of values of 𝑥 and y can be found using corner point theorem; or 
slope of the objective function.  

  

 

IN THIS CHAPTER: 

AT A GLANCE 

SPOTLIGHT 

1 Linear programming 

2 Linear programming of business 
problems  

3 New concept to be added 

STICKY NOTES 

SELF-TEST 
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1 LINEAR PROGRAMMING 

Linear programming is a mathematical method for determining a way to achieve the best outcome (such as 
maximum profit or lowest cost) subject to a number of limiting factors (constraints). It is the process of taking 
various linear inequalities relating to some situation, and finding the "best" value obtainable under those 
conditions. 

Constitutes Definition 

Linear Programming is an ‘optimization technique’. The word optimization means ‘best possible’ i.e: attempts 
were made to attain best possible results 

 For example:  

Typical examples would be to work out the maximum profit from making two sorts of goods when resources 
needed to make the goods are limited or the minimum cost for which two different projects are completed. 

Linear inequality can be solved in a way similar to that used to solve simultaneous equations. Overall approach 
for linear programming requires following steps:  

• Step 1: Define variables. 

• Step 2: Construct inequalities to represent the constraints. 

• Step 3: Plot the constraints on a graph 

• Step 4: Identify the feasible region. This is an area that represents the combinations of 𝑥 and y that are 
possible in the light of the constraints. 

• Step 5: Construct an objective function 

• Step 6: Identify the values of  and y that lead to the optimum value of the objective function. This might be 

a maximum or minimum value depending on the objective. There are different methods available of finding 
this combination of values of  and y. 

An inequality solves to give a value of a variable at the boundary of the inequality. A value could be one side 

of this variable but not the other. Double inequalities are solved to give the range within which a variable 

lies. 

LINEAR INEQUALITIES IN ONE AND TWO VARIABLES 

Definition 

An equation is defined as a statement which clearly shows that ‘something is equal to something else. The key-
word here is ‘equal’ and the key sign to look for here is ‘=’. Just opposite of equation are inequalities means that 
‘something is not equal to something else’. Now if one thing is not equal to another it is either greater or smaller 
than that. Thus x < 5 , 2x > 15 , x + y + z < 4 , 4 < 3x + y < 5 etc. are the examples of in equalities. The key-word 
here is ‘in Equal’ and the key signs to look for here are ‘<’ or ‘>’. 

LINEAR INEQUALITIES IN ONE VARIABLE 

Definition 

Those inequalities in which the powers of the variables are always One are called linear inequalities. When two 
or more than two algebraic expressions are joint together by means of any one of the following signs (> , < ,   , 
  , <, > ,   ,   ,  ) then the statement so obtained is called linear inequalities. 
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 For example: 

2x < 5, y – 5 0, 3x – 1 0, y < 7   etc. 

Defining the variables and constructing inequalities:  

An inequality defines a relationship where one expression is greater than or less than another. Variable x and y 
are usually used to demonstrate these relationships.  

 For example: 

A company owns a machine which runs for 50 hours a week. The machine is used to make bowls. Each bowl 
takes 1 hour of machine time 

Let 𝑥 = the number of bowls made  

Then Weekly production would be 𝑥 ≤ 50 

This suggest that 𝑥 can be any number up to 50.  

Note that it does not have to be 50 but it cannot be more than 50 

A company owns a machine which runs for 50 hours a week. The machine is used to make bowls and vases. 
Each bowl takes 1 hour of machine time and each vase takes two hours of machine time 

The example suggest that the company could make bowls and vases in any combination but the total machine 
hours cannot exceed 50 

Let 𝑥 = the number of bowls made 

Let y = the number of vases made 

Weekly production of bowls and vases would be 𝑥 + 2y  50 

The statement that 𝑥 + 2y  50 means that 𝑥 + 2y = 50 is possible 

For drawing a graph of linear inequalities in two variables x and y, the following points should be kept in 
mind: 

i. For linear inequality in two variables which has x-intercepts and Y intercepts first ignore the inequality sign 

make it an equation and find two points  

Put x=0  and get the value of the y-intercept  

Put y=0 and get the value of the x-intercept 

Making these two points on a graph and draw a straight line joining these two points 

ii. For linear inequality in two variables, which passes through origin that has no x and y-intercept and then 

take any two points which satisfy the equation and draw a line joining the points. 

iii. To decide which side of the line satisfies the inequality, put x=0,and y=0 with inequality if this coordinate of 

origin satisfies the inequality then shade the near-to origin. 

But if it does not satisfy the inequalities then shade the opposite to the origin.  
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Constraints 

TERMINOLOGIES USED IN LINEAR PROGRAMING 

i. Linear Programming Problems 

Problems where we must find the optimum (minimum or maximum) value of a function, subject to certain 

restrictions. 

ii. Objective Function 

In a linear programming problem, the function to be maximized or minimized is called the objective function. 

iii. Constraints 

The set of restrictions, given by linear inequalities, which the solution must satisfy are called constraints. 

iv. Feasible Region 

There are usually infinitely many solutions to the system of constraints (these are called feasible solution or 

feasible points). 

v. Optimum Solution 

The aim is to find one such solution which we get from infinite feasible points, that One such solution or point 

is called optimum solution. (that is, one that gives the maximum or minimum value of the objective function.) 

vi. Positive Constraints 

These are x 0 and y 0. These constraints limit the feasible region to the first quadrant. 

vii. Corner Points 

These are the points where the borders of the feasible region crosses. 

viii. Redundant Constraint 

A constraint is said to be redundant, if its removal does not change the feasible region, and hence can not 

effect the optimal solution. 

ix. No-Feasible Solution 

The system of constraints in a linear programming problem may have no points which satisfy all the 

constraints. In such cases, there is no feasible region, and the linear programming problem is said to have no 

feasible solution. 

LINEAR PROGRAMMING PROBLEMS 

Linear programming problems can be solved generally by Graphical method. 

GRAPHICAL METHOD 

In this method we find feasible region with the help of given linear inequalities and collect all the corner points 
of the feasibility region and then put all these points one by one in objective function to check at which point the 
function maximizes or minimizes. This point (x, y) is called optimum solution the value of the function is called 
maximum or minimum value of the function. 

NOTE 

Graphical method is not practical as it is not valid for more than two variables whatever may be the number of 
inequality constrains are. 

 For example: 

Information from the example is used to plot the graph as follows:  
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The company could make 50 bowls if it made no vases and the company could make 25 vases if it made no bowls. 
The line is plotted by establishing the coordinates of the points where the line cuts the axes. The constraint is 
drawn as a straight line. The easiest approach to finding the points is to set 𝑥 to zero and calculate a value for y 
and then set y to zero and calculate a value for 𝑥. 

Equation of the line: 𝑥 + 2y = 50 

Point A (𝑥 = 0) Point B (y = 0) 

Therefore: Therefore: 

0 + 2y = 50 𝑥 +0 = 50 

y = 25 𝑥 = 50 

A: (0, 25) B: (50, 0) 

 

Feasible region 

The feasible area for a solution to the problem is shown as the shaded area AOB in the example above. 
Combinations of values for 𝑥 and y within this area can be achieved within the limits of the constraints. 
Combinations of values of 𝑥 and y outside this area are not possible, given the constraints that exist. 

The line represents a boundary of what is possible (feasible). These combinations could be on the line AB or they 
could be under the line AB.  

 For example: 

In the example above, shaded area suggest that any combinations of 𝑥 and y are possible as long as no more than 
50 hours are used. Therefore, they must be above the 𝑥 axis and to the right of the y axis since there cannot be 
negative vases and bows. 

The area bounded by AOB is described as a feasibility region.  

Maximising (or minimising) the objective function 

The combination of values for x and y that maximises the objective function will be a pair of values that lies 
somewhere along the outer edge of the feasible area. 

The solution is a combination of values for x and y that lies at one of the ‘corners’ of the outer edge of the feasible 
area. In the graph above, the solution to the problem will be the values of x and y at A, B or C. The optimal solution 
cannot be at D as the objective function is for maximisation and values of x and/or y are higher than those at D 
for each of the other points. 

The optimal combination of values of  and y can be found using: 

• corner point theorem; or 
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• slope of the objective function. 

Corner point theorem. 

The optimum solution lies at a corner of the feasible region. The approach involves calculating the value of  and 

y at each point and then substituting those values into the objective function to identify the optimum solution. 

 For example: 

In the previous example, the solution has to be at points A, B or C. 

Calculate the values of x and y at each of these points, using simultaneous equations. Having established the 
values of x and y at each of the points, calculate the value of the objective function for each. 

The solution is the combination of values for x and y at the point where the total contribution is highest. 

Maximise C = 50𝑥 + 40y 

Point A is at the intersection of: 𝑥 = 2 1 

 4𝑥 + 8y = 48 2 

Substitute for 𝑥 in equation 2 4(2) + 8y = 48  

 8y = 48 − 8  

 y = 5  
   

Point B is at the intersection of: 4𝑥 + 8y = 48 1 

 6𝑥 + 3y = 36 2 

Multiply equation 1 by 1.5 6𝑥 + 12y = 72 3 

Subtract 2 from 3 9y = 36  

 y = 4  

Substitute for y in equation 1 4𝑥 +8(4) = 48  

 4𝑥 = 16  

 𝑥 = 4  
   

Point C is at the intersection of: y = 3 1 

 6𝑥 + 3y = 36 2 

Substitute for y in equation 2 6𝑥 + 3(3) = 36  

 6𝑥 = 27  

 𝑥 = 4.5  

Substitute coordinates into objective function  

 C = 50𝑥 + 40y  

Point A (𝑥 = 2; y = 5) C = 50(2) + 40(5)  

 C = 300  
   

Point B (𝑥 = 4; y = 4) C = 50(4) + 40(4)  

 C = 360  
   

Point C (𝑥 = 4.5; y = 3) C = 50(4.5) + 40(3)  

 C = 345  

Conclusion: The optimal solution is at point B where 𝑥 = 4 and y = 4 giving a value for the objective function of 
360.   

Slope of the objective function 

There are two ways of using the slope of the objective line to find the optimum solution. 
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Measuring slopes 

This approach involves estimating the slope of each constraint and the objective function and ranking them in 
order. The slope of the objective function will lie between those of two of the constraints. The optimum solution 
lies at the intersection of these two lines and the values of 𝑥 and y at this point can be found as above. 

 For example: 

Objective function: Rearranged Slope 

C = 50𝑥 + 40y y = C/40 − 1.25𝑥 − 1.25 

Constraints:   

6𝑥 + 3y = 36 y = 12 − 2𝑥 − 2 

4𝑥 + 8y = 48 y = 6 − 0.5𝑥 − 0.5 

𝑥 = 2  ∞ 

y = 3  0 

The slope of the objective function (− 1.25) lies between the slopes of 6𝑥 + 3y = 36 (− 2) and 4𝑥 + 8y = 48 (− 0.5). 
The optimum solution is at the intersection of these two lines. 

Values of 𝑥 and y at this point would then be calculated as above (𝑥 = 4 and y = 4) and the value of the objective 
function found. 

Plotting the objective function line and moving it from the source 

The example above showed that the objective function (C = 50𝑥 + 40y) can be rearranged to the standard form 
of the equation of a straight line (y = C/40 − 1.25𝑥). 

This shows that the slope of the line is not affected by the value of the equation (C). This is useful to know as it 
means that the equation can be set to any value in order to plot the line of the objective function on the graph. 

The first step is to pick a value for the objective function and construct two pairs of coordinates so that the line 
of the objective function can be plotted. (The total value of the line does not matter as it does not affect the slope.) 

 For example: 

Let C = 200 

200 = 50𝑥 + 40y  

If 𝑥 = 0 then y = 5 and if y = 0 then 𝑥 = 4 

This is plotted as the dotted line below. 

 

Note that the value of C in the above plot of the objective function is constant (at 200). This means that any pair 
of values of 𝑥 and y that fall on the line will result in the same value for the objective function (200). If a value 
higher than 200 had been used to plot the objective function it would have resulted in a line with the same slope 
but further out from the source (the intersection of the 𝑥 and y axis). 



CHAPTER 4: LINEAR PROGRAMMING  PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

84 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

To maximise the value of the objective function, the next step is to identify the point in the feasible area where 
objective function line can be drawn as far from the origin of the graph as possible.  

This can be done by putting a ruler along the objective function line that you have drawn and moving it outwards, 
parallel to the line drawn, until that point where it just leaves the feasibility area. This will be one of the corners 
of the feasibility region. This is the combination of values of 𝑥 and y that provides the solution to the linear 
programming problem. 

 For example: 

Move a line parallel to the one that you have drawn until that point where it is just about to leave the feasible 
region. 

 

The optimum solution is at point B (as before). This is at the intersection of 6𝑥 + 3y = 36 and 4𝑥 + 8y = 48. The 
next step is to solve these equations simultaneously for values of 𝑥 and y that optimise the solution. These values 
can then be inserted into the objective function to find the value of C at the optimum. (This has been done earlier). 

 For example: 

Objective function: Maximise C = 5  + 5y, subject to the following constraints: 

Direct labour 2  + 3y ≤ 6,000 

Machine time 4  + y ≤ 4,000 

Sales demand, y y ≤ 1,800 

Non-negativity , y ≥ 0 

In order to identify the feasible region, let’s find combinations of values for 𝑥 and y that represent the ‘feasible 
region’ on the graph for a solution to the problem 

i. Constraint: 2𝑥 + 3y ≤ 6,000 

When 𝑥 = 0, y ≤ 2,000. When y = 0, 𝑥 ≤ 3,000. 

ii. Constraint: 4𝑥 + y ≤ 4,000 

When 𝑥 = 0, y ≤ 4,000. When y = 0, 𝑥 ≤ 1,000. 

iii. Constraint: y = 1,800 
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Now, in order to plot the objective function – Let P = 10,000 (The value 10,000 is chosen as a convenient multiple 
of the values 5 and 5 that can be drawn clearly on the graph.) 

5𝑥 + 5y = 10,000 

𝑥 = 0, y = 2,000 and y = 0, 𝑥 = 2,000.  

The combination of values of 𝑥 and y that will maximise total contribution lies at point C on the graph.  

The combination of 𝑥 and y at point C is therefore the solution to the linear programming problem. 

 

The optimum solution is at point C. This can be found be examining the objective function line to see where it 
leaves the feasible region, using corner point theorem or by comparing the slope of the objective function to the 
slopes of the constraints.  

Point C is at the intersection of: 2𝑥 + 3y = 6,000 and 4𝑥 + y   = 4,000 

Multiply first equation with 2 

2(2𝑥 +3y) = 2(6,000)  

4𝑥 + 6y = 12,000 

Subtract earlier equation from this equation  
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+ 4𝑥 + 6y = 12,000 

+ 4𝑥 + y   = 4,000 

(˗)        (˗)          (˗)_________ 

          5y   = 8,000____ 

Dividing both sides by 5  

y = 1600 

Substituting the value of y in any of the above equations  

2𝑥 + 3(1,600) = 6,000 

2𝑥 + 4,800 = 6,000 

Subtracting 4800 from both sides  

2𝑥 = 1,200  

𝑥 = 600 

The objective function is maximised by producing 600 units of  and 1,600 units of y. 

The objective in this problem is to maximise 5𝑥 + 5y giving a maximum value of: 

5 (600) + 5 (1,600) = 11,000. 

However, the same problem can be solved using Optimum solution using corner point theorem as follows:  

Maximise C = 5𝑥 + 5y 

Point A is where y = 1,800  

 𝑥 = 0  

Point B is at the intersection of: y = 1,800 1 

 2𝑥 + 3y = 6,000 2 

 2𝑥 + 3(1,800) = 6,000 3 

 𝑥 = 300  

Point C is at the intersection of: 2𝑥 + 3y = 6,000 1 

 4𝑥 + y = 4,000  2 

Solved previously at 𝑥 = 600 and y = 1,600  

Point D is at the intersection of: y = 0 1 

 4𝑥 + y = 4,000 2 

 4𝑥 + 0 = 4,000  

 𝑥 = 1,000  

 

 

Substitute coordinates into objective function  
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 C = 5𝑥 + 5y  

Point A (𝑥 = 0; y = 1,800) C = 5(0) + 5(1,800)  

 C = 9,000  

Point B (𝑥 = 300; y = 1,800) C = 5(300) + 5(1,800)  

 C = 10,500  

Point C (𝑥 = 600; y = 1,600) C = 5(600) + 5(1,600)  

 C = 11,000  

Point D (𝑥 = 1,000; y = 0) C = 5(1,000) + 5(0)  

 C = 5,000  

Conclusion: The optimal solution is at point C where 𝑥 = 600 and y = 1,600 giving a value for the objective 
function of 11,000.   

And optimal solution can be obtained by measuring slopes as follows:  

Objective function: Rearranged Slope 

C = 5𝑥 + 5y y = C/5 – 𝑥 – 1 

Constraints:   

y = 1,800  0 

2𝑥 + 3y = 6,000 y = 2,000 – 2/3𝑥  – 2/3 

4𝑥 + y = 4,000  y = 4,000 – 4𝑥   – 4   

The slope of the objective function (− 1) lies between the slopes of 2𝑥 + 3y = 6,000 (– 2/3) and 4𝑥 + y = 4,000 (− 
4). The optimum solution is at the intersection of these two lines. 

Values of 𝑥 and y at this point have been calculated above. 

Minimising functions 

The above illustration is one where the objective is to maximise the objective function. For example, this might 
relate to the combination of products that maximise profit. 

You may also face minimisation problems (for example, where the objective is to minimise costs). In this case the 
optimal solution is at the point in the feasibility region that is closest to the origin. It is found using similar 
techniques to those above. 

Redundancy and Unboundedness in Linear Programming 

 

1. Introduction 

In linear programming, the feasibility and quality of a solution are heavily influenced by the nature of the 
constraints. Two important concepts that emerge during the formulation and solution of LP problems are 
redundancy and unboundedness. Understanding these concepts helps in analyzing solution behavior, 
simplifying models, and diagnosing potential modeling issues. 

 



CHAPTER 4: LINEAR PROGRAMMING  PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

88 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

2. Redundancy in Constraints 

Definition: 

A redundant constraint is one that does not affect the feasible region. It is already implied by other 
constraints in the system and can be removed without changing the solution set. 

Mathematically: 

Given a set of constraints Ax≤b, a constraint aix≤b_iis redundant if the feasible region remains the same when 
this constraint is removed. 

 Example: 

Consider the system: 

• x≥0x  

• y≥0y  

• x+y≤10x + y  

• x+y≤15 

Here, the last constraint is redundant because the third constraint already restricts the feasible region to 
x+y≤10, which is tighter. 

Why It Matters: 

• Redundant constraints may slow down optimization algorithms. 

• They can obscure the structure of the problem. 

• Removing them can simplify both computation and interpretation. 

Detection Methods: 

• Graphical analysis (for 2-variable problems). 

3. Unboundedness 

Definition: 

An LP problem is unbounded if the objective function can increase (or decrease) without limit, and still satisfy 
all constraints — i.e., there is no finite optimal solution. 

Mathematically: 

An LP is unbounded if there exists a direction  

• Ad≤0 

• c⊤d>0 

This implies that moving indefinitely in the direction d\mathbf{d}d improves the objective value while 
staying within the feasible region. 

 Example: 

Maximize  z=x+y 
Subject to: 

• x−y≥0 This problem is unbounded because there’s no constraint to limit the values of xxx and yyy. One can 
increase both without bound and still satisfy the constraint. 
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Why It Occurs: 

• Missing or improperly defined constraints. 

• Mistakes in formulation (e.g., forgetting a resource limit). 

• Objective function not aligned with constraint directions. 

Implications: 

• It indicates a flaw in the model. 

• Often calls for revision or addition of missing constraints. 

Detection: 

• Graphical analysis : An open feasible region in the direction of optimization. 

Summary Table 

Concept Definition 
Effect on 
Feasible 
Region 

Solver Behavior 
Solution 

Implication 

Redundancy Constraint that does not affect 
feasible region 

No change May be flagged or 
ignored 

Can simplify 
model 

Unboundedness No limit to improving objective 
value within feasible region 

Infinite 
extension 

Causes solver 
warning/error 

No finite 
optimal 
solution 

 Question 1: Redundancy 

Problem: 

Maximize z=3x+2yz = 3x + 2yz=3x+2y 
Subject to: 

• x+y≤6 

• x≤4 

• y≤5 

• x+y≤10  

• x,y≥0  

Graphical Solution Overview: 

1. Draw axes with non-negativity constraints x,y≥0x, y \geq 0x,y≥0. 

2. Plot each constraint as a line and shade the feasible side: 

• x+y=6 : line through (0,6) and (6,0) 

• x=4 : vertical line 

• y=5 horizontal line 

• x+y=10 : line through (0,10) and (10,0) 
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3. Feasible Region: 

• Formed by intersection of first three constraints. 

• The line x+y≤10 lies entirely outside the current feasible region → does not affect it. 

4. Conclusion: 

• x+y≤10 is redundant. 

• Optimal points occur at a vertex like (4,2), (1,5), etc. 

 Question 2: Unboundedness 

 Problem: 

Maximize z=x+2y    Subject to: 

• x−y≥0    

• x≥0  

• y≥0  

 Graphical Solution Overview: 

1. Draw the constraint lines: 

• x−y=0  x - y = 0x−y=0: diagonal line through origin (x = y) 

• x=0x = 0x=0, y=0y = 0y=0: axes 

2. Feasible Region: 

• Lies above the line x−y=0x - y = 0x−y=0, in the first quadrant. 

• Includes points like (1,1), (2,3), etc. 

• No upper boundary on y or x beyond the constraint x≥yx \geq yx≥y. 

3. Objective Line: 

• x+2y=k : draw this for increasing k (e.g., 4, 6, 8...). 

• You’ll see the line moves upward-right indefinitely and still intersects the feasible region. 

4. Conclusion: 

• Unbounded: No maximum value exists, z→∞ 

 Example Origin passing Inequality: 

2x−3y≤0  

Step 1: Check if the Origin Lies on the Boundary 

Convert the inequality to an equation to find the boundary line: 

2x−3y=0  

Now substitute x=0  

2(0)−3(0)=0⇒0=0 True  

So, the origin lies exactly on the boundary line of this inequality. 
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Step 2: Interpret Inequality 

Now return to the inequality: 

2x−3y≤0   

The region including and below the line 2x−3y=0 . The origin lies within this feasible region because: 

2(0)−3(0)=0≤0 

 

Summary: 

• Inequality: 2x−3y≤0   Origin: Lies on the boundary 

• Feasible region: Includes the origin 

 Example Inequality: 

x+y≥0   

Step 1: Convert to the boundary equation: 

x+y=0x + y = 0x+y=0  

This line clearly passes through the origin, since: 

x=0, y=0⇒ 0+0=0 True  

So, the origin lies on the boundary line. 

Step 2: Check the feasible region 

Take the inequality: 

x+y≥0  

Choose a point to test, like (1,1)(1, 1)(1,1): 

1+1=2≥0  True1 + 1 = 2  

This means the region above and on the line x+y=0 and since the origin makes the inequality true (0+0=00 + 0 
= 00+0=0), it is included. 
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Summary: 

• Inequality: x+y≥0    

• Boundary passes through the origin 

• Feasible region includes the origin 
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2 LINEAR PROGRAMMING OF BUSINESS PROBLEMS  

Decisions about what mix of products should be made and sold in order to maximize profits can be formulated 
and solved as linear programming problems. Overall approach to solving such problems is similar to solving 
inequalities using constraints.  

Solving for business problems:  

The first step in any formulation is to define variables for the outcome that require optimisation. For example, if 
the question is about which combination of products will maximise profit, a variable must be defined for the 
number of each type of product in the final solution. 

Then, a separate constraint must be identified for each item that might put a limitation on the objective function. 
Each constraint, like the objective function, is expressed as a formula. Each constraint must also specify the 
amount of the limit or constraint. 

• For a maximum limit, the constraint must be expressed as ‘must be equal to or less than’.  

• For a minimum limit, the constraint must be expressed as ‘must be equal to or more than’. 

 For example:  

Maximum limit: Maximum sales demand for Product X of 5,000 units 

Define variables Let 𝑥 be the number of Product X made. 

Constraint expressed as: 𝑥 ≤ 5,000 

Constraints with two 
variables 

A company makes two products, X and Y. 

It takes 2 hours to make one unit of X and 3 hours to make one unit of Y.  

Only 18,000 direct labour hours are available. 

Define variables Let 𝑥 be the number of Product X made and let y be the number of Product Y 
made. 

Constraint expressed as: 2𝑥 + 3y ≤ 18,000 

Minimum limit: There is a requirement to supply a customer with at least 2,000 units of 
Product X 

Define variables Let 𝑥 be the number of Product X made. 

Constraint expressed as: 𝑥 ≥ 2,000 

Non-negativity constraints It is not possible to make a negative number of products. 

Define variables Let 𝑥 be the number of Product X made and let y be the number of Product Y 
made. 

Constraint expressed as: 𝑥, y ≥ 0 are called positive constraints 

 These constraints do not have to be plotted as they are the 𝑥 and y axes of 
the graph 

The usual assumption is that a business has the objective of maximising profits. This then requires, expressing 
the same using an objective function.  
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 For example:  

A company makes and sells two products, Product X and Product Y. The contribution per unit is $8 for Product X 
and $12 for Product Y. The company wishes to maximise profit. 

Let 𝑥 be the number of Product X made and let y be the number of Product Y made. 

To maximize contribution, the formula can be expressed as C =  8𝑥 + 12y 

Once a linear programming problem has been formulated, it must then be solved to decide how the objective 
function is maximised (or minimised) as explained earlier. 

 For example:  

Construct the constraints and the objective function taking into account the following information: 

A company makes and sells two products, Product X and Product Y. The contribution per unit is $8 for 
Product X and $12 for Product Y. The company wishes to maximise profit. 

The expected sales demand is for 6,000 units of Product X and 4,000 units of Product Y. 

 Product X Product Y 

Direct labour hours per unit 3 hours 2 hours 

Machine hours per unit 1 hour 2.5 hours 
 

 Total hours 

Total direct labour hours available 20,000 

Total machine hours available 12,000 

For the above problem a linear programming problem can be formulated as follows: 

Let the number of units (made and sold) of Product X be 𝑥 

Let the number of units (made and sold) of Product Y be y 

The objective function is to maximise total contribution given as C = 8𝑥 + 12y. 

Subject to the following constraints: 

Direct labour 3𝑥 + 2y ≤ 20,000 

Machine time 𝑥 + 2.5y ≤ 12,000 

Sales demand, 𝑥 𝑥 ≤ 6,000 

Sales demand, Y y ≤ 4,000 

Non-negativity 𝑥, y ≥ 0 

Islamabad Manufacturing Limited makes and sells two versions of a product, Mark 1 and Mark 2. Identify 
the quantities of Mark 1 and Mark 2 that should be made and sold during the year in order to maximise 
profit and contribution. 

 Mark 1 Mark 2 

Direct materials per unit 2 kg 4 kg 

Direct labour hours per unit 3 hours 2 hours 

Maximum sales demand 5,000 units unlimited 

Contribution per unit 10 per unit 15 per unit 
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 Resource available 

Direct materials  24,000 kg 

Direct labour hours  18,000 hours 

In defining the constraints, let the number of units of Mark 1 be 𝑥 and number of units of Mark 2 be y. 

Using the given information of contribution per unit for each product, maximised total contribution can be given 
by: C = 10𝑥 + 15y.  

Let C = 60,000 to allow a plot of the line 

Constraints are given as:  

Direct materials 2𝑥 + 4y ≤ 24,000 

Direct labour 3𝑥 + 2y ≤ 18,000 

Sales demand, Mark 1 𝑥 ≤ 5,000 

Non-negativity 𝑥, y ≥ 0 

For plotting the constraints and objective function intercepts can be used  

 C = 10  + 15y 2  + 4y = 24,000 3  + 2y = 18,000 

 = 0 y = 4,000 y = 6,000 y = 9,000 

y = 0 x = 6,000 𝑥 = 12,000 𝑥 = 6,000 

 

The feasible solutions are shown by the area 0ABCD in the graph. 

The optimum solution is at point B. This can be found by examining the contribution line to see where it leaves 
the feasible region, using corner point theorem or by comparing the slope of the objective function to the slopes 
of the constraints (workings given on next page) 

Point B is at the intersection of: 2𝑥 + 4y = 24,000 and 3𝑥 + 2y   = 18,000 

Solving for 𝑥 and y using the constraint equations  

Multiplying equation for constraint 2 by 2.  

2(3𝑥 + 2y) = 2(18,000) 

6𝑥 + 4y = 36,000 

Subtract equation for constraint 1 from this equation  

+ 6𝑥 + 4y = 36,000 
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+ 2𝑥 + 4y = 24,000 

(˗)      (˗)        (˗)________ 

4𝑥             = 12,000_ 

𝑥 = 3,000 

Substituting the value of 𝑥 in any of the above equations  

2(3,000) + 4y = 24,000 

6,000 + 4y = 24,000 

4y = 18,000 

y = 4,500 

The total contribution is maximised by producing 3,000 units of X and 4,500 units of Y. 

The objective in this problem is to maximise 10𝑥 + 15y giving a maximum value of: 

10 (3,000) + 15 (4,500) = 97,500. 

Using the corner point theorem, optimal solution can be found as follows:  

Maximise C = 10𝑥 + 15y 

Point A is where y = 6,000  

 𝑥 = 0  

Point B is at the intersection of: 2𝑥 + 4y = 24,000  

 3𝑥 + 2y = 18,000  

Solved previously at 𝑥 = 3,000 and y = 4,500  

Point C is at the intersection of: 𝑥 = 5,000 1 

 3𝑥 + 2y = 18,000 2 

Substituting 3(5,000) + 2y = 18,000  

 y = 1,500  

Point D is where y = 0  

 𝑥 = 5,000  

Substitute coordinates into objective function  

 C = 10𝑥 + 15y  

Point A (𝑥 = 0 ; y = 6,000) C = 10(0) + 15(6,000)  

 C = 90,000  

Point B (𝑥 = 3,000; y = 4,500) C = 10(3,000) + 15(4,500)  

 C = 97,500  

Point C (𝑥 = 5,000; y = 1,500) C = 10(5,000) + 15(1,500)  

 C = 72,500  

Point D (𝑥 = 5,000; y = 0) C = 10(5,000) + 15(0)  

 C = 50,000  

Conclusion: The optimal solution is at point B where 𝑥 = 3,000 and y = 4,500 giving a value for the objective 
function of 97,500.  
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Solution can also be reached using measuring slopes methods as follows:  

Objective function: Rearranged Slope 

C = 10𝑥 + 15y y = C/15 – 10/15𝑥 – 10/15 = – 2/3 

Constraints:   

2𝑥 + 4y = 24,000 y = 6,000 – 0.5𝑥 – 0.5 

3𝑥 + 2y = 18,000 y = 9,000 – 3/2𝑥 – 3/2 

𝑥 = 5,000  ∞ 

The slope of the objective function (− 2/3) lies between the slopes of 2𝑥 + 4y = 24,000 (− 0.5) and 3𝑥 + 2y = 
18,000 (– 3/2). The optimum solution is at the intersection of these two lines. 

Values of 𝑥 and y at this point would then be calculated as above (𝑥 = 3,000 and y = 4,500) and the value of the 
objective function found. 

A company manufactures two models of car engines. Model S requires 1 units of labor and 5 units of raw 
materials. Model T requires 1 units of labor and 4 units of raw materials. If 110 units of labour and 480 
units of raw materials are available and company makes a contribution of Rs. 7 per Model S and Rs. 6 per 
Model T. How many of each models of car engine to be manufactured to maximize the profit? If the 
contribution changes to Rs. 3 for Model S and Rs. 4 for Model T, how many each engine type to be 
manufactured to maximize the profit?  

Let’s consider number of units of Model S as  and number of units of Model T as y 

Using the given information of Contribution per unit for each product, maximise total contribution can be given 
by: C1 = 7𝑥 + 6y and C2 = 3𝑥 + 4y. 

Let C = 540 to allow a plot of the line 

Constraints are given as:  

labour  𝑥 + y ≤ 110 

Raw materials 5𝑥 + 4y ≤ 480 

Non-negativity 𝑥, y ≥ 0 

For plotting the constraints and objective function intercepts can be used  

 540 = 7  + 6y  + y = 110 5  + 4y = 480 

 = 0 y = 90 y = 110 y = 120 

y = 0 𝑥 =77 𝑥 = 110 𝑥 = 96 
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The feasible solutions are shown by the area 0ABC in the graph. 

The optimum solution can be found using corner point theorem or by comparing the slope of the objective 
function to the slopes of the constraints.  

Point C is at the intersection of 𝑥 + y = 110 and 5𝑥 + 4y   = 480 

Solving for 𝑥 and y using the constraint equations  

Multiplying equation for constraint 1 by 4  

4(𝑥 + y) = 4(110) 

4𝑥 + 4y = 440 

Subtract the above equation from equation constraint 1 

+ 5𝑥 + 4y = 480 

+ 4𝑥 + 4y = 440 

(˗)      (˗)           (˗)____ 

𝑥                = 40__ 

Substituting the value of 𝑥 in any of the above equations  

40 + y = 110 

4 = 110 - 40 

y = 70 

  

110

110

120

96

90

0

20

40

60

80

100

120

140

0 20 40 60 80 100 120

A 

B 

C 

110 
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Using the corner point theorem, optimal solution can be found as follows:  

Maximise C = 7𝑥 + 6y 

Point A is where y = 110 

 𝑥 = 0 

Point B is at the intersection of: 𝑥 + y = 110 

 5𝑥 + 4y = 480 

Solved previously at 𝑥 = 40 and y = 70 

Point C is where y = 0 

 𝑥 = 96 

Substitute coordinates into objective function 

 

Point A (0, 110) Point C (40, 70) Point B (96, 0) 

C = 7𝑥 + 6y C = 7𝑥 + 6y  C = 7𝑥 + 6y  

C = 7(0) + 6(110) C = 7(40) + 6(70) C = 7(96) + 6(0) 

C = 0 + 660 C = 280 + 420 C = 672 + 0 

C = 660 C = 700 C = 672 

Conclusion: The optimal solution is at point C where 𝑥 = 40 and y = 70 giving a value for the objective function of 
Rs. 700   

And if the profit function changes to C = 3𝑥 + 4y then the profit would be maximized at Point A 

Point A (0, 110) Point C (40, 70) Point B (96, 0) 

C = 3𝑥 + 4y C = 3𝑥 + 4y  C = 3𝑥 + 4y  

C = 3(0) + 4(110) C = 3(40) + 4(70) C = 3(96) + 4(0) 

C = 0 + 440 C = 120 + 280 C = 288 + 0 

 C = 440 C = 400 C = 288 

Conclusion: The optimal solution is at point A where 𝑥 = 0 and y = 110 giving a value for the objective function 
of Rs. 440 
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 Example 1:   

A team consist of batsmen and bowler. If A is the number of batsmen and B is the number of bowlers, what will be 
the inequality constraint that the number of batsmen must be no more than 50% of the total players?  

 Solution: 

ROOT: No more than means (  ) 

Here: ‘A’ represents no. of batsmen  & ‘B’ represents no. of bowlers 

According to the condition: 

 BA  

)BA(%50Aor +
 

)BA(5.0Aor +
 

B5.0A5.0Aor +   B5.0A5.0Aor −  

B5.0A5.0or    BA     

 Example 2: Draw the graph of the in-equations 

2x + y 4, 3x + 3y  15, x 0, y 0 

 Solution: First we draw the graphs of: 

2x + y = 4; 3x + 5y = 15, for positive values of ‘x’ and ‘y’. 

Table for y = 4 – 2x  Table for 
5

x315
y

−
=  

x 0 1 2  x 0 5 

y 4 2 0  y 3 0 

Plot the points (0, 4), (1, 2) and (2, 0) to get the line PR. Plot the points (0, 3) and (5, 0), to get the line AB. Testing 
with (0, 0), we get the shaded region as the graph of 2x + y > 4 and 3x + 5y > 1 The double shaded region is 
intersection of: 

2x + y 4, 3x + 5y 15, x 0, y 0 

  

0 

1 2 3 4 5 6 

4 

1 

2 

3 

Y 

X 

B(0, 3) 

R(2, 0) 
A(5, 0) 

P(0, 4) 



PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS  CHAPTER 4: LINEAR PROGRAMMING 

 

THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN 101 

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

 Example 3:  

A car manufacturing company manufactures cars of two types A and B, Model A requires 150 man-hours for 
assembling, 50 man-hours for painting and 10 man-hours for checking and testing. Model B requires 60 man-
hours for assembling, 40 man-hours for painting and 20 man-hours for checking and testing. There are available 
30 thousand man-hours for assembling 13 thousand man-hours for painting and 5 thousand man-hours for 
checking and testing Express this using linear inequalities. Draw graphs of these inequalities and then mark the 
feasible region.  

 Solution:  

Let x units cars of type ‘A’ and ‘y’ units cars of type ‘B’ are manufactured. 

Then: The line 150x + 60y = 30,000 is drawn by plotting the points A:(200, 0) and B:(0, 500). The line 50x + 40y 
= 13,000 is drawn by plotting the points C:(260, 0) and D:(0, 325). The line 10x + 20y = 5000 is drawn by plotting 
the points E:(500, 0) and F:(0, 250), x = 0 and y = 0 correspond to y-axis and x-axis. The common or Feasible 
region is shown by shaded lines. 

 

 Example 4: (Profit Maximization) 

Stable limited manufactures two models of refrigerators. Deluxe Model requires 14 hours of department A and 
40 hours of Department B. Standard Model requires 7 hours of Department A and 30 hours of Department B. 
Each month, a maximum of 2100 hours are available in Department A and 8400 hours in Department B. The 
company makes a profit of Rs.5000 on each Deluxe Model and Rs.4000 on each standard model. 

a) Construct the set of constraints and the objective function for profit maximization. 

b) Draw the graph and identify the feasible region, clearly indicating its boundaries. 

 Solution: (a) 

 Department A Department B 

Availability 2100 hours 8400 hours 

Deluxe Model 14 hours 40 hours 

Standard Model 7 hours 30 hours 

50 

100 

150 

200 

250 

300 

350 

400 

450 

500 

50 100 150 200 250 350 400 450 500 
y = 0 

x =
 0

 

300 

A(200, 0) E(500, 0) 

F(0, 250) 

D(0, 350) 

B(0, 500) 

X 

Y 
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Profit Margin: 

 Deluxe model = Rs:5000/unit 

 Standard model = Rs:4000/unit 

Let: x be the no. of deluxe model units produced at maximum profit level. 

Let: y be the no. of standard model units produced at maximum profit level. 

Objective Function: 

P = 5000x + 4000y 

 Subject to following constraints  

2100y7x14 +
 

8400y30x40 +
 

0y,0x 
 

 

 Solution: (b) 

Consider: 

14x + 7y = 2100 

i. Put x = 0 

0 + 7y = 2100 

ii. Put y = 0 

14x + 0 = 2100 

300y =  150x =  

)300,0(  )0,150(  

Consider: 

40x + 30y = 8400 

i. Put x = 0 

0 + 30y = 8400  

Y 

X 

50 

100 

150 

200 

250 

300 

50 100 150 200 250 300 

(0, 0) 

280 

R 

A(0, 280) 
. 

(210, 0) 

C(150, 0) 

B(30, 240) 

(0, 300) 
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ii. Put y = 0 

40x + 0 = 8400 

280y =  210x =  

)280,0(  )0,210(  

For point of intersection. 

14x + 7y = 2100   (1) 

40x + 3y = 8400   (2) 

From (1) put 
7

x142100
y

−
=  in (2) 

8400
7

x142100
30x40 =







 −
+  

58800x42063000x280 =−+  

4200x140 −=−  

30x =  

 Put x = 30 in (1) 

2100y7)30(14 =+  

1680y7 =  

240y =  

 Point of intersection is (30, 240) 

 Example 5 (No Feasible region Problem)  

Sketch the following inequalities and analyze the feasible region:  

2x + 3y   12 

3x + 2y   6 

x, y   0 

 Solution: 

ROOT: ‘Analyze’ means probably NO FEASIBLE region. 

Consider: 

2x + 3y = 12 

i. Put x = 0 

0 + 3y = 12 

 

ii. Put y = 0 

2x + 0 = 12 

4y =   6x =  

)4,0(   )0,6(  

Consider: 

3x + 2y = 6 

i. Put x = 0 

0 + 2y = 6 
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ii. Put y = 0 

3x + 0 = 6 

3y =   2x =  

)3,0(
  

)0,2(
 

 

For point of intersection: 

2x + 3y = 12  (1) 

3x + 2y = 6  (2) 

Multiply (1) by 2 and (2) by 3 and subtract (2) from (1) 

 4x + 6y = 24 

 9x + 6y = 18 

 –   –      –   

 –5x       = 6 

2.1x −=  

Put: x = –1.2 in (1) 

12y3)2.1(2 =+−  

4.14y3 =  

8.4y =  

Point of intersection is (–1.2, 4.8) 

Since there is no optimal solution satisfying all the inequalities, there is no feasible region. 

 

 

Y 

X 

6 

(6, 0) 

1 

2 

3 

4 

5 

1 2 3 4 5 

(0, 0) 

(2, 0) 

(0, 3) 

(0, 4) 

No feasible region 

(6, 0) 

(0, 4) 
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 Example 6 (Cost Minimization Problem) 

A pharmaceutical company has developed a formula to prepare a herbal medicine. The medicine can be produced 
by using either product X or product Y or a combination of both. From each milligram (mg) of X it can extract one 
unit of iron and two units of calcium and from each mg of Y it can extract one unit of iron and one unit of calcium. 
Each tablet of the medicine is required to contain: 

5 to 7 units of iron 

8 to 10 units of calcium 

The cost of X is Rs:6 per mg whereas Y costs Rs:4 per mg. You are required to: 

i. Construct the set of constraints and the objective function for cost minimization. 

ii. Draw the graph and identify the feasible region, clearly indicating its boundaries. 

iii. How many mg of each product should be used to produce the tablets at the lowest cost? 

 Solution (I) 

ROOT: Range is given therefore   as well a   both occurs. 

 Iron Calcium 

Availability 5 – 7 8 – 10 

X 1 2 

Y 1 1 

Let:‘x’ be no. of mg of x  

‘y’ be no. of mg of y 

MINIMIZE: 

Objective Function: C = 6x + 4y 

Subject to: 

7yx5
7yx

5yx
+





+

+
  

10yx28
10yx2

8yx2
+





+

+
  

 Solution (II) 

Consider: 

 x + y = 5 

i. Put x = 0 

0 + y = 5 

)5,0(  

ii. Put y = 0 

x + 0 = 5 

Y 

X 

1 

2 

3 

4 

5 

6 

1 2 3 4 5 6 7 

7 

8 

9 

10 

0 (0, 0) 

R 

● ● ● 

● 

● 

● 

● 

● 

● 

● 

C(1, 6) 

B(3, 4) 

A(5, 0) 

D(3, 2) 

10yx2 +

7yx +

5yx +

 

8
y

x
2


+
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)0,5(  

Consider: 

 x + y = 7 

i. Put x = 0 

)7,0(  

ii. Put y = 0 

)0,7(  

Consider: 

2x + y = 8 

i. Put x = 0 

0 + y = 8 

)8,0(  

ii. Put y = 0 

2x + 0 = 8 

)0,4(  

Consider: 

2x + y = 10 

i. Put x = 0 

0 + y = 10 

)10,0(  

ii. Put y = 0 

2x + 0 = 10 

4x =  

)0,4(  

Consider: 

2x + y = 10 

i. Put x = 0  

0 + y = 10 

)10,0(  

)0,5(  

ii. Put y = 0 

2x + 0 = 10 

5x =  
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 Solution (III) 

Since:Feasible region contains A(5, 0), B(3, 4),  C(1, 6) and D(3, 2) 

Put in objective function: C = 6x + 4y 

i. Put A(5, 0) . C = 6 5 + 1 0 = Rs:30 

ii. Put B(3, 4) . C = 6 3 + 4 4 = Rs:34 

iii. Put C(1, 6) . C = 6 1 + 4 6= Rs:30 

iv. Put D(3, 2) . C = 6 3 + 4 2 = Rs:26 

Since: Lowest cost occurs at (3, 2) this is an optimal solution; 3mg of x and 2mg of y should be used 

 Example 7 (Redundant in equality) 

Sketch the feasible region and identify the redundant constraint from the following set of inequalities:  

x + y   6 

5x + 3y   15 

x   2 

x, y   0 

ROOT: ‘Redundant’ means of ‘No use’ 

Consider: 

 x + y = 6 

(i)  Put x = 0 (ii)  Put y = 0 

 0 + y = 6   x + 0 = 6 

6y =   6x =  

)6,0(   )0,6(  

Consider: 

 5x + 3y = 15 

(i)  Put x = 0 (ii)  Put y = 0 

 0 + 3y = 15   5x + 0 = 15 

5y =   3x =  

)5,0(   )0,3(  

Consider: 

 x = 2 (line parallel to y-axis) 

6yx +   15y3x5 +  

x6y −  x515y3 −  

3

x5
5y −  

The shaded region R is the feasible region. Its coordinates are A(2, 0), B(2, 1.6), C(0, 5). The redundant inequality 
is 6yx +   

Y 

X 

1 

2 

3 

4 

5 

6 

1 2 3 4 5 6 7 

R 

(0, 0) 

(3, 0) 

(0, 6) 

C(0, 5) 

x = 2 

A(2, 0) 

B(2, 1.6) ● 

● 
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3 NEW CONCEPT TO BE ADDED 

MARGINAL ANALYSIS 

1. Marginal Cost: It is the additional cost occurred as a result of producing one more unit of product or a 
service. The rate of change of cost with respect to number of units produced is called Marginal Cost. It is 
denoted by MC. Marginal cost in the context of linear programming refers to the cost of producing one 
additional unit of a product or service, while considering the constraints of the system or the optimization 
problem being solved. In a typical linear programming (LP) problem, the goal is to maximize or minimize an 
objective function. Subject to a set of constraints. For instance, a company may be trying to minimize the 
cost of production while satisfying constraints such as labor, material, or budget limitations. 

Marginal Cost in LP: In linear programming, the marginal cost is the rate of change in the objective function 
with respect to a small change in the decision variable. It is derived from the coefficients of the objective 
function and is often seen as the cost of increasing the production of one unitof a given product. 

2. Marginal Revenue: It is the additional Revenue occurred as a result of selling one more unit of a product or 
a service.  

Marginal Revenue in Linear Programming: When the objective function is linear, the marginal revenue 

is simply the coefficient of the decision variable associated with the product in question. This is because in 
linear functions, the relationship between quantity and revenue is constant, meaning that the revenue 
increases by a fixed amount for each additional unit produced. 

 Summary: 

• Marginal Revenue in linear programming is the constant change in total revenue as you increase the 

production of a product by one unit. 

• In linear models, marginal revenue is the coefficient of the decision variable in the objective function, 

which represents the price of each product. 

• For linear objective functions, the marginal revenue remains constant. 

3. Marginal Profit: It is the additional profit occurred as a result of producing and selling one more unit of 
product or service. It can be obtained by subtracting Marginal Cost from Marginal Revenue. 

OR 

Marginal Profit refers to the additional profit gained from producing one more unit of a product. It is closely 
related to both marginal revenue and marginal cost. In simple terms, it is the difference between the 
additional revenue generated by producing one more unit and the additional cost incurred to produce that 
unit. 

 Formula for Marginal Profit 

To calculate marginal profit, we need both marginal revenue and marginal cost: 

Marginal Profit = Marginal Revenue − Marginal Cost 

Summary of Marginal Profit: 

• Marginal profit is the additional profit generated by producing one more unit of a product. 

• In linear programming, it is derived from the profit margins (price per unit minus cost per unit) of each 
product. 

• For a linear profit function, marginal profit is constant and simply equals the coefficient of the decision 
variable in the profit function.  

• Marginal profit is used to evaluate the benefit of increasing production of a product in the presence of 
constraints. 
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STICKY NOTES 

 

 

 

 

 

 

 

 

 

 

 

 

Linear programming is a mathematical method for determining a way to 
achieve the best outcome (such as maximum profit or lowest cost) subject to a 

number of limiting factors (constraints). 

Overall approach for linear programming requires following steps:  
• Step 1: Define variables. 
• Step 2: Construct inequalities to represent the constraints. 
• Step 3: Plot the constraints on a graph 
• Step 4: Identify the feasible region. This is an area that represents the 

combinations of x and y that are possible in the light of the constraints. 
• Step 5: Construct an objective function 
• Step 6: Identify the values of x and y that lead to the optimum value of 

the objective function.  

 

The constraints in a linear programming problem can be drawn as straight 
lines on a graph. The line represents a boundary of what is possible (feasible). 

  

The combination of values for x and y that maximises the objective function 
will be a pair of values that lies somewhere along the outer edge of the 

feasible area.  

The optimal combination of values of x and y can be found using: 
• corner point theorem; or 
• slope of the objective function. 
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SELF-TEST 

1.   

i. An employer recruits experienced (𝑥) and fresh workmen (y) for his firm under the condition that he cannot 
employ more than 9 people, 𝑥 and y can be related by the inequality:  

(a)  𝑥 + y≠9    (b)   + y < 9, 𝑥 > 0, y > 0 

(c)  𝑥 + y > 9, 𝑥 > 0, y > 0   (d)  None of these 

ii. On the average, an experienced person does 5 units of work while a fresh recruit does 3 units of work daily 
and the employer has to maintain an output of at least 30 units of work per day. This situation can be 
expressed as:    

(a)  5𝑥 + 3y < 30    (b)  5𝑥 + 3y > 30 

(c)  5𝑥 + 3y > 30, 𝑥 > 0, y > 0  (d)  None of these 

iii. The rules and regulations demand that the employer should employ not more than 5 experienced hands to 
1 fresh one. This fact can be expressed as:     

(a)  y > 𝑥/5    (b)  5y < 𝑥 

(c)  𝑥 > 5y    (d)  None of these 

iv. The union however forbids him to employ less than 2 experienced person to each fresh person. This situation 
can be expressed as:       

(a)  𝑥 < y/2    (b)  y < 𝑥/2 

(c)  y > 𝑥/2    (d)  𝑥 > 2y 

2. The graph to express the inequality 𝑥 + y < 9 is:      

 

 

 

 

 

(a)      (b)  

 

 

 

 

 

 

 

(c)      (d) None of these 
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3. The graph to express the inequality 5x + 3y > 30 is:   

 

 

 

 

(a)      (b)  

 

 

 

 

 

 

(c)      (d) None of these 

 

4. The graph to express the inequality 









2

1
y  𝑥 is indicated by:     

 

 

 

 

(a)      (b)  

 

 

 

 

 

 

(c)      (d)  
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5.          

 

L1: 5𝑥 + 3y = 30, L2: 𝑥 + y = 9, L3: y = 𝑥/3, L4: y = 𝑥/2 

The common region (shaded part) shown in the diagram refers to: 

(a) 5𝑥 + 3y < 30   (b) 5𝑥 + 3y > 30 

 𝑥 + y < 9     𝑥 + y < 9 

 y < 1/5𝑥    y > 𝑥/3 

 y < 𝑥/2     y < 𝑥/2 

      𝑥 > 0, y > 0 

(c) 5𝑥 + 3y > 30   (d) None of these 

 𝑥 + y > 9 

 y < 𝑥/3 

 y > 𝑥/2 

 𝑥 0, y > 0 
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Y 

X 

5 

10 

15 

20 

5 10 

● ● 

● 

6. The region indicated by the shading in the graph is expressed by inequalities:     

 

(a) 𝑥1 + 𝑥2 < 2    (b) 𝑥1 + 𝑥2 < 2 

 2𝑥1 + 2𝑥2 > 8     𝑥2𝑥1 + 𝑥2 < 4 

 𝑥1 > 0, 𝑥2 > 0 

(c) 𝑥1 + 𝑥2 > 2    (d) 𝑥1 + 𝑥2 < 2 

 2𝑥1 + 2𝑥2 > 8     2𝑥1 + 2𝑥2 > 8 

7. If A is the number of batsmen and B is the number of bowlers, the inequality constraint that the number of 
batsmen must be no more than 50% of the total players is:     

(a) A ≥ B (b) A ≤ B  (c) B ≤ A  (d) A < B 

8. A firm manufactures two products. The products must be processed through one department. Product A 
requires 6 hours per unit, and product B requires 3 hours per unit. Total production time available for the 
coming week is 60 hours. There is a restriction in planning the production schedule, as total hours used in 
producing the two products cannot exceed 60 hours. This situation can be expressed as: 

 

 

 

 

 

(a)      (b)  

 

 

 

(c)      (d) None of these 

 

 

 

 

 

 

Y 

X 

5 

10 

15 

20 

5 10 

● ● 

● 

Y 

X 

5 

10 

15 

20 
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● ● 
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9. A manufacturer produce two products P and Q which must pass through the same processes in departments A 
and B having weekly production capacities of 240 hours and 100 hours respectively. Product P needs 4 hours 
in department A and 2 hours in department B. Product Q requires 3 hours and 1 hour respectively, in 
department A and B.  Profit yields for product P is Rs.700 and for Q is Rs.500. The manufacturer wants to 
maximize the profit with the given set of inequalities. The objective function and all the constraints are:    

(a) Z = 700𝑥 + 500y   (b) Z = 700𝑥 + 500y 

 2𝑥 + 3y≤240    4𝑥 + 3y≤240 

 2𝑥 + y≤100    2𝑥 + y≤100 

 𝑥, y≥0     𝑥, y≥0 

(c) Z = 700𝑥 + 500y   (d) None of these 

 4𝑥 + 3y≤240 

 2𝑥 + y≤100 

10. A dietician wishes to mix together two kinds of food so that the vitamin content of the mixture is at least 9 units 
of vitamin A, 7 units of vitamin B, 10 units of vitamin C and 12 units of vitamin D. The vitamin content per kg. of 
each food is shown below: 

 A B C D 

Food I: 2 1 1 2 

Food II: 1 1 2 3 

Assuming 𝑥 units of food I is to be mixed with y units of food II the situation can be expressed as: 

(a) 2𝑥 + y≤9    (b) 2𝑥 + y≥30 

 𝑥 + y≤7      𝑥 + y≤7 

 𝑥 + 2y≤10     𝑥 + 2y≥10 

 2𝑥 + 3y≤12     𝑥 + 3y≥12 

 𝑥 > 0, y > 0 

(c) 2𝑥 + y≥9    (d) None of these 

 𝑥 + y≥7 

 𝑥 + y≤10 

 𝑥 + 3y≥12 
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11. Graphs of four equations are drawn below: 

 

L1: 2𝑥 + y = 9, L2: 𝑥 + y = 7, L3: 𝑥 + 2y = 10, L4: 𝑥 + 3y = 12 

The common region (shaded part) indicated on the diagram is expressed by the set of inequalities.  

(a) 2𝑥 + y≤9    (b) 2𝑥 + y≥9 

 𝑥 + y≥7      𝑥 + y≤7 

 𝑥 + 2y≥10     𝑥 + 2y≥10 

 𝑥 + 3y≥12     𝑥 + 3y≥12 

(c) 2𝑥 + y≤9    (d) None of these 

 𝑥 + y≥7 

 𝑥 + 2y≥10 

 𝑥 + 3y≥12 

 𝑥≥0, y≥0 

12. The common region satisfied by the inequalities L1: 3𝑥 + y≥6, L2: 𝑥 + y≥4, 

L3: 𝑥 + 3y≥6 and L4: 𝑥 + y≤6 is indicated by:        

 

 

 

 

 

(a)      (b)  

 

 

 

 

 

 

(c)      (d) None of these 
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13. A firm makes two types of products: Type A and Type B. The profit on product A is Rs.20 each and that on 
product B is Rs.30 each. Both types are processed on three machines M1, M2 and M3. The time required in 
hours by each product and total time available in hours per week on each machine are as follow: 

Machine Product A Product B Available Time 

M1 3 3 36 

M2 5 2 50 

M3 2 6 60 

The constraints can be formulated taking 𝑥1 = number of units A and 𝑥2 = number of unit of B as:  

(a) 𝑥1 + 𝑥2≤12    (b) 3𝑥1 + 3𝑥2≥36 

 5𝑥1 + 2𝑥2≤50     5𝑥1 + 2𝑥2≤50 

 2𝑥1 + 6𝑥2≤60     2𝑥1 + 6𝑥2≥60 

       𝑥1≥0, 𝑥2≥0 

(c) 3𝑥1 + 3𝑥2≤36    (d) None of these 

 5𝑥1 + 2𝑥2≤50 

 2𝑥1 + 6𝑥2≤60 

 𝑥1≥0, 𝑥2≥0 

14. The set of inequalities L1: 𝑥1 + 𝑥2≤12, L2: 5𝑥1 + 2𝑥2≤50, L3: 𝑥1 + 3𝑥2≤30, 𝑥1≥0 and 𝑥2≥0 is represented by: 
  

 

 

 

 

 

(a)      (b)  

 

 

 

 

 

 

 

(c)      (d) None of these 
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15. The common region satisfying the set of inequalities 𝑥 0, y 0, L1: 𝑥 + y 5,  

L2: 𝑥 + 2y 8 and L3: 4𝑥 + 3y 12 is indicated by:       

 

 

 

 

 

(a)      (b)  

 

 

 

 

 

 

 

(c)      (d) None of these 

 

16. A manufacturer produces two products X1 and X2. Resources available for the production of these two items are 
restricted to 200 support staff hours, 320 machine hours and 280 labour hours. X1 requires for its production 1 
support staff hour, 1 machine hour and 2 labour hours. X2 requires 1 support staff hour, 2 machine hours and 
0.8 labour hour. X1 yields Rs.300 profit per unit and X2 yields Rs.200 profit per unit. The manufacturer wants to 
determine the profit maximizing weekly output of each product while operating within the set of resource 
limitations. Situation of the above data in the form of equations and inequalities is:  

(a) Z = 300𝑥 + 200y   (b) Z = 300𝑥 + 200y 

 𝑥 + y ≤200    𝑥 + y ≤200 

 𝑥 + 2y≤320    3𝑥 + 2y≤320 

 2𝑥 + 0.8y≤280    2𝑥 + 0.8y≤280 

 𝑥≥0, y≥0    𝑥≥0, y≥0 

(c) Z = 300𝑥 + 200y   (d) None of these 

 𝑥 + y ≤200 

 𝑥 + 2y≤320 

 2𝑥 + 0.8y≤280 
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17. A factory is planning to buy some machine to produce boxes and has a choice of B-1 or B-9 machines. Rs.9.6 
million has been budgeted for the purchase of machines. B-1 machines costing Rs.0.3 million each require 25 
hours of maintenance and produce 1,500 units a week. B-9 machines costing Rs.0.6 million each require 10 
hour of maintenance and produce 2,000 units a week. Each machine needs 50 square meters of floor area. Floor 
area of 1,000 square meters and maintenance time of 400 hours are available each week. Since all production 
can be sold, the factory management wishes to maximize output. Situation of above data in the form of 
objective function and constraints is:   

 (a) Z = 1500𝑥 + 2000y  (b) Z = 1500𝑥 + 2000y 

 0.3𝑥 + 0.6y≥9.6    0.3𝑥 + 0.6y≥9.6 

 25𝑥 + 10y≤400    25𝑥 + 10y≤400 

 50𝑥 + 50y≤1000   50𝑥 + 50y≥1000 

 𝑥≥0, y≥0    𝑥≥0, y≥0 

(c) Z = 1500𝑥 + 2000y  (d) Z = 1500𝑥 + 2000y 

 0.3𝑥 + 0.6y≤9.6    0.3𝑥 + 0.6y≤9.6 

 25𝑥 + 10y≤400    25𝑥 + 10y≥400 

 50𝑥 + 50y≤1000   50𝑥 + 50y≤1000 

 𝑥≥0, y≥0    𝑥≥0, y≥0 

18. A company produces two products a and b. Production of A will be at least five times the production of B. This 
situation can be expressed as: 

(a)  b≥5a    (b)  b≤5a 

(c) a≤5b    (d) a≥5b 

19. A manufacturer produces two products A and B. Each unit of A requires 3kg of raw material and 2 labour hours 
whereas each unit of B requires 2kg or raw material and 2 labour hours. Total raw material available is 200kg 
whereas total labour hours available are 150 hours. This situation can be expressed as: 

(a) 3a+2b ≥ 200 and 2a+2b ≥ 150 (b)  3a+2b ≤ 200 and 2a+2b ≤ 150 

(a)  3a+2b ≤ 150 and 2a+2b ≤ 200 (d)  3a+2b ≥ 150 and 2a+2b ≥ 200 

20. Inequalities 𝑥 ≥ 0 and y ≥ 0 suggest that feasible region will be in _____ quadrant. 

(a)  1st     (b)  2nd 

(c)   3rd     (d)  4th  

21. Which of the following values of 𝑥 and y does not satisfy the inequality 2𝑥+3y ≤ 6 

(a)  (1,1)    (b) (0,1) 

(c)   (3,1)    (d)  (1,0) 

22. A machine can work for 16 hours per day at most. It takes 4 hours to produce one unit of product A and 8 hours 
to produce one unit of product B. This information can be expressed as: 

(a) 4a+8b ≤ 16    (b)  4a+8b ≥ 16 

(c)  4a+8b = 16    (d)  Not possible to express information 
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23. Which of the following constraint will have a feasible region with coordinate (2, 3) in it?  

(a) 10𝑥+5y ≤ 40    (b)  10𝑥+5y ≤ 30 

(c) 10𝑥+5y ≤ 10    (d) 10𝑥+5y ≤ 20 

24. Pharma limited produces two medicines. Each of which requires two types of raw material with following 
details: 

 Product A(kg/unit) Product B(kg/unit) Total available (kg) 

Raw material X 2 3 120 

Raw material Y 4 6 360 

Form appropriate constraints as per above information 

(a)  2a+3b ≤ 120 and 4a+6b ≤ 360 (b)  2𝑥+4y ≤ 120 and 3𝑥+6y ≤ 360 

(c)   4a+6b ≤ 120 and 2a+3b ≤ 360 (d)  2𝑥+3y ≤ 120 and 4a+6b ≤ 360 

25. The maximum number of constraints while solving a business problem using linear programming is 

(a)  1     (b)  2 

(c)   3     (d)  there is no specific limit 

26. Feasible region is a _____ 

(a)   Region which satisfies all given constraints 

(b)   Region which is in first quadrant 

(c)   Region above the last mentioned constraint  

(d)   Always below all the constraints in a given scenario 

27. Corner point theorem states _____ 

(a)   Optimal solution is at one of the corners of feasible region. 

(b)  Optimal solution is within feasible region. 

(c)   Profit is maximum at all corners of a feasible region. 

(d)   Revenue is maximum at all corners of a feasible region. 

28. Linear programming model can be used for _____ 

(a)  Profit maximization   (b)  Cost minimization 

(c)   Both     (d)  None 

29. For the following set of inequalities and objective function. Identify the optimal solution using corner point 
theorem 

Constraints 

i.  𝑥 ≥ 0 

ii.  y ≥0 

iii.  𝑥+y ≤ 8 

Objective function 

Profit = 10𝑥+2y 

(a)  (8, 0)     (b)  (0, 8) 

(c)   (4, 4)     (d)  (0, 0) 
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30. For the following set of inequalities and objective function. Identify the optimal solution using corner point 
theorem 

Constraints 

i.  𝑥 ≥ 0 

ii.  y ≥0 

iii.  2𝑥+y ≤ 8 

iv. 2𝑥+2y ≤ 10 

Objective function 

Profit = 10𝑥+2y 

(a)   (0, 8)   (b)  (4, 0) 

(c)   (0, 5)   (d)  (8, 0) 

31. For the following set of inequalities and objective function. Identify the optimal solution using corner point 
theorem 

Constraints 

i.  𝑥 ≥ 1 

ii.  y ≥2 

iii.  𝑥+y ≤ 8 

Objective function 

Cost = 10𝑥+2y 

(a)   (0, 0)   (b)  (1, 2) 

(c)   (2, 1)   (d)   (0, 0) 

32. Identify the redundant constraint from the following set of constraints: 

i.  𝑥+y ≤ 6 

ii.  𝑥 ≥ 0 

iii.  y ≥0 

iv.  4𝑥+2y ≤ 8 

(a)   4𝑥+2y ≤ 8  (b)   𝑥 ≥ 0 

(c)   y ≥ 0   (d)   𝑥+y ≤ 6 

33. A company wants to make product A which will contain both chemical 𝑥 and chemical y. The product must 
contain at least 1 unit of 𝑥 and 2 units of y. The company has to be careful that total of 𝑥 and y units in the 
product must not exceed 8 units. 

If the cost of each unit of 𝑥 and y is 10 and 2 respectively, formulate constraints and objective function 

respectively. 

(a)           Constraints 

i. 𝑥 ≥ 1 

ii. y ≥2 

iii. 𝑥+y ≤ 8 

Objective function 

Cost = 10𝑥+2y 

(b)          Constraints 

i. 𝑥 ≥ 1 

ii. y ≥2 

iii. 𝑥+y ≤ 8 

Objective function 

Cost = 2𝑥+10y 
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(c)           Constraints 

i. 𝑥 ≥ 0 

ii. y ≥0 

iii. 𝑥+y ≤ 8 

Objective function 

Cost = 10𝑥+2y 

(d)          Constraints 

i. 𝑥 ≥ 1 

ii. y ≥2 

iii. 𝑥+y ≤ 2 

Objective function 

Cost = 10𝑥+2y 

34. A company produces two types of cola drinks. Each of which requires two types of raw material with following 
details: 

 Product A(kg/unit) Product B(kg/unit) Total available (kg) 

Raw material X 3 4 480 

Raw material Y 2 6 540 

How many units of each type of cola drink may be produced to maximise the profit, if the profit on each unit of A 

and B is Rs 1,800 and Rs. 6,300 respectively? 

(a)  (72, 66)    (b)  (0, 90) 

(c)   (160, 0)    (d)  (66, 72) 

35. For the following constraints: 

i.  𝑥+y ≥ 40 

ii.  𝑥+y ≤ 10 

(a)   There is no feasible region (b)  One feasible region 

(c)   Two feasible regions  (d)  Three feasible regions 

36. Minimum number of constraints to draw a feasible region is/are: 

(a)   1    (b)  2 

(c)   3    (d)  4 

37. A bounded feasible region will: 

(a)   Have both maximum and minimum value  (b)  Have maximum value only 

(c)   Have minimum value only   (d)  None of these 

38. Y ≤ X will have a feasible region: __ 

(a)   Above Y axis only  (b)  Below Y axis only 

(c)   Above X axis only  (d)  Below or on the line Y=X 
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ANSWERS TO SELF-TEST QUESTIONS 

1(i) 1(ii) 1(iii) 1(iv) 2 3 

(b) (c) (a) (b) (a) (c) 

4 5 6 7 8 9 

(d) (b) (a) (b) (b) (b) 

10 11 12 13 14 15 

(d) (d) (a) (c) (b) (a) 

16 17 18 19 20 21 

(a) (c) (d) (b) (a) (c) 

22 23 24 25 26 27 

(a) (a) (a) (d) (a) (a) 

28 29 30 31 32 33 

(c) (a) (b) (b) (d) (a) 

34 35 36 37 38  

(b) (a) (a) (a) (d)  
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CHAPTER 5 
   

FINANCIAL MATHEMATICS 

  

 

 
AT A GLANCE 

Interest is the extra amount an investor receives after investing 
a certain sum, at a certain rate for a certain time. In other 
words, interest is the additional amount of money paid by the 
borrower to the lender for the use of money loaned to him. The 
interest can be simple (fixed percentage on the principal 
amount) and compound (accumulated interest over period on 
the principal amount). Based on the interest charged, original 
amount invested or loaned might be repaid on a periodic basis 
or accumulated and be repaid at the end of the period.  

Discounting estimates the present value of a future cash flow at 
a given interest rate. The amount expected at a specified time in 
the future is multiplied by a discount factor to give the present 
value of that amount at a given rate of interest. Discounting and 
Compounding help evaluate and compare present and future 
cash flows for decisions on investment and borrowing matters. 

 

IN THIS CHAPTER 

AT A GLANCE 

SPOTLIGHT 

1. Simple interest 

2. Compounding  

3. Discounting 

STICKY NOTES 

SELF-TEST 
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1 SIMPLE INTEREST  

Simple interest is where the annual interest is a fixed percentage of the original amount (the principal) 
borrowed or invested. 

 For example:  

A person borrows Rs 10,000 at 10% with principal and interest to be repaid after 3 years. 

 Rs 

Amount owed at the start of year 1 10,000 

Interest for year 1 (10%) 1,000 

Interest for year 2 (10%) 1,000 

Interest for year 3 (10%) 1,000 

Total interest 3,000 

Amount owed at the end of year 3 13,000 

The closing balance of 13,000 must be repaid to the lender at the end of the third year. 

Calculating interest for a small number of periods is easy but becomes time consuming as the length of a loan 
grows.  

The interest based on the original principal might be repaid on a periodic basis or accumulated and be repaid at 
the end.  For which formula can be used  

 Formula: 

Amount repayable at the end of a loan S = P(1 + rn) 

Interest due on a loan I = Prn 

Where: 

S = amount to be paid or received at the end of period n or Future Value 

I = interest charge  

P = principal (amount borrowed or invested) or Present value  

r = period interest rate  

n = number of time periods that the loan is outstanding 

 For example:  

A person borrows Rs 10,000 at 10% simple interest for 5 years. Calculate annual interest, interest for the 
period, and amount payable at the end of 5 years.  

Annual interest charge can be found using  

I=Prn where P = 10,000; r= 0.1; n=1 

I = 10,000×0.1×1 =1,000 

Interest charge over five years   
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Here the n = 5 

I = 10,000×10%×5 years=5,000 

The person might pay the interest on an annual basis (1,000 per annum for 5 years) and then the principal at 
the end of the loan (10,000 after 5 years) or might pay the principal together with the five years interest at the 
end of the loan (15,000 after 5 years). 

This may be calculated as follows: 

Amount repayable at the end of 5 years  

S=P(1+rn) 

S = 10,000 × (1 + [0.1 × 5]) 

S = 10,000 × (1 + [0.5]) 

S = 10,000 × 1.5 

S = 15,000 

What amount of interest would a person receive at end of 5 years, if he decides to deposit Rs. 1,600 in the 
bank at 8% per annum? 

I=Prn where P = 1600; r= 0.08; n=5 

I = 1600×0.08×5 =640 

What amount of loan a business had borrowed if repayment of loan requires Rs. 32,000 to be paid after 10 
years (the simple interest was 15% per annum)?  

Borrowed amount can be found by  

S=P(1+rn) 

S = 32,000; r= 0.15; n=10 

32,000 = P × (1 + [0.15 × 10]) 

32,000 = 𝑃 × (1 + [1.5]) 

32,000 = 𝑃 × 2.5 

P = Rs. 12,800 

A person borrows Rs.100,000 for 4 years at an interest rate of 7%. What must he pay to clear the loan at 
the end of this period? 

Amount repayable at the end of 4 years can be found by substituting the values  

P = 100,000; r =0.07; n = 4 

S = P(1 + rn) 

S = 100,000 × (1 + [0.07 × 4]) 

𝑺 = 𝟏𝟎𝟎, 𝟎𝟎𝟎 × (𝟏 + 𝟎. 𝟐𝟖) 

𝑺 = 𝟏𝟐𝟖, 𝟎𝟎𝟎 

A person invests Rs. 60,000 for 5 years at an interest rate of 6%. What is the total interest received from 
this investment? 

Interest charged for the period can be found by putting the values P = 60,000; r = 0.06; and n = 5 

I=Prn 

I = 60,000×0.06×5 

I = 18,000 
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Periods less than a year and other problems  

Interest rates given in questions are usually annual interest rates. This means that they are the rate for 
borrowing or investing for a whole year. 

For shorter periods, the annual simple interest rate is pro-rated to find the rate that relates to a shorter period. 

 For example:  

A person borrows Rs 10,000 at 10% simple interest for 8 months. What will be charged interest and the 
amount paid after the period?  

In this case n is a single period of 8 months 

Annual interest charge can be found by putting the values P = 10,000, r = (0.1)(
8

12
) 

I=Prn 

I = 10,000×[(10%×8/12)×1]=667 

Amount repayable at the end of 8 months 

S = P(1 + rn) 

S = 10,000 × (1 + [0.1 × 8/12]  × 1) 

S=10,667 

A person borrows Rs. 75,000 for 4 months at an interest rate of 8%. (This is an annual rate) What must he 
pay to clear the loan at the end of this period? 

Amount repayable at the end of 4 months can be found by substituting the values  

P = 75,000; r = 0.08 × 4/12 ; n = 1 

S = P(1 + rn) 

S = 75,000 × (1 + [(0.08 ×
4

12
) × 1]) 

𝑺 = 𝟕𝟓, 𝟎𝟎𝟎 × (𝟏 + 𝟎. 𝟎𝟐𝟔𝟔𝟕) 

𝑺 = 𝟕𝟕, 𝟎𝟎𝟎 

A person borrows Rs.60,000 at 8%. At the end of the loan he repays the loan in full with a cash transfer of 
Rs.88,800. What was the duration of the loan? 

Time period n for the loan can be found by substituting the values  

P = 60,000; r = 0.08 ; S = 88,800 

S = P(1 + rn) 

88,800 = 60,000 × (1 + [0.08 × 𝑛]) 

𝟖𝟖, 𝟖𝟎𝟎 = 𝟔𝟎, 𝟎𝟎𝟎 (𝟏 + 𝟎. 𝟎𝟖𝒏) 

𝟖𝟖, 𝟖𝟎𝟎 = 𝟔𝟎, 𝟎𝟎𝟎 + 𝟒, 𝟖𝟎𝟎𝒏 

88,800 – 60,000 = 4,800n 

28,800 = 4,800n 

n=6 

Time duration for the loan was 6 years.  
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A person invests Rs.90,000 for 6 years. At the end of the loan she receives a cash transfer of Rs.122,400 in 
full and final settlement of the investment. What was the interest rate on the loan? 

Interest rate r for the loan can be found by substituting the values  

P = 90,000; n=6 ; S = 122,400 

S = P(1 + rn) 

122,400 = 90,000 × (1 + [𝑟 × 6]) 

𝟏𝟐𝟐, 𝟒𝟎𝟎 = 𝟗𝟎, 𝟎𝟎𝟎 (𝟏 + 𝟔𝒓) 

𝟏𝟐, 𝟐𝟒𝟎𝟎 = 𝟗𝟎, 𝟎𝟎𝟎 + 𝟓𝟒𝟎, 𝟎𝟎𝟎𝒓 

122,400 – 90,000 = 540,000r 

32,400 = 540,000r 

r=0.06 

Loan interest rate was 6%.   
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2 COMPOUNDING 

Compounding is the process of accumulating interest on an investment over time to earn more interest1. 
Annual interest based on the amount borrowed plus interest accrued to date is hence referred to as Compound 
Interest.   

The interest accrued to date increases the amount in the account and interest is then charged on that new 
amount.  

One way to think about this is that it is a series of single period investments. The balance at the end of each 
period (which is the amount at the start of the period plus interest for the period) is left in the account for the 
next single period. Interest is then accrued on this amount and so on. 

The accumulated interest and the investment is also referred to as the Future Value (FV) of the investment that 
has grown over time at the given interest rate.  

 For example:  

A person borrows Rs 10,000 at 10% to be repaid after 3 years. 

 Rs 

Amount owed at the start of year 1 10,000 

Interest for year 1 (10%) 1,000 

Amount owed at the end of year 1 (start of year 2) 11,000 

Interest for year 2 (10%) 1,100 

Amount owed at the end of year 2 (start of year 3) 12,100 

Interest for year 3 (10%) 1,210 

Amount owed at the end of year 3 13,310 

The closing balance of 13,310 must be repaid to the lender at the end of the third year.  

In the example, it is to see that interest for the year is increasing year after year, unlike simple interest which 
remains constant. This is because the amount on which interest is applied increases.  

This suggests the following formula. 

 Formula:  

S𝑛 = So × (1 + r)n 

Where: 

Sn = final cash flow at the end of the loan (the amount paid by a borrower or received by an investor or lender).  
Or Future Value  

So = initial investment or Principle amount or Present Value 

r = period interest rate 

n = number of periods 

Note that the (1 +r)n term is known as a compounding factor 

 
1 Ross, Westerfield & Bradford (2008). Fundamentals Of Corporate Finance. 8th Edition. Mcgraw-Hill/Irwin. Pg. 122 
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 For example:  

A person borrows Rs 10,000 at 10% to be repaid after 3 years. In order to calculate the due amount at the 
end of the period following values must be substituted in the formula: 

So = 10,000; r = 0.1; n = 3 

S𝑛 = So × (1 + r)n 

S𝑛 = 10,000 × (1 + 0.1)3 

S𝑛 = 10,000 × (1.1)3 

S𝑛 = 13310 

What will be the compound interest charged if an investor borrowed Rs. 20,000 from bank for 8 years at 
10% per annum?  

𝑆𝑜  = 20,000; r = 0.1; n = 8 

S𝑛 = 20,000 × (1 + 0.1)8 

S𝑛 = 20,000 × (1.1)8 

S𝑛 = 20,000 × 2.1436 

S𝑛 = 42,872 

Interest charged 42,872 – 20,000 = Rs. 22872 

Periods less than a year 

Similar to simple interest calculations, it is important to remember that the rate of interest r must be consistent 
with the length of the period n.  

There are two methods for calculating a rate for a shorter period from an annual rate:  

• Compounding by parts: When an investment pays interest at an annual rate compounded into parts of a 
year, the rate that relates to the part of the year is simply the annual interest divided by the number of 
parts of the year. The compounding formula then becomes  

 Formula: 

S𝑛 = S0 × (1 +
r

m
)n × m 

Where: 

r = period interest rate 

n = number of periods 

m = number of parts of the year 

• Continuous compounding: When a loan is compounded continuously, it means that interest is being 
calculated at every smallest instance. Although continuous compounding plays significant role in financial 
compounding, it is not considered realistic to have an infinite number of periods for interest calculation.  

 Formula: 

S𝑛 = S𝑜  𝑒𝑟𝑛 

Where: 

r = period interest rate 

n = number of period  
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 For example:  

A bank lends Rs 100,000 at an interest rate of 12.55% per annum compounded quarterly. The duration of 
the loan is 3 years. How much will the bank’s client have to pay? 

Since compounded in parts, the amount due to the bank after the period would be calculated using following 
formula and values;  

So = 100,000; r = 0.1255; m=4; n=3 

S𝑛 = S𝑜 × (1 +
r

m
)n × m 

S𝑛 = 100,000 × (1 +
0.1255

4
)3 × 4 

S𝑛 = 100,000 × (1 + 0.031375)12 

S𝑛 = 100,000 × (1.031375)12 

S𝑛 = 144,876.919 

Mr. A invested Rs. 100,000 at a 12% interest rate. How much he would earn by the end of 5 years if 
compounded continuously?  

S𝑛 = So 𝑒𝑟𝑛 

Here So=100000; r = 0.12; n= 5 

S𝑛 = 100000 𝑒0.12(5) 

S𝑛 = 100000 𝑒0.6 

S𝑛 = 182211.88 

A person borrows Rs. 100,000 for 3 years at an annual interest rate of 8%. What must he pay to clear the 
loan at the end of the period if compounded a) annually b) semiannually c) quarterly d) monthly e) weekly 
f) daily and g) hourly? 

Annually  So = 100,000; r = 0.08, m=1; n=3 

S𝑛 = S𝑜 × (1 +
r

m
)n × m 

S𝑛 = 100,000 × (1 + 0.08)3 

S𝑛 = 100,000 × (1.08)3 

S𝑛 = 100,000 × 1.2597 

S𝑛 = 125,971.2 

Semi annually  So = 100,000; r = 0.08; m=2; n=3 

S𝑛 = S𝑜 × (1 +
r

m
)n × m 

S𝑛 = 100,000 × (1 +
0.08

2
)3 × 2 

S𝑛 = 100,000 × (1 + 0.04)6 

S𝑛 = 100,000 × (1.04)6 

S𝑛 = 100,000 × 1.26531 

Sn = 126,531.9 

Quarterly  So = 100,000; r = 0.08; m=4; n=3 

S𝑛 = S𝑜 × (1 +
r

m
)n × m 

S𝑛 = 100,000 × (1 +
0.08

4
)3 × 4 

S𝑛 = 100,000 × (1 + 0.02)12 

S𝑛 = 100,000 × (1.02)12 

S𝑛100,000 × 1.26824 

𝑺𝒏 = 126,824.17 
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Monthly  So = 100,000; r = 0.08; m=12; n=3 

S𝑛 = S𝑜 × (1 +
r

m
)n × m 

S𝑛 = 100,000 × (1 +
0.08

12
)3 × 12 

S𝑛 = 100,000 × (1 + 0.00666)36 

S𝑛 = 100,000 × (1.00066)36 

S𝑛 = 100,000 × 1.270237 

𝑺𝒏 = 127,023.7 

Weekly  So = 100,000; r = 0.08; m=52; n=3 

S𝑛 = So × (1 +
r

m
)n × m 

S𝑛 = 100,000 × (1 +
0.08

52
)3 × 52 

S𝑛 = 100,000 × (1 + 0.001538)156 

S𝑛 = 100,000 × (1.001538)156 

S𝑛 = 100,000 × 1.271014 

𝑺𝒏 = 127,101.47 

Daily  So = 100,000; r = 0.08; m=365; n=3 

S𝑛 = S𝑜 × (1 +
r

m
)n × m 

S𝑛 = 100,000 × (1 +
0.08

365
)3 × 365 

S𝑛 = 100,000 × (1 + 0.0002191)1095 

S𝑛 = 100,000 × (1.0002191)1095 

S𝑛 = 100,000 × 1.271215 

𝑺𝒏 = 127,121.57 

Hourly So = 100,000; r = 0.08; m=8760; n=3 

S𝑛 = So × (1 +
r

m
)n × m 

S𝑛 = 100,000 × (1 +
0.08

8760
)3 × 8760 

S𝑛 = 100,000 × (1 + 0.00000913)26280 

S𝑛 = 100,000 × (1.00000913)26280 

S𝑛 = 100,000 × 1.271247 

𝑺𝒏 = 127,124.7 

 

A person invests Rs. 60,000 for 6 years at an interest rate of 6%. What is the total interest received from 
this investment if compounded annually? Continuously? 

Annually  So = 60,000; r = 0.06, n=6 S𝑛 = S𝑜 × (1 + r)n 

S𝑛 = 60,000 × (1 + 0.06)6 

S𝑛 = 60,000 × (1.06)6 

S𝑛 = 60,000 × 1.41851 

S𝑛 = 85,111.146 

Interest received =  

85,111.146 – 60,000 

= 25,111.146 
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Continuously   So = 60,000; r = 0.06, n=6 S𝑛 = S𝑜  𝑒𝑟𝑛 

S𝑛 = 60,000 𝑒0.06(6) 

S𝑛 = 60,000 𝑒0.36 

S𝑛 = 60,000 × 1.4333294 

S𝑛 = 85,999.76 

Interest received =  

85999.76 – 60000 

= 25,999.76 

A person invests his inheritance at an interest rate of 6% compounding annually.  He receives Rs. 337,900 
at the end of the 9 years. What is inherited amount? 

S𝑛 = S𝑜 × (1 + r)n 

Sn=337900; r=0.06; n=9 

337,900 = S𝑜 × (1.06)9 

337,900 = S𝑜 × 1.68947 

So = 337,900/ 1.68947 

So = 200,002.49 or ∼ Rs. 200,000 

Nominal and effective rates 

The nominal rate, also referred as stated rate, is the “face value” of a loan. However, this might not be the true 
annual cost because it does not take into account the way the loan is compounded. Effective rates take into 
account compounding periods and compare annual interests for different compounding periods.  

 For example:  

A company wants to borrow Rs.1,000. There are two different loans offered. 

Loan A charges interest at 10% per annum and loan B at 5% per 6 months. 

Which loan should it take? 

The nominal interest rates are not useful in making the decision because they relate to different periods. They 
can be made directly comparable by restating them to a common period. This is usually per annum. 

 Loan A Loan B 

Amount borrowed 1,000 1,000 

Interest added:   

  50 

  1,050 

 100 52.5 

 1,100 1,102.5 

Effective rate per annum 10% 10.25% 

 100

1,000
× 100 

102.5

1,000
× 100 

 = 10% = 10.25% 

Generally, nominal interest rate is less than the effective rate. This is because, compounding occurs more 
frequently than once a year. The more often compounding in a year, the higher the effective interest rates.  
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 Formula:  

Effective annual rate = (1 + r)n − 1 

Where: 

r = Known interest rate for a known period (usually annual) 

n = number of times the period for which the rate is unknown fits into one single year 

In the above example:  

The effective annual rate could be calculated using: 

 Effective annual rate = (1 + r)n − 1 

Loan A Effective annual rate = (1.1)1 − 1 = 0.1 or 10% 

Loan B Effective annual rate = (1.05)2 − 1 = 0.1025 or 10.25% 

 For example:  

If the 6-monthly and 3 monthly interest rates are 4.9% and 2.41% what will be the annual effective 
interest rates?  

Given by: Effective annual rate = (1 + r)n − 1 

Effective rate for 6 monthly compounding: (1 + 0.049)2 − 1 = 0.100 or 10% 

Effective rate for 3 monthly compounding: (1 + 0.0241)4 − 1 = 0.00999 or ∼ 10% 

If a bank charges 16% per year for a loan compounded monthly. What will be the effective interest rate?  

Effective annual rate = (1 + r)n − 1 

Effective annual rate = (1 +
0.16

12
)12 − 1 

Effective annual rate = (1 + 0.01333)12 − 1 

Effective annual rate = (1.01333)12 − 1 

Effective annual rate = 1.17227 − 1 

Effective annual rate = 0.17227 or ∼ 17% 

What will be the effective interest rate when nominal interest rate is 12% per annum compounded 
monthly? 

Period rate = (1 + 0.12/12)12(1) − 1 

Period rate = (10.1)12 − 1 

Period rate = 1.1268 − 1 

Period rate = 0.1268 or ∼12.7 % 
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3 DISCOUNTING  

Discounting estimates the present day equivalent (present value which is usually abbreviated to PV) of an 
amount at a specified time in the future at a given rate of interest. Discounting is the reverse of compounding.  

PV is thus the current value of future cash flows discounted at the appropriate discount rate2. 

• An amount expected at a specified time in the future is multiplied by a discount factor to give the present 
value of that amount at a given rate of interest. 

• The discount factor is the inverse of a compound factor for the same period and interest rate. Therefore, 
multiplying by a discount factor is the same as dividing by a compounding factor. 

 Formula:  

S𝑜  = S𝑛 ×
1

(1 + r)n
 

Or 

Present value (PV) = Future Value (FV) ×
1

(1 + r)n
 

Where: 

r = the period interest rate (cost of capital) 

n = number of periods 

Discount Factor = 
1

(1+r)n 

The present value of a future cash flow is the amount that an investor would need to invest today to receive 
that amount in the future.  

 For example:  

A person expects to receive Rs 13,310 in 3 years. If the person faces an interest rate of 10% what is the present 
value of this amount? 

Here Future cash flow would be 13310, n = 3 and r = 0.1 

Present value = 13,310 ×
1

(1.1)3
 

Present value = 10,000 

It is important to realize that the present value of a cash flow is the equivalent of its future value in the future 
point in time. Using the above example to illustrate this, Rs 10,000 today is exactly the same as Rs 13,310 in 3 
years at an interest rate of 10%. The person in the example would be indifferent between the two amounts. He 
would look on them as being identical at different points in time. 

Also the present value of a future cash flow is a present day cash equivalent. The person in the example would 
be indifferent between an offer of Rs 10,000 cash today and Rs 13,310 in 3 years. 

 Complex Examples:  

What is the value of Rs. 50,000 to be paid 6 years from now at 6.5% interest rate compounded annually?  

Sn = 50,000; r = 0.065; n = 6 

50,000 = So × (1 + 0.065)6 

50,000 = So × (1.065)6 

50,000 = So × 1.459 

So = 34267 

 
2 Ross, Westerfield & Bradford (2008). Fundamentals Of Corporate Finance. 8th Edition. Mcgraw-Hill/Irwin. Pg. 129 
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How much would an investor need to invest now in order to have Rs 100,000 after 12 months, if the 
compound interest on the investment is 0.5% each month? 

The investment ‘now’ must be the present value of Rs 100,000 in 12 months, discounted at 0.5% per month. 
This makes FCF = 100,000, n=12 and r = 0.005 

PV = 100,000 ×
1

(1.005)12
= Rs 94,190 

The price of a car increases from Rs. 20,000 to Rs. 48,000 in just 4 years. What is the rate at which price of 
the car increases?   

For the question above, both compounding and discounting formula would yield same result. We will use the 
formula for Present Value:  

Using the formula and substituting the values FCF = 48,000, n = 4, PV=20,000 

20,000 = 48,000 ×
1

(1 + r)4
 

(1 + r )4 =
48,000

20,000
 

(1 + r)4 = 2.4 

Multiplying ¼ on both sides  

(1 + 𝑟) = 2.41/4 

𝑟 = 2.41/4 − 1 

r = 24.46% 

Discount tables 

Tables of discount rates which list discount factors by interest rates and duration are also used in order to 
reach present value. 

 Illustration:  

(Full tables are given as an appendix to this text). 

 Discount rates (r) 

(n) 5% 6% 7% 8% 9% 10% 

1 0.952 0.943 0.935 0.926 0.917 0.909 

2 0.907 0.890 0.873 0.857 0.842 0.826 

3 0.864 0.840 0.816 0.794 0.772 0.751 

4 0.823 0.792 0.763 0.735 0.708 0.683 

Where: 

n = number of periods 

r = rate of interest 
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 For example:  

Calculate the present value of Rs 60,000 received in 4 years assuming a cost of capital of 7%. 

Using the formula and substituting the values FCF = 60,000, r = 0.07, n = 4 

PV = 60,000 ×
1

(1.07)4
= 45,773 

From the above table  

Column 3 and row 4 is the cell value at 7% rate for four years. Factor = 0.763 

The factor multiplied by the FCF gives the Present Value:  

PV = 60,000 × 0.763 = 45,780  

What is the present value of an investment of Rs. 6,000 due in 3 years with 8% interest compounded 
quarterly?  

Using the formula and substituting the values FCF = 6,000, r = 0.08/4, n = 3*4 

PV = 6,000 ×
1

(1.02)12
 

PV = Rs. 4,730.959 

From the Present Value table in the Annexure  

Table 1 = Column 2 and row 12 is the cell value at 2% rate for 12 periods. Factor = 0.788 

The factor multiplied by the FCF gives the Present Value:  

PV = 6,000 × 0.788 = 4,728  

A father intends to buy a car for his daughter on her 18th birthday. The car cost Rs. 2,000,000 and is 
expected to remain same. How much he needs to save today at 12% interest per annum if his daughter is 
10 years old as of today.  

Using the formula and substituting the values FCF = 2000000, r = 0.12, n = 8 

PV = 2,000,000 ×
1

(1.12)8
 

PV = Rs. 807,766.456 

From the Present Value table in the Annexure  

Table 2 Column 2 and row 8 is the cell value at 12% rate for 8 periods. Factor = 0.404 

The factor multiplied by the FCF gives the Present Value:  

PV = 2,000,000 × 0.404 = 808,000 

Moreover, future returns of business ventures can be converted into present values to compare two possible 
investments decisions.  

Comparing Cash flows:  

Discounting cash flows to their present value is a very important technique. It can be used to compare future 
cash flows expected at different points in time by discounting them back to their present values. 

 

 

 

 



PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS   CHAPTER 5: FINANCIAL MATHEMATICS 

THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN 137 

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

 For example:  

A borrower is due to repay a loan of Rs 120,000 in 3 years. He has offered to pay an extra Rs 20,000 as 
long as he can repay after 5 years. The lender faces interest rates of 7%. Is the offer acceptable? 

For existing contract:  

FCF = 120,000, n=3, r=0.07 

PV = 120,000 ×
1

(1.07)3
= Rs 97,955 

Client’s offer need additional 20,000 which makes FCF 140,000 keeping interest rate and period same present 
value can be found as  

Present value = 140,000 ×
1

(1.07)5
= Rs 99,818 

The client’s offer is acceptable as the present value of the new amount is greater than the present value of the 
receipt under the existing contract. 

An investor wants to make a return on his investments of at least 7% per year. He has been offered the 
chance to invest in a bond that will cost Rs 200,000 and will pay Rs 270,000 at the end of four years. 

In order to earn Rs 270,000 after four years at an interest rate of 7% the amount of his investment now would 
need to be: 

PV = 270,000 ×
1

(1.07)4
= Rs 205,982 

The investor would be willing to invest Rs 205,982 to earn Rs 270,000 after 4 years.  

However, he only needs to invest Rs 200,000. 

This indicates that the bond provides a return in excess of 7% per year. 

A Bank offers to give Rs. 400,000 after 4 years to any individual who will invest Rs. 300,000 today. The 
interest rate is 10%. Mr. A is interested in getting the amount invested at the bank for likely profit in 
future. Is it a wise decision or he can explore other options?  

In weighing the prospects, let’s find out the Present Value of Rs. 400,000. If it would be less than the amount 
asked for then the option is not viable for Mr. A.  

PV = 400,000 ×
1

(1.10)4
= Rs 273,205.38 

PV for the possible offer is less than the investment required. This means that Mr. A can invest lesser amount in 
any other bank for the same return in future. Hence, not a wise decision to take that offer.  
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STICKY NOTES 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

Simple interest is where the annual interest is a fixed percentage of the 
original amount borrowed or invested (the principal). 

The interest based on the original principal might be repaid on a periodic 
basis or accumulated and be repaid at the end.  Formula for amount repayable 

at the end of a loan is: S=P(1+rn) and for calculating interest due on a loan 
I=Prn 

 

For shorter periods, the annual simple interest rate is pro-rated to find the 
rate that relates to a shorter period 

Compounding is the process of accumulating interest on an investment over 

time to earn more interest. Annual interest based on the amount borrowed 

plus interest accrued to date is hence referred to as Compound Interest.   

𝐒𝒏 = 𝐒𝐨 × (𝟏 + 𝐫)𝐧 

Discounting estimates the present day equivalent of an amount at a specified 

time in the future at a given rate of interest. Discounting is the reverse of 

compounding.  

 

An amount expected at a specified time in the future is multiplied by a discount 

factor to give the present value of that amount at a given rate of interest. 

𝐏𝐫𝐞𝐬𝐞𝐧𝐭 𝐯𝐚𝐥𝐮𝐞 (𝐏𝐕) = 𝐅𝐮𝐭𝐮𝐫𝐞 𝐕𝐚𝐥𝐮𝐞 (𝐅𝐕) ×
𝟏

(𝟏 + 𝐫)𝐧
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SELF-TEST 

1. The formula for simple interest is:          

(a) 100

NRP 

    (b) N

RP





100  

(c) NR

P



100

    (d) P

NR100

 

2. Future value of Rs.1,355/- invested @ 8% p.a. simple interest for 5 years is:     

(a) Rs.1,897    (b) Rs.1,798 

(c) Rs.1,987    (d) Rs.1,789 

3. The present value of Rs.1,400 at 8 percent simple interest for 5 years is:  

(a) Rs.2,000    (b) Rs.900 

(c) Rs.3,000    (d) Rs.1,000 

4. A bank charges mark-up @ Rs.0.39 per day per Rs.1,000/-, rate of mark-up as percent per annum is (assume 
365 days in a year):   

(a) 14.4%    (b) 14.004% 

(c) 14.24%    (d) 14.0004% 

5. A person borrowed Rs.20,000 from a bank at a simple interest rate of 12 percent per annum. In how many 
years will he owe interest of Rs.3,600?    

(a) 1.5 years    (b) 1.55 years 

(c) 1.6 years    (d) 1.45 years 

6. How long will it take for a sum of money to double itself at 10% simple interest?   

(a) 7 years    (b) 9 years 

(c) 5 years    (d) 10 years 

7. The sum required to earn a monthly interest of Rs.1200 at 18% per annum SI is:    

(a) Rs.50,000    (b) Rs.60,000 

(c) Rs.80,000    (d) None of these 

8. In what time will Rs.1,800 yield simple interest of Rs.390 at the rate of 5% per annum?   

(a) 5 years 2 months   (b) 4 years 4 months 

(c) 4 years 5 months   (d) None of these  

9. An amount of Rs.20,000 is due in three months. The present value if it includes simple interest @8% is:  

(a) Rs.19,608.84   (b) Rs.19,607.84 

(c) Rs.18,607.84   (d) Rs.19,507.84 

 



CHAPTER 5: FINANCIAL MATHEMATICS  PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

140 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

10. A sum of money would amount to Rs.6,200 in 2 years and Rs.7,400 in 3 years. The principal and rate of simple 
interest are:       

(a) Rs.3,800, 31.57%   (b) Rs.3,000, 20% 

(c) Rs.3,500, 15%   (d) None of these 

11. A sum of money would double itself in 10 years. The number of years it would be four times is (assume 
compound interest): 

(a) 25 years    (b) 15 years 

(c) 20 years    (d) None of these 

12. A total of Rs.14,000 is invested for a year at simple interest, part at 5% and the rest at 6%. If Rs.740 is the total 
interest, amount invested at 5% is:     

(a) Rs.9,000    (b) Rs.8,000 

(c) Rs.6,000    (d) Rs.10,000 

13. If the simple interest on a certain sum for 15 months at 7½% per annum exceeds the simple interest on the 
same sum for 8 months at 12½% per annum by Rs.32.50, then the sum (in Rs.) is:   

(a) Rs.3,000    (b) Rs.3,060 

(c) Rs.3,120    (d) Rs.3,250 

14. A certain sum is invested for T years. It amounts to Rs.400 at 10% simple interest per annum. But when 
invested at 4% simple interest per annum, it amounts to Rs.200. Then time (T) is:   

(a) 41 years    (b) 39 years 

(c) 50 years    (d) None of these 

15. A A person borrowed Rs.500 @ 3% per annum S.I. and Rs.600 @ 4.5% per annum on the agreement that the 
whole sum will be returned only when the total interest becomes Rs.126. The number of years, after which the 
borrowed sum is to be returned, is:       

(a) 2     (b) 3 

(c) 4     (d) 5 

16. A lends Rs.2,500 to B and a certain sum to C at the same time at 7% p.a. simple interest. If after 4 years, A 
altogether receives Rs.1,120 as interest from B and C, then the sum lent to C is:   

(a) Rs.700    (b) Rs.1,500 

(c) Rs.4,000    (d) Rs.6,500 

17. An individual has purchased Rs.275,000 worth of Savings Certificate. The Certificate expires in 25 years and a 
simple interest rate is computed quarterly at a rate of 3 percent per quarter. Interest cheques are mailed to 
Certificate holders every 3 months. The interest the individuals can expect to earn every three months is:  

(a) Rs.8,450    (b) Rs.8,250 

(c) Rs.8,150    (d) Rs.8,350 

18. If P = Rs.1,000, i = 5% p.a, n = 4; amount and C.I. is:      

(a) Rs.1,215.50, Rs.215.50  (b) Rs.1,125, Rs.125 

(c) Rs.2,115, Rs.115   (d) None of these 
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19. The C.I on Rs.16,000 for 1½ years at 10% p.a. payable half-yearly is:    

(a) Rs.2,222    (b) Rs.2,522 

(c) Rs.2,500    (d) None of these 

20. A person will receive Rs.5,000 six years from now. Present value at a compounded discount rate of 8 percent is: 
       

(a) Rs.3,150.85    (b) Rs.3,170.99 

(c) Rs.3,160.99    (d) Rs.3,180.99 

21. At what rate of interest compounded semi-annually will Rs.6,000 amount to Rs.9,630 in 8 years?  

(a) 5%     (b) 6.1% 

(c) 6%     (d) 5.1% 

22. The effective rate of interest corresponding to a nominal rate 3% p.a. payable half yearly is:  

(a) 3.2% p.a    (b) 3.25% p.a 

(c) 3.0225% p.a    (d) None of these 

23. The population of a town increases every year by 2% of the population at the beginning of that year. The 
number of years by which the total increase of population be 40% is:    

(a) 7 years    (b) 10 years 

(c) 17 years (approx)   (d) None of these 

24. The effective rate of interest corresponding a nominal rate of 7% p.a. convertible quarterly is:   

(a) 7%     (b) 7.5% 

(c) 5%     (d) 7.18% 

25. Moosa invested Rs.8,000 for 3 years at 5% C.I in a post office. If the interest is compounded once in a year, what 
sum will he get after 3 years?     

(a) Rs.9,261    (b) Rs.8,265 

(c) Rs.9,365    (d) None of these 

26. The compound interest on Rs.1,000 at 6% compounded semi-annually for 6 years is:   

(a) Rs.425.76    (b) Rs.450.76 

(c) Rs.475.76    (d) Rs.325.76 

27. A sum of money invested at compound interest amounts to Rs.4,624 in 2 years and to Rs.4,913 in 3 years. The 
sum of money is:       

(a) Rs.4,096    (b) Rs.4,260 

(c) Rs.4,335    (d) Rs.4,360 

28. The population of a country increases at the rate of 3% per annum. How many years will it take to double 
itself?          

(a) 21.45 years    (b) 22.45 years 

(c) 23 years    (d) 23.45 years 
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29. The number of fishes in a lake is expected to increase at a rate of 8% per year. How many fishes will be in the 
lake in 5 years if 10,000 fishes are placed in the lake today?    

(a) 14,693 fishes   (b) 14,683 fishes 

(c) 15,693 fishes   (d) 14,583 fishes 

30. Compute effective rate of interest where nominal rate is 8% compounded quarterly?   

(a) 7.24%    (b) 8.0% 

(c) 8.42%    (d) 8.24% 

31. An investor can earn 9.1% interest compounded semi-annually or 9% interest compounded monthly. 
Determine which option he should prefer?   

(a) Option I    (b) Option II 

(c) Both (a) and (b)   (d) None of these 

32. The population of a city was 8 million on January 1, 2010. The population is growing at the exponential rate of 
2 percent per year. What will the population be on January 1, 2015?  

(a) 8.74 million    (b) 8.84 million 

(c) 8.64 million    (d) 7.84 million 

33. A trust fund for a child’s education is being set up by a single payment so that at the end of 10 years there will 
be Rs.240,000. If the fund earns at the rate of 8% compounded semi-annually, amount of money should be paid 
into the fund initially is:       

(a) Rs.108,533    (b) Rs.109,533 

(c) Rs.109,433    (d) Rs.100,533 

34. If Rs.110,000 is to grow to Rs.250,000 in ten years period, at what annual interest rate must it be invested, 
given that interest is compounded semiannually?  

(a) 8.05%    (b) 8.25% 

(c) 8.15%    (d) 8.38% 

35. The nominal interest rate on an investment is 12 percent per year. Determine the effective annual interest rate 
if interest is compounded quarterly.    

(a) 11.55%    (b) 12.05% 

(c) 12.55%    (d) 11.55% 

36. The nominal interest rate on an investment is 16 percent per annum. Determine the effective annual interest 
rate if interest is compounded quarterly.    

(a) 16%    (b) 16.98% 

(c) 15%    (d) 15.98% 

37. Find out the effective rate of interest equivalent to the nominal rate of 10 percent compounded semi-annually. 

(a) 10.25%    (b) 10.45% 

(c) 10.35%    (d) 10.15% 

 

 



PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS   CHAPTER 5: FINANCIAL MATHEMATICS 

THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN 143 

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

38. Find the effective rate of interest equivalent to nominal rate of 8% compounded monthly?   

(a) 8.29%    (b) 8.20% 

(c) 8.19%    (d) 8.39% 

39. The difference between C.I and S.I on a certain sum of money invested for 3 years at 6% p.a. is Rs.110.16. The 
sum is:        

(a) Rs.3,000    (b) Rs.3,700 

(c) Rs.12,000    (d) Rs.10,000 

40. What will be the difference in the compound interest on Rs.50,000 at 12% for one year, when the interest is 
paid yearly and half-yearly?      

(a) Rs.500    (b) Rs.600 

(c) Rs.180    (d) Rs.360 

41. A sum of money lent at compound interest for 2 years at 20% per annum would fetch Rs.482 more, if the 
interest was payable half-yearly than if it was payable annually. The sum is:    

(a) Rs.10,000    (b) Rs.20,000 

(c) Rs.40,000    (d) Rs.50,000 

42. The compound interest on a certain sum for 2 years at 10% per annum is Rs.525. The simple interest on the 
same sum for double the time at half the rate percent per annum is:    

(a) Rs.400    (b) Rs.500 

(c) Rs.600    (d) Rs.800 

43. How much should an individual deposit now to yield Rs.600,000 at the end of five years at 9% compounded 
half yearly?        

(a) Rs.379,965    (b) Rs.389,864 

(c) Rs.386,357    (d) Rs.387,964 

44. A person deposited Rs.100,000 in a bank for three years. The bank paid interest at the rate of 8% per annum 
compounded half yearly during the first year and at the rate of 12% per annum compounded quarterly during 
the last two years. His balance after three years is:     

(a) Rs.137,013.85   (b) Rs.136,013.85 

(c) Rs.147,013.85   (d) Rs.157,013.85 

45. Mr. Saqib Mufeez invested Rs.60,000 in a company but found that his investment was losing 6% of its value per 
annum. After two years, he decided to pull out what was left of the investment and place at 4% interest 
compounded twice a year. He would recover his original investment in the______  year after investing at 4% 

(a) 4th year    (b) 3rd year 

(c) 2nd year    (d) 5th year 

46. Fahad wants to obtain a bank loan. Bank A offers a nominal rate of 14% compounded monthly; Bank B a 
nominal rate of 14.5% compounded quarterly and bank C offers an effective rate of 14.75%. Which option he 
should prefer, if all other terms are same?      

(a) Bank A    (b) Bank B 

(c) Bank C    (d) Cannot be determined 
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47. A firm’s labour force is growing at the rate of 2 percent per annum. The firm now employs 500 people. How 
many employees is it expected to hire during the next five years?   

(a) 52 employees   (b) 550 employees 

(c) 552 employees   (d) 50 employees 

48. The population of a country is growing exponentially at a constant rate of 2 percent per year. How much time 
this population will take to double itself?  

(a) 31.65 years    (b) 32.65 years 

(c) 30.65 years    (d) 34.66 years 

49. The capital of a business grows @ 12% per annum compounded quarterly. If present capital is Rs.300,000 the 
capital after 12 years would be:   

(a) Rs.2,159,019   (b) Rs.7,656,784 

(c) Rs.1,158,792   (d) Rs.1,239,676 

50. If annual interest rate falls from 12 to 8 percent per annum, how much more be deposited in an account to have 
Rs.600,000 in 5 years, if both rates are compounded semi annually?   

(a) Rs.70,000    (b) Rs.70,302 

(c) Rs.70,600    (d) Rs.70,900 

51. Bank A offers 12.25% interest compounded semi-annually, on its saving accounts, while Bank B offers 12% 
interest compounded monthly. Which Bank offers the higher effective rate?   

(a) Bank B    (b) Bank A 

(c) Both rates are same effectively (d) Cannot be determined 

52. Mr. X borrowed Rs.5,120 at 12½% p.a. C.I. At the end of 3 years, the money was repaid along with the interest 
accrued. The amount of interest paid by him is:       

(a) Rs.2,100    (b) Rs.2,170 

(c) Rs.2,000    (d) None of these 

53. Dawood has to repay a loan along with interest, three years from now. The amount payable after three years is 
Rs. 428,000. The amount of loan presently if interest rate is 8% compounded semi-annually is:  

(a) Rs. 345,161    (b) Rs. 339,760 

(c) Rs. 338,254    (d) Rs. 336,421 

54. Dawood has to repay a loan along with interest, three years from now. The amount payable after three years is 
Rs. 428,000. The amount of loan presently if interest rate is 8% compounded quarterly is: 

(a) Rs. 329,760    (b) Rs.337,475 

(c) Rs. 341,475        (d) Rs.335,475 

55. The banker’s interest to the nearest paisa’s. Principal: Rs.2500; Rate: 9%; Time 180 days: Interest is: 

(a) Rs.104.32    (b) Rs.109.75 

(c) Rs.112.50    (d) Rs.110.96 
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56. The maturity value of a loan of Rs.2,800 after three years. The loan carries a simple interest rate of 7.5% per 
year is:        

(a) Rs.3,429    (b) Rs.3,430 

(c) Rs.3,431    (d) Rs.3,440 

57. To increase present value, the discount rate should be adjusted:    

(a) Upward    (b) Downward 

(c) Not relevant    (d) Will depend on time period 

58. A borrower has agreed to pay Rs.10,000 in 9 months at 10% simple interest. How much did this borrower 
receive?      

(a) Rs.9,090    (b) Rs.9,250 

(c) Rs.9,500    (d) Rs.9,302 

59. Zaid Samad owes Rs.50,000 to Arshad due to a court decision. The money must be paid in 10 months with no 
interest. Suppose Bashir wishes to pay the money now. What amount should Arshad be willing to accept? 
Assume simple interest of 8% per annum.      

(a) Rs.45,875    (b) Rs.47,875 

(c) Rs.46,875    (d) Rs.46,575 

60. Mr. Zohaib received Rs.48,750 in cash as the proceeds of a 90 day loan from a bank which charges 10% simple 
interest. The amount he will have to pay on the maturity date is (assume 360days in a year): 

(a) Rs.49,969      (b) Rs.50,000 

(c) Rs.47,548    (d) Rs.53,625 

61. Present Value of a future cash flow is the amount that      

(a) Investor invests in future to get the amount today 

(b) Investor invests today to get the amount in future 

(c)        Is not equivalent to the value of future cash flow in present day 

(d) Is not equivalent to the value of present cash flow same time in the future  

62. How would the future value of an amount invested today change in 8 years if the amount is invested at the rate 
of 9% compound interest?         

(a) Double    (b)    Half 

(c) Quadruple    (d)    Will remain same 

63. Alizeh zain had invested Rs. 250,000 in a land ten years ago. Now, she wants to evaluate the worth of the land 
she bought. What will be the value of land today if it is compounded at 6% per annum 

(a) Rs. 265,000                                    (b)     Rs. 235,850 

(c) Rs. 447,712                                   (d)     Rs. 416,667 

64. A three-year investment yields a return of 25% over the period. Compute the effective annual rate of return. 

(a) 8.33%    (b)     7.72% 

(c)  6%     (d)     5% 
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65. The annual cost of a company is Rs 500,000 at the moment. It is expected that due to re-engineering the cost 
will reduce by 20% per annum for next two years. Compute the annual cost for fourth year from now. 

(a)  Rs. 320,000    (b) Rs. 163,840 

(c)  Rs. 200,000    (d)  Rs. 260,000 

66. Value of a particular asset decreases by 10% every year of its cost. If the cost is Rs 700,000 today, compute its 
value two years from today. 

(a)  Rs. 630,000    (b)  Rs. 560,000 

(c)  Rs. 567,000    (d)  Rs. 500,000 

67. A sum of Rs. 100,000 is invested at 10% per annum compounded quarterly. Compute the amount to which it 
will grow after 3 years.  

(a)  134,489    (b)  143,984 

(c)  413,489    (d)  489,134 

68. The present value of Rs. 5,000 at 16% per annum for 4 years is: 

(a)  Rs. 1,800     (b)  Rs. 3,761.46 

(c)  Rs. 4,600    (d)  Rs. 2,761.46  

69. The discount factor for 3 years at 10% is: 

(a)  0.751    (b)  0.683 

(c)  0.826    (d)  0.909 

70.  Ms. Ifrah invested Rs. 200,000 for 5 years at simple interest at 10%. At the end of fifth year she withdrew 
entire amount and invested at 10% per annum compound interest for 2 years. Compute the amount that she 
will have with her at the end of 7th year from now. 

(a)  Rs. 463,000    (b)  Rs. 363,000 

(c)  Rs. 563,000    (d)  Rs. 663,000 

71. Marfani lends Rs. 500,000 to Taha at 12% per annum compounded annually for 3 years and Rs. 300,000 to 
Jawwad at 10% per annum compounded quarterly for a period of 3 years. Compute the effective annual rate of 
interest for amount lent to Jawwad 

(a)  10%    (b)  12.38% 

(c)  10.38%    (d)  11.38% 

72. Luqman invests Rs 450,000 at 10% simple interest for 4 years and Rs 900,000 at 10% compound interest for 
the same time period. Compute the difference between the receipts of two investments at the end of 4th year. 

(a)  Rs. 417,690    (b) Rs. 687,690 

(c)  Rs. 450,000    (d)  Rs 867,690 

73. A sum of money invested at compound interest amounts to Rs. 5,280 in 2 years and to Rs. 5,808 in 3 years. The 
sum of money is: 

(a)  Rs. 4,363.64    (b) Rs. 4,080 

(c)  Rs. 4,750    (d)  Rs. 4,500 
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74. Find the future value of Rs. 7,000 invested at 10% per annum compounded quarterly for three years and 
further invested at 12% per annum compounded semi-annually for two years. 

(a)  Rs. 11,858.24   (b)  Rs. 11,885.24 

(c)  Rs. 11,588.24   (d)  Rs. 11,558.24 

75. Which is more in present value terms if interest rate is 16% per annum compounded annually? 

i.  Rs 5,000 one year from now. 

ii.  Rs 10,000 in three years from now. 

iii.  Rs, 15,000 in two years from now. 

iv.  Rs 20,000 in four years from now. 

(a)  i     (b)  ii 

(c) iii     (d) iv 

76. Which is most in future value terms if interest rate is 16% per annum? 

i.  Rs 5,000 invested for one year. 

ii.  Rs 10,000 invested for three years. 

iii.  Rs 15,000 invested for two years. 

iv.  Rs 20,000 invested for four years. 

(a)  i     (b) ii 

(c)  iii     (d) iv 

77. Mr. Khalid invested Rs. 200,000 at 12% simple interest and Rs. 189,744 at 14% simple interest. The two 
amounts were left to grow till such time that the total of interest and principal of both investments become 
equal. 

(a)  4     (b)  3 

(c)  2     (d)  5 

78. Mr. Asim has following investment options: 

i.  Invest in Bank A at 12% per annum compounded quarterly 

ii.  Invest in Bank B at 10% per annum compounded semi-annually 

iii.  Invest in Bank C at 8% per annum compounded monthly 

iv.  Invest in Bank D at 15% per annum. 

Which of the above options must he opt 

(a)  Bank A    (b)  Bank B 

(c)  Bank C    (d)  Bank D 

79. Compute the effective annual rate of following options: 

i.  A: Investment of Rs. 200,000 resulting in a single 25% return on investment after 4 years. 

ii.  B: Investment of Rs. 300,000 resulting in a 15% per annum compounded semi –annual return. 

(a)  A: 5.74% B: 15.56%   (b)  A: 5.54% B: 15.56% 

(c)  A: 5.64% B: 14.56%   (d)  A: 5.64% B: 15% 
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80. Moosa has to pay Fahad Rs. 900,000 three years from today. If the market interest rate is 10% per annum 
compounded annually how much will Fahad be willing to accept today to settle the debt 

(a)  Rs. 676,183    (b)  Rs. 576,183 

(c)  Rs 767,183    (d)  Rs. 876,183 

81. Zohaib Samad bought a bike on cash basis for Rs. 170,000. The seller is willing to offer it on following terms as 
well: 

i.  Pay Rs. 200,000 at the end of 1st year. 

ii.  Pay Rs. 300,000 at the end of 4th year. 

iii.  Pay Rs. 430,000 at the end of 5th year. 

If the market interest rate is 17% per annum compounded annually. Shall Sheeraz accept any of the offers 
given by the dealer, if yes which offer is most beneficial?  

(a)  No     (b)  Yes, Option # i 

(c)  Yes, Option # ii   (d)  Yes, Option # iii 

82. Zaid Samad bought a machine for Rs 500,000. The value of the machine decreases by 15% per annum of its net 
book value. The life of the machine is three years. At the end of its life Asim will sell it and the expected receipts 
from disposal will be 12% above its net book value. Asim will also need a replacement machine which will cost 
Rs 600,000 in future value terms. How much more will he need at the end of three years to buy the machine, if 
the proceeds from initial machine will also be used to pay for the new machine? 

(a)  Rs. 331,525     (b)  Rs. 600,000 

(c)  Rs. 213,525    (d)  Rs. 256,090 

83. Rs. X are invested for 7 years at Y% per annum compound interest. Compute future value in terms of x and y. 

(a)  X(1+Y/100)7   (b)  X(1+100/Y)7 

(c)  Y(1+X/100)7   (d)  Not possible to determine 
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ANSWERS TO SELF-TEST QUESTIONS 

1 2 3 4 5 6 

(a) (a) (d) (c) (a) (d) 

7 8 9 10 11 12 

(c) (b) (b) (a) (c) (d) 

13 14 15 16 17 18 

(c) (c) (a) (b) (b) (a) 

19 20 21 22 23 24 

(b) (a) (b) (a) (c) (c) 

25 26 27 28 29 30 

(c) (d) (a) (a) (a) (d) 

31 32 33 34 35 36 

(a) (d) (b) (b) (b) (d) 

37 38 39 40 41 42 

(c) (b) (a) (a) (a) (d) 

43 44 45 46 47 48 

(c) (b) (b) (b) (c) (a) 

49 50 51 52 53 54 

(a) (c) (a) (d) (d) (b) 

55 56 57 58 59 60 

(a) (b) (c) (b) (d) (b) 

61 62 63 64 65 66 

(b) (d) (c) (a) (b) (a) 

67 68 69 70 71 72 

(c) (b) (a) (b) (a) (d) 

73 74 75 76 77 78 

(a) (b) (c) (b) (a) (b) 

79 80 81 82 83  

(c) (d) (a) (d) (a)  
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CHAPTER 6 
  

DISCOUNTED CASH FLOWS  

  

 

 
AT A GLANCE 

Discounted cash flow is a technique for evaluating proposed 
investments, to decide whether they are financially worthwhile. 
There are two methods of DCF: 

• Net present value (NPV) method: the cost of capital r is the 
return required by the investor or company 

• Internal rate of return (IRR) method: the cost of capital r is 
the actual return expected from the investment. 

All cash flows are assumed to arise at a distinct point in time 
(usually the end of a year). Net present value (NPV) is one of the 
method to analyze the value of discounted cash flow for 
proposed investments and to decide whether they are 
financially worthwhile. 

An annuity is a series of regular periodic payments of equal 
amount whereas a perpetuity is a constant annual cash flow 
‘forever’. Analysis of cash flows helps in investment decisions.  

 

IN THIS CHAPTER 

AT A GLANCE 

SPOTLIGHT 

1 Annuities and perpetuities  

2 Net present value NPV method 

3 Internal rate of return (IRR)  

4 Payback period method 

STICKY NOTES 

SELF-TEST  
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Cash flow is the movement of money in and out of a company. Cash received signifies inflows, and cash spent 
signifies outflows.  

Cash Outflow: 

The money going into a business which could be from sales, investments or financing. 

Cash Inflow:  

It's the opposite of cash outflow, which the money is leaving the business. 

The future value (FV) and present value (PV) are crucial concepts in finance, especially when dealing with 

multiple cash flows over time. Both concepts are used to determine the value of money at different 

points in time. Here’s an overview of each, including how to calculate them with multiple cash flows. 

 For example:  

A person would receive Rs. 400 in the year 1, Rs. 600 in the year 2 and Rs. 800 in the year 3 and 4 for four 
consecutive years. If he can earn 9% interest on these amounts. How much he would need to save today to 
receive these amounts in future?  

Present value of amounts would be  

Year 1: 400 ÷ 1.091 = 366.972 

Year 2: 600 ÷ 1.092 = 505.008 

Year 3: 800 ÷ 1.093 = 617.746 

Year 4: 800 ÷ 1.094 = 566.740 

Sum that up  

366.972 + 505.008 + 617.746 + 566.740 = 2056.466 

Or 

In understanding problems for cash flows, timings of the cash flow is important. Cash flows are mostly assumed 
to be at the end of the period. However, there may be cash flows due or expected at the beginning of the year or 
a certain point during the identified period. In all such cases, basic principle for present and future value of cash 
flow remain same, however, need inclusion of periodic changes in mind.  
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1 ANNUITIES AND PERPETUITIES  

Annuity  

An annuity is a series of regular periodic payments of equal amount.  It is a constant cash flow for a given 
number of time periods. A capital project might include estimated annual cash flows that are an annuity. 

 For example:  

Rs.30,000 each year for years 1 – 5 

Rs.20,000 each year for years 3 – 10 

Rs.500 each month for months 1 – 24. 

The present value / future value of an annuity can be computed by multiplying / dividing each individual 
amount by the individual discount factor and then adding each product. This is fine for annuities of just a few 
periods but would be too time consuming for long periods. An alternative approach is to use the annuity factor. 

An annuity factor for a number of periods is the sum of the individual discount factors for those periods. 

An annuity factor can be constructed by calculating the individual period factors and adding them up but this 
would not save any time. In practice a formula or annuity factor tables are used.  

There are two types of annuities: 

Ordinary annuity – payments (receipts) are in arrears i.e. at the end of each payment period  

Annuity due – payments (receipts) are in advance i.e. at the beginning of each payment period. 

Fund or Sum Problems 

In such type of problems we start our account from zero amount and by making regular periodic payments of 
equal amount the account increases till it is converted into huge or a largest sum when the last deposit was 
made that huge or the largest sum which is at the end of the term is  called fund of annuity or sum of annuity. 

Points: 

1. The huge or a largest sum which we get at the end of the term contains: 

a) The total amount we made or paid 

b) The total amount of interest we get 

Infact that fund is the sum of ‘a’ and ‘b’ that is: Fund or Sum = Total amount we paid + Total amount of 
Interest we get. Therefore: Total amount of interest we get = Fund – Total amount paid. 

2. The regular periodic payments we made of equal amount are free from interest. 

3. The amount of interest after each regular periodic payment of equal amount we get is not charged on the 
size of the regular periodic payment. It is infact charged on the accumulated sum or fund present before 
that regular periodic payment. 

 Example: 

No. of Payments Periodic Deposit (5%) Interest Periodic Increase Fund or Sum 

    0 

1 500 0 500 500 

2 500 25 525 1025 

3 500 51.25 551.25 1576.25 

    and soon 
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From above table it is clear that after each regular periodic payment the amount of interest increases 
simultaneously fund or sum also increases till it is converted into huge or a largest sum when the last deposit 
was made. 

Sum or Fund of Ordinary or regular Annuity 

 Definition 

The amount (or future value) or sum or fund of an ordinary annuity is the value, at the end of the term, of all 
payments, i.e., it is the sum of the compound amounts of all payments. 

 Formula 

Let ‘R’ be the size of regular periodic payments of equal amount made at the end of each payment period and ‘i 
%’ is the rate of compound interest per period of this annuity and is according to period, then we are interested 
in finding the future sum or fund of this annuity which equals the sum of compound amount of all individual 
payments just at the end of the last payment period where annuity matures (Let there are five payments) 

 

Let ‘S’ represents sum of this annuity then 

S = R + R (1 + i)1 + R (1 + i)2 + R (1 + i)3 + R (1 + i)4 

Now Expending payments from five to n: 

S = R + R (1 + i)1 + R (1 + i)2 + R (1 + i)3 + …… + R (1 + i)n-1 

S = R {1 + (1 + i)1 + (1 + i)2 + (1 + i)3 + …… + (1 + i)n-1} 

 Consider: 

Sn = 1 + (1 + i)1 + (1 + i)2 + (1 + i)3 + …… + (1 + i)n-1 (Geometric Series) 

Where: First term:  a = 1, Common ratio:  r = 1 + i , > 1,  

number of terms = n, Sum of terms: , Sn =  ? 

Using: Sn = 
𝑎(𝑟𝑛−1)

𝑟−1
 

Sn = 
1{(1+𝑖)𝑛−1}

1+𝑖−1
 

Sn = 
(1+𝑖)𝑛−1

𝑖
 

Thus: S = R {Sn} 

S =  R {
(1 + 𝑖)𝑛 − 1

𝑖
} 

R R R R R 

1 2 3 4 5 0 

R (1 + i)1 

R (1 + i)2 

R (1 + i)3 

R (1 + i)4 

Maturity 

Date 

Last 

Period 

S = P (1 + i)n 

First 

Period 

Payments 

Compounding 
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Where: S = sum of ordinary annuity  

 R = size of regular periodic payment of equal amount 

n = number of payment periods 

i % = rate of compound interest per period and is according to payment period. 

Interest 

The total amount of interest we get is I = S – nR 

Where: ‘n.R’ is the total amount we made or paid without Interest and ‘S’ is the fund or sum including interest 

Note: 

Compounding Factor w.r.t Annuity 

inS
=  

(1+𝑖) 𝑛−1

i   

It can real as “S” angle “n” at i 

Sum or Fund of Annuity Due or Immediate Auunity 

Let ‘R’ be the size of regular periodic payment of equal amount made at the beginning of the each payment 
period and ‘i %’ is the rate of compound interest per period of this annuity and is according to payment period, 
then we are interested in finding the future sum of this annuity which equals the sum of compound amount of 
all individual payments just at the end of the last payment period where annuity matures. (Let there are five 
payments.) 

Compounding 

Let: ‘SD’ represents sum of annuity due  

Then: SD = R (1 + i)1 + R (1 + i)2 + R (1 + i)3 + R (1 + i)4 + R (1 + i)5 

Now Extending payments form 5 to ‘n’. 

SD = R (1 + i)1 + R(1 + i)2 + R (1 + i)3 + …… + R (1 + i)n 

SD = R (1 + i)1 {1 + (1 + i)1 + (1 + i)2 + …… + (1 + i)n-1} 

Consider:  Sn = 1 + (1 + i)1 + (1 + i)2 + (1 + i)3 + …… + (1 + i)n-1  

(Geometric Series) 

Here: a = 1 , r = 1 + i  ; > 1 , number of terms = n , Sn = ? 

Using: Sn = 
𝑎(𝑟𝑛−1)

𝑟−1
 

  Sn = 
{(1+𝑖)𝑛−1}

1+𝑖−1
 Sn = 

(1+𝑖)𝑛−1

𝑖
 

Thus: SD = R (1 + i)   {Sn} 

SD = R (1 + i)   {
(1+𝑖)𝑛−1

𝑖
} 

SD = (1 + i)   R {
(1+𝑖)𝑛−1

𝑖
} 

But: SO = R {
(1+𝑖)𝑛−1

𝑖
} 

SD = (1 + i)   SO 

Above formula clearly shows that the sum of annuity due is always greater than sum of ordinary annuity. In 
fact sum of annuity due is (1 + i) times the sum of ordinary annuity, if all others terms are same. This formula 
gives the relationship between sum of annuity due and sum of ordinary  annuity. 
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 Example 1 

Mr. Dawood pays Rs.2, 000 at the end of every month towards his provident fund account from his salary. If the 
rate of interest is 9% compounded monthly, find the total amount credited in his provident fund account at the 
end of 20 years. 

 Solution: 

Here: R = Rs.2, 000 , S = ? , n = 2012 = 240 periods,  

𝑖 =
9%

12
= 0.0075  

Using: 𝑆 = 𝑅 {
(1+𝑖)𝑛−1

𝑖
} 

𝑆 = 2000 {
(1+0.0075)240−1

0.0075
} S = Rs.1335773.74 

Result: Total amount after 20 years is Rs.1335773.74 

 Example 2  

Find the amount of an annuity due which consists of 10 yearly payments of Rs.100provided that the interest 
rate is 6% compounded annually. 

 Solution: 

SD = ?, R = 100/=, n = 10 periods, i = 6% = 0.06, 

Using: SD = (1 + i)So 

𝑆𝐷 = (1 + 𝑖) × 𝑅 {
(1 + 𝑖)𝑛 − 1

𝑖
} 

𝑆𝐷 = (1 + 0.06) × 100 {
(1 + 0.06)10 − 1

0.06
} 

𝑆𝐷 = (1.06) × 100 {
(1.06)10 − 1

0.06
} 

𝑆𝐷 = 1,397.16   

 For example:   

A savings scheme involves investing Rs.100,000 per annum for 4 years (on the last day of the year). If the 
interest rate is 10% what is the sum to be received at the end of the 4 years? 

Sn = X [
(1 + r)n − 1

r
] 

Here X = 100,000; n=4; i=0.1 

Sn = 100,000 [
(1.1)4 − 1

0.1
] 

Sn = 100,000 [
1.4641 − 1

0.1
] 

Sn =
46,410

0.1
 

Sn = Rs. 464,100  
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A savings scheme involves investing Rs.100,000 per annum for 4 years (on the first day of the year). If the 
interest rate is 10% what is the sum to be received at the end of the 4 years? 

Sn = X [
(1 + r)n − 1

r
] × (1 + 𝑟) 

Here X = 100,000; n=4; i=0.1 

Sn = 100,000 [
(1.1)4 − 1

0.1
] × 1.1 

Sn = 100,000 [
(1.4641) − 1

0.1
] × 1.1 

Sn =
46,410

0.1
× 1.1 

Sn = Rs. 510,510 

A man wants saving to meet the expense of his son going to university. He intends to puts Rs. 50,000 into a 
savings account at the end of each of the next 10 years. The account pays interest of 7%. What will be the 
balance on the account at the end of the 10-year period? 

Sn = X [
(1 + r)n − 1

r
] 

Here X = 50,000; n=10; i=0.07 

Sn = 50,000 [
(1 + 0.07)10 − 1

0.07
] 

Sn = 50,000 [
(1.96715) − 1

0.07
] 

Sn =
48,357.567

0.07
 

Sn = Rs. 690,822.4 

A proud grandparent wishes to save money to help pay for his grand daughter’s wedding. He intends to 
save Rs.5,000 every 6 months for 18 years starting immediately. The account pays interest of 6% 
compounding semi-annually (every 6 months) What will be the balance on the account at the end of 18 
years. 

Sn = X(1 + r) [
(1 + r)n − 1

r
] 

Here X = 5,000; n=2× 18; i=0.06/2 

Sn = 5,000(1.03) [
(1.03)36 − 1

0.03
] 

Sn = 5,000(1.03) [
 (2.89827 − 1)

0.03
] 

Sn =
9,491.391

0.03
× 1.03 

Sn = Rs. 325,871.113 
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A man invests Rs. 250 at the end of each 6-month period in a bank at the rate of 5% per annum. What will 
be the accumulated amount if he has deposited 8 such installments.  

Sn = X [
(1 + r)n − 1

r
] 

Here X=250; n=8; i=0.05/2 

Sn = 250 [
(1.025)8 − 1

0.025
] 

Sn = 250 [
 (0.2184)

0.025
] 

Sn =
54.6

0.025
 

Sn = Rs. 2,184 

PRESENT VALUE OR LOAN OF AN ANNUITY 

 Definition 

The present value or capital value of an annuity is the sum of the present values of all payments. It represents 
the amount that must be invested now to purchase the payments due in future.  

PRESENT VALUE OR LOAN OF AN ORDINARY OR REGULAR ANNUITY 

 Definition 

The idea behind the present value or loan  of an annuity is exactly the reverse of sum or fund of an annuity the 
amount is huge or large at the beginning of the term and by making regular periodic payments of equal amount 
the loan is exhausted or amortize till it becomes zero when the last deposit is made. That huge or large amount 
at the beginning of the term and is free from interest is called present value of an annuity. 

 Formula: 

Let ‘R’ be the size of regular periodic payment of equal amount made at the end of each payment period and ‘i 
%’ is the rate of compound Interest per period of this annuity and is according to payment period then we  are 
interested in finding the present value of this annuity which equals the sum of present values of all  individual 
payments just at the beginning of the first payment period where annuity starts with the help of  compound 
amount method (Let there are five payments) 

 
 

 

R R R R R 

1 2 3 4 5 0 

R (1 + i)–1 

R (1 + i)–2 

R (1 + i)–3 

R (1 + i)–4 

Maturity 

Date 

Last 

Period 

P = S (1 + i)–n  

First 

Period 

Payments 

R (1 + i)–5 
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Discounting 

Let ‘P’ represents present value of this annuity then: 

P = R (1 + i)-1 + R (1 + i)-2 + R (1 + i)-3 + R (1 + i)-4 + R (1 + i)-5 

Now Extending payments from 5 to n. 

P = R (1 + i)-1 + R (1 + i)-2 + R (1 + i)-3 + R (1 + i)-4 …… + R (1 + i)-n 

𝑃 =
𝑅

(1 + 𝑖)
+

𝑅

(1 + 𝑖)2
+

𝑅

(1 + 𝑖)3
+

𝑅

(1 + 𝑖)4
+

𝑅

(1 + 𝑖)5
+. . . . . . . . . . . +

𝑅

(1 + 𝑖)𝑛
 

𝑃 =
𝑅

(1 + 𝑖)
{1 +

1

(1 + 𝑖)1
+

1

(1 + 𝑖)2
+

1

(1 + 𝑖)3
+

1

(1 + 𝑖)4
+. . . . . . . . . +

1

(1 + 𝑖)𝑛−1
} 

Consider: 

𝑆𝑛 = 1 +
1

(1+𝑖)1 +
1

(1+𝑖)2 +
1

(1+𝑖)3 +
1

(1+𝑖)4 +. . . . . . . . . +
1

(1+𝑖)𝑛−1

      

     

(G.Series) 

Here:  a = 1 ,  r = 
1

1+𝑖
; < 1  Sn = ? 

Using:  Sn = 
𝑎(1−𝑟𝑛)

(1−𝑟)
 

Sn = 
1{1−(1

1+𝑖⁄ )𝑛}

1−
1

1+𝑖

 

Sn = {1 −
1

(1+𝑖)𝑛} ÷ {1 −
1

1+𝑖
} 

Sn = {1 −
1

(1+𝑖)𝑛} ÷ {
1+𝑖−1

1+𝑖
} 

Sn = {1 − (1 + 𝑖)−𝑛} ×
1+𝑖

𝑖
 

Since:  P = 
𝑅

(1+𝑖)
× 𝑆𝑛 

P =  
i

i1
)i1(1

i1

R n +
+−

+

−  







 +−

=
−

i

)i1(1
RP

n

 

Where: P = Present Value  

  R = size of regular periodic payments of equal amount      

  made at the end of each payment period  

  n = number of converted interest period 

  i   = rate of compound interest per period 
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ALTERNATE METHOD 

Alternatively present value of an ordinary annuity can be calculated in two steps  

Step No.1 

In this step we find sum of ordinary annuity by using  

S = R 





 −+

i

1)i1( n

 

Step No.2 

In this step we find present value of ordinary annuity of (above calculated S) by using  S = P (1 + i)n 

Note 

In both steps the value of ‘i %’ and ‘n’ will remain same. 

Interest 

Interest can be calculated by using: I = nR – P  

Where: ‘nR’ is the total amount we made or paid including interest and ‘P’ is the loan that is without 
interest. 

Note 

In case of loan or present value problems the size of the regular Periodic payment (R) of equal amount contains 
two things:  

i. Principal repaid or part of the loan or principal repayment. This principal repayment in Kth installment can 
be calculated by using: 

R(1+i)k-n-1 

ii. And the amount of interest in Kth installment can be calculated by using: 

 R{1-(1+i)k-n-1} 
iii. Discounting Factor w.r.t Annuities 

 ina
=  

1− (1+𝑖) −𝑛

i
 

 It can real as “a” angle “n” at i 

PRESENT VALUE OF ANNUITY DUE OR IMMEDIATE ANNUITY 

 Definition 

Present Value of an Annuity Due is the present value of a stream of equal payments, where the payment occurs 
at the beginning of each period. 

 Formula 

Let R be the size of regular periodic payment of equal amount made at the beginning of each payment period 
and ‘i %’ is the rate of compound interest per period of this annuity and is according to payment period, then 
we are interested in finding the present value of this annuity which equals the present values of all individual 
payments just at the beginning of the first payment period where annuity starts. (Let there are five payments) 
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Let ‘PD’ represent Present Value of annuity due 

Then: PD = R + R (1 + i)–1 + R (1 + i)–2 + R (1 + i)–3 + R (1 + i)–4 

Now extending payments from 5 to n: 

PD = R + R (1 + i)–1 + R (1 + i)–2 + R (1 + i)–3 + …… + R (1 + i)–n+1 

PD = R + 
𝑅

(1+𝑖)
+

𝑅

(1+𝑖)2 +
𝑅

(1+𝑖)3 +. . . . . . +
𝑅

(1+𝑖)𝑛−1 

PD = R  {1 +
1

(1+𝑖)
+

1

(1+𝑖)2 +
1

(1+𝑖)3 +. . . . . . +
1

(1+𝑖)𝑛−1} 

Consider: Sn = 1 + 
1

(1+𝑖)
+

1

(1+𝑖)2 +
1

(1+𝑖)3 +. . . . . . +
1

(1+𝑖)𝑛−1  

(Geometric Series) 

Here: a = 1 , r = 
1

(1+𝑖)
 ; < 1 , number of terms = n , Sn = ? 

Using: Sn = 
𝑎(1−𝑟𝑛)

1−𝑟
 

Sn = 
1(1−(

1

1+𝑖
)

𝑛
)

1−
1

(1+𝑖)

 

Sn = {1 −
1

(1+𝑖)𝑛} ÷ {1 −
1

(1+𝑖)
} 

Sn = {1 − (1 + 𝑖)−𝑛} ÷ {
1+𝑖−1

1+𝑖
} 

Sn = {1 − (1 + 𝑖)−𝑛} × (
1+𝑖

𝑖
) 

Thus:  PD = R {Sn} 

PD = R {
1−(1+𝑖)−𝑛

𝑖
} × (1 + 𝑖) 

But: PO = R {
1−(1+𝑖)−𝑛

𝑖
} 

PD = (1 + i)   PO 

Above formula shows that Present Value of annuity due is always greater then Present Value of ordinary 
annuity. In fact this formula shows that the Present Value of annuity due is always (1 + i) times the Present 
Value of ordinary annuity, if all other terms are same. This formula gives the relationship between present 
value of ordinary annuity and annuity due. 

Note 

If payment starts now, at once, immediately or it is written that first payment is made form principal amount or 
it is written that first payment is made at the beginning of the first payment period then, it is the problem of 
annuity due. 

R R R R R 

1 2 3 4 5 0 

R (1 + i)–1 

R (1 + i)–2 

R (1 + i)–3 

R (1 + i)–4 

Maturity Date Last Period First Period Payments 

   Discounting 

P = S (1 + i)–n 
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 For example:   

Calculate the present value of Rs. 50,000 per year for years 1 – 3 at a discount rate of 9%. 

Present value =  X ×  [
1 −

1
(1 + 𝑟)𝑛

r
] 

Present value =  50,000 × [
1 −

1
(1 + 0.09)3

0.09
] 

Present value =  50,000 × [
1 − 0.7722

0.09
] 

Present value =  50,000 ×  2.5313 

Present value =  126,564.73 

Mr. G wants to buy a car for which he can pay Rs. 7,500 per year for 4 years. A bank offers 12% rate of 
interest. How much Mr. G can borrow?  

Present value =  X ×  [
1 −

1
(1 + 𝑟)𝑛

r
] 

X = 7500, r = 0.12, n=4 

Present value =  7,500 ×  [
1 −

1
(1 + 0.12)4

0.12
] 

Present value =  7,500 ×  [
1 − 0.63552

0.12
] 

Present value =  7,500 ×  3.0373 

Present value =  22,780.12 

A Bank is offering a loan of Rs. 30,000 to be repaid in 15 equal annual instalments. If the compound 
interest is charged at 8% per annum, what would be the amount of installments?  

Present value =  X ×  [
1 −

1
(1 + 𝑟)𝑛

r
] 

PV = 30,000, r = 0.08, n=15 

30,000 =  X ×  [
1 −

1
(1 + 0.08)15

0.08
] 

30,000 =  X ×  [
1 − 0.31524

0.08
] 

30,000 =  X ×  8.5595 

X =  3504.88 ∼ Rs. 3,505 per installment.  
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A bank has scheduled a payment of Rs. 3000 per year for a deposit of Rs. 18000. If the interest charge is 
9%, how long will it take to repay the loan?  

Present value =  X ×  [
1 −

1
(1 + 𝑟)𝑛

r
] 

PV = 18,000, r = 0.09, X = 3000 

18,000 =  3,000 ×  [
1 −

1
(1 + 0.09)𝑛

0.09
] 

18,000

3,000
=  [

1 −
1

(1.09)𝑛

0.09
] 

6 × 0.09 =  [1 −
1

(1.09)𝑛
] 

0.54 =  [1 −
1

(1.09)𝑛
] 

 Or  

1 − 0.54 =  [
1

(1.09)𝑛
] 

0.46 =  
1

(1.09)𝑛
 

We use the annuity table and find n  

Where annuity factor = p/r = 18,000 / 3,000 = 6 and therefore, 

i = 9%. 

Annuity Tables 

An annuity factor can be constructed by calculating the individual period factors and adding them up but this 
would not save any time. This factor is multiplied by the installment amount to calculate the annuity. An 
annuity factor for a number of periods is the sum of the individual discount factors for those periods. In 
practice a formula or annuity factor tables are used 

 Illustration: 

(Full tables are given as an appendix to this text). 

Discount rates (r) 

(n) 5% 6% 7% 8% 9% 10% 

1 0.952 0.943 0.935 0.926 0.917 0.909 

2 1.859 1.833 1.808 1.783 1.759 1.736 

3 2.723 2.673 2.624 2.577 2.531 2.487 

4 3.546 3.465 3.387 3.312 3.240 3.170 

5 4.329 4.212 4.100 3.993 3.890 3.791 

Where: 

n = number of periods 
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 For example:  

A company is considering an investment of Rs.70,000 in a project. The project life would be five years. 
What must be the minimum annual cash returns from the project to earn a return of at least 9% per 
annum? 

Investment = Rs.70,000 

Annuity factor at 9%, years 1 – 5 = 3.890 

Minimum annuity required = Rs.17,995 (= Rs.70,000/3.890) 

A company borrows Rs 10,000,000. This to be repaid by 5 equal annual payments at an interest rate of 
8%. Calculate the payments. 

The approach is to simply divide the amount borrowed by the annuity factor that relates to the payment term 
and interest rate. 

  Rs 

Amount borrowed 10,000,000 

Divide by the 5 year, 8% annuity factor 3.993 

Annual repayment 2,504,383 

Sinking funds 

A business may wish to set aside a fixed sum of money at regular intervals to achieve a specific sum at some 
future point in time. This is known as a sinking fund.  

To build to a required amount at a given interest rate over a given period of years, fixed annual amount 
necessary can be calculated. the calculations use the same approach as above but this time solving for X as Sn is 
known. 

 For example:   

A company will have to pay Rs.5,000,000 to replace a machine in 5 years. The company wishes to save up 
to fund the new machine by making a series of equal payments into an account which pays interest of 8%. 
The payments are to be made at the end of the year and then at each year end thereafter. What fixed 
annual amount must be set aside so that the company saves Rs.5,000,000? 

Sn = X [
(1 + i)n − 1

𝑖
] 

Here Sn = 5,000,000; i = 0.08; n= 5 

5,000,000 = X [
(1.08)5 − 1

0.08
] 

5,000,000 = X [
1.46932 − 1

0.08
] 

5,000,000 = X [
0.46932

0.08
] 

𝑋 =
5,000,000 × 0.08

0.46932
= Rs. 852,296.94 
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A business wishes to start a sinking fund to meet a future debt repayment of Rs. 100,000,000 due in 10 
years. What fixed amount must be invested every 6 months if the annual interest rate is 10% 
compounding semi-annually if the first payment is to be made in 6 months? 

Sn = X [
(1 + i)n − 1

i
] 

Here Sn = 100,000,000; i = 0.1/2; n= 10×2 

100,000,000 = X [
(1 + 0.1/2)10×2 − 1

0.05
] 

100,000,000 = X [
(1.0520 − 1)

0.05
] 

100,000,000 = X [
(1.65329)

0.05
] 

𝑋 =
100,000,000 × 0.05

1.65329
= Rs. 3,024,272.814 

A man wishes to invest equal annual amount in a fund so that he accumulates 5,000,000 by the end of 10 
years. The annual interest rate available for investment is 6%. What equal annual amounts should he set 
aside? 

Sn = X [
(1 + i)n − 1

i
] 

Here Sn = 5,000,000; i = 0.06; n= 10 

5,000,000 = X [
(1.06)10 − 1

0.06
] 

5,000,000 = X [
(1.79085 − 1)

0.06
] 

5,000,000 = X [
(0.79085)

0.06
] 

𝑋 =
5,000,000 × 0.06

0.79085
= Rs. 379,338.7 

The same problem can be solved using the present value:  

Step 1: Calculate the present value of the amount required in 10 years. 

PV = 5,000,000 ×
1

(1.06)10
= 2,791,974 

Step 2: Calculate the equivalent annual cash flows that result in this present value 

 Rs 

Present value 2,791,974 

Divide by the 10 year, 6% annuity factor 7.36 

Annual repayment 379,344 

If the man invests 379,344 for 10 years at 6% it will accumulate to 5,000,000. 

Perpetuity is a constant annual cash flow ‘forever’, or into the long-term future. It is an annuity in which the 
cash flows continue forever1. 

 
1 Ross, Westerfield & Bradford (2008). Fundamentals Of Corporate Finance. 8th Edition. Mcgraw-Hill/Irwin. Pg. 162 
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In investment appraisal, an annuity might be assumed when a constant annual cash flow is expected for a long 
time into the future. 

OR 

 Definition 

The word perpetual means everlasting or for an infinite periods of time. Thus, if an annuity continues for  ever 
then it is called as perpetuity. 

Case No. I 

For Sum or Fund of Perpetuity 

Case <a> (for ordinary or regular annuity) 

Since for ‘n’ payments sum of ordinary annuity ‘So’ is given by  

SO = R {
(1+𝑖)𝑛−1

𝑖
} 

For perpetuity: n =   

  SO = R {
(1+𝑖)𝛼−1

𝑖
} 

SO = 
𝑅

𝑖
{𝛼 − 1} 

SO =   

Case <b> (For annuity due or immediate auunity): 

Since for ‘n’ payments the relation between SD and SO is SD = (1 + i)   SO 

Since:   SO =   

SD = (1 + i)   

SD =   

Thus:  Sum of perpetuity in either case can’t be determined. 

Case No. II  

For Present Value or Loan of Perpetuity 

Case <a> (For ordinary or regular annuity) 

Since for ‘n’ payments present value of ordinary annuity is  

PO = R {
1−(1+𝑖)−𝑛

𝑖
} 

PO = 
𝑅

𝑖
{1 −

1

(1+𝑖)𝑛} 

For perpetuity: 

n =   

  PO = 
𝑅

𝑖
{1 −

1

(1+𝑖)𝛼} 

      PO = 
𝑅

𝑖
{1 −

1

𝛼
} 

      PO = 
𝑅

𝑖
{1 − 0} 

Thus: PO = 𝑅

𝑖
  

Perpetuity factor =
1

i
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Case <b> (For annuity due or immediate auunity): 

Since the relationship between PD and PO for ‘n’ payments is PD =  (1 + i)PO 

Put:  PO = 
𝑅

𝑖
 

          PD = (1 + 𝑖)
𝑅

𝑖
 

          PD = 
𝑅

𝑖
+ 𝑖 ×

𝑅

𝑖
 

          PD = 
𝑅

𝑖
+ 𝑅 

          PD = 𝑅 +
𝑅

𝑖
 

Thus: Present Value of perpetuity can be determinedFor example: Find the present value of perpetuity of 
Rs.2,000 payable at the end of each semi- annual period. If the rate of interest is 4% compounded semi-
annually. 

 Solution: 

Since: Present value of perpetuity =
i

R
, P = 

i
R  

Here: R = 2,000/-, i = 
4%

2
 = 2% = 0.002 

Using: 𝑃 =
𝑅

𝑖
  𝑃 =

2,000

0.002
 

 For example:  

An investment offers Rs. 2,000 per year in perpetuity. When cost of capital is 8% what would be the value 
of investment?  

Present Value =
𝑋

r
 

=
2,000

0.08
= 25,000 

Now suppose the investment ask for 28,000 value for the same investment. At what interest rate this would be 
the better deal?  

Present Value =
𝑋

r
 

28,000 =
2,000

r
 

r =
2,000

28,000
 

r = 7.15% 



CHAPTER 6: DISCOUNTED CASH FLOWS  PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

168 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

  

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

Find out the present value of an investment that promises to pay Rs. 3,000 every alternate year forever. 
Discount rate is 5.5% compounded daily.  

This is the problem of perpetuity but the installment occurs every two years. Therefore, effective rate would be 
calculated to be used for the present value of the perpetuity.  

Period rate = (1 + r)n − 1 

r=0.055/365, n = 365 × 2  

Period rate = (1 + 0.0001507)365×2 − 1 

Period rate = (1.0001507)730 − 1 

Period rate = 0.116 ∼ 11.6% 

Now this two-year periodic interest rate can be used for the calculation of the present value of perpetuity;  

Present Value =
𝑋

r
 

PV =
3,000

0.116
 

PV = 25,802.27 

PRACTICE QUESTIONS  

1. The present value of a simple perpetuity of Rs.10,000 payable at the end of each quarter if the rate of 
interest is 4% compounded quarterly is: 

 A. Rs.1,500,000   B. Rs.1,000,000 

 C. Rs.1,000,500   D. Rs.2,000,000 

2. Zoaib receives Rs.1000 annually forever. The stated annual discount rate is 7%, compounded every 6 
months. The present value given the following assumptions is: 

 A. Rs.14030.01   B. Rs.14045.01 

 C. Rs.14040.01   D. Rs.14000.01  

INVESTMENT APPRAISAL METHODS 

Overview of appraisal 

The basic purpose of systematic appraisal is to achieve better spending decisions for capital and current 
expenditure on schemes, projects and programmers. This document provides an overview of the main 
analytical methods and techniques which should be used in the appraisal process. These techniques can  also 
be used in the evaluation process. 

ANALYTICAL METHODS 

The recommended analytical methods for appraisal are generally discounted cash flow techniques or (DCF) 
analysis which take into account the time value of money. People generally prefer to receive benefits as early as 
possible while paying costs as late as possible. Costs and benefits occur at different points in the life of the 
project so the valuation of costs and benefits must take into account the time at  which they occur. This concept 
of time preference is fundamental to proper appraisal and so it is necessary to calculate the present values of 
all costs and benefits. 

The are three methods of DCF: 

1. Net Present Value (NPV) Method 

2. Internal Rate of Return (IRR) Method 

3. Pay back period method 
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2 NET PRESENT VALUE NPV METHOD 

The Net Present Value (NPV) method is a key financial metric used to evaluate the profitability of an 

Investment or project. It calculates the difference between the present value of cash inflows and the  

Present value of cash outflows over a specific period of time. NPV is widely used in capital budgeting to  

determine whether an investment is worthwhile. 

STEPS TO CALCULATE NPV 

1. Identify the Cash Flows: 

• List all the expected future cash inflows and outflows over the project's lifetime. 

• Cash outflows (like the initial investment) are considered negative, while inflows (revenues or savings) 

are positive. 

2. Choose the Discount Rate (i): 

• The discount rate is often based on the required rate of return or the cost of capital. 

• The rate can also reflect the risk of the investment. 

3. Apply the Formula: 

NPV of Project = NPV of cash inflow – NPV of cash output 

• For each year (or time period), discount the future cash flows to the present value. 

• Add up all of these discounted cash flows. 

4. Interpret the Result: 

• If NPV > 0: The project is expected to generate more value than the cost of capital, and it is 

 considered a good investment. 

• If NPV = 0: The project is expected to break even, meaning it will exactly cover the cost of capital. 

• If NPV < 0: The project is expected to destroy value and may not be worth pursuing. 

 For example:  

A company with a cost of capital of 10% is considering investing in a project. Initial payment required is 
Rs. 10,000 while it will yield Rs. 6,000 per year for the initial two years. Should the project be undertaken? 

One way to understand the problem is to analyze cash flows with their discount factors as below:  

Year Cash flow Discount factor (10%) Present value 

0 (10,000) 1 (10,000) 

1 6,000 
1

(1.1)
 5,456 

2 6,000 
1

(1.1)2
 4.959 

NPV   415 

The project is viable since the NPV is positive.  
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The same problem can be solved using PV formula: 

Present value =  X ×  [
1 −

1
(1 + 𝑟)𝑛

r
] 

Present value =  6,000 ×  [
1 −

1
(1 + 0.1)2

0.1
] 

Present value =  6,000 ×  [
0.17355

0.1
] 

Present value =  6,000 ×  1.7355 

Present value =  10,413.22 

PV is more than the initial outlay. This means that project’s worth for investment is more than the cost. And 
hence must be accepted.  

A company is considering whether to invest in a new item of equipment costing Rs.53,000 to make a new 
product. The product would have a four-year life. Calculate the NPV assuming the discount rate of 11% 
and the estimated cash profits over the four-year period as follows. 

Year Rs. 

1 17,000 

2 25,000 

3 16,000 

4 12,000 

In solving for the above problem, each year’s cash flow would be discounted at the given rate to calculate the 
PV.  

Year Cash flow Discount factor (11%) Present value 

0 (53,000) 1 (53,000) 

1 17,000 
1

(1.11)
 15,315 

2 25,000 
1

(1.11)2
 20,291 

3 16,000 
1

(1.11)3
 11,699 

4 12,000 
1

(1.11)4
 7,905 

NPV   2,210 

The NPV is positive so the project should be accepted 

A company is considering whether to invest in a new item of equipment costing Rs. 65,000 to make a new 
product. The product would have a three-year life. Calculate the NPV of the project using a discount rate of 
8% if the cash flows are as follows:  

Year Rs. 

1 27,000 

2 31,000 

3 15,000 
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In solving for the above problem, each year’s cash flow would be discounted at the given rate to calculate the 
PV.  

Year Cash flow Discount factor (8%) Present value 

0 (65,000) 1 (65,000) 

1 27,000 
1

(1.08)
 25,000 

2 31,000 
1

(1.08)2
 26,578 

3 15,000 
1

(1.08)3
 11,907 

NPV   (1,515) 

The NPV is negative so the project should be rejected. 

A company is considering whether to invest in a project which would involve the purchase of machinery 
with a life of five years. The machine would cost Rs. 556,000 and would have a net disposal value of Rs. 
56,000 at the end of Year 5.  The project would earn annual cash flows (receipts minus payments) of Rs. 
200,000. Calculate the NPV of the project using a discount rate of 15% 

One way to solve for the above problem is to discount cash flow each year for the calculation of the PV.  

Year Cash flow Discount factor (15%) Present value 

0 (556,000) 1 (556,000) 

1 200,000 
1

(1.15)1
 173,913 

2 200,000 
1

(1.15)2
 151,229 

3 200,000 
1

(1.15)3
 131,503 

4 200,000 
1

(1.15)4
 114,351 

5 200,000 
1

(1.15)5
 99,435 

5 56,000 
1

(1.15)5
 27,842 

NPV   142,273 

The same problem can be solving using PV of an annuity as well as PV of a lump sum amount formula 

Present value =  X ×  [
1 −

1
(1 + 𝑟)𝑛

r
] + 𝑋 [

1

(1 + 𝑟)𝑛
] 

Present value =  200,000 ×  [
1 −

1
(1 + 0.15)5

0.15
] + 56,000 [

1

(1 + 0.15)5
] 
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Present value =  200,000 ×  [
0.50282

0.15
] + 56,000(0.4972) 

Present value =  670,431 + 27,842 

Present value =  698,273 

PV is more than the initial outlay. This means that project’s worth for investment is more than the cost. And 
hence must be accepted.  

A company is considering whether to invest in a project which would involve the purchase of machinery 
with a life of four years. The machine would cost Rs.1,616,000 and would have a net disposal value of 
Rs.301,000 at the end of Year 4.  The project would earn annual cash flows (receipts minus payments) of 
Rs.500,000. Calculate the NPV of the project using a discount rate of 10% 

One way to solve for the above problem is to discount cash flow each year for the calculation of the PV.  

Year Cash flow Discount factor (15%) Present value 

0 (1,616,000) 1 (1,616,000) 

1 500,000 
1

(1.10)1
 454,546 

2 500,000 
1

(1.10)2
 413,223 

3 500,000 
1

(1.10)3
 375,657 

4 500,000 
1

(1.10)4
 341,507 

4 301,000 
1

(1.10)4
 205,587 

NPV   174,520 

The same problem can be solving using PV of an annuity as well as PV of a lump sum amount formula 

Present value =  X ×  [
1 −

1
(1 + 𝑟)𝑛

r
] + 𝑋 [

1

(1 + 𝑟)𝑛
] 

Present value =  500,000 ×  [
1 −

1
(1 + 0.10)4

0.10
] + 301,000 [

1

(1 + 0.10)4
] 

Present value =  500,000 ×  [
0.316987

0.10
] + 301,000(0.6830135) 

Present value =  1,584,933 + 205,587 

Present value =  1,790,520 

PV is more than the initial outlay. This means that project’s worth for investment is more than the cost. And 
hence, must be accepted.  
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3 INTERNAL RATE OF RETURN (IRR)  

The Internal Rate of Return (IRR) is another critical financial metric used in capital budgeting to assess the 
profitability of a project or investment. It represents the discount rate that makes the Net Present Value 
(NPV) of a project equal to zero. In other words, it’s the rate of return at which the present value of all cash 
inflows equals the present value of cash outflows. 

Interpretation of IRR: 

• If IRR > Discount Rate (or required rate of return): The project is considered profitable and should be 
accepted. 

• If IRR = Discount Rate: The project is expected to break even, meaning its NPV is zero. 

• If IRR < Discount Rate: The project is not profitable, and it may be rejected. 

In the investment decisions, project is accepted or considered worthy if the required rate of return is less than 
the Internal Rate of Return or IRR. This is called the IRR Rule. This suggest that an investment is acceptable if 
the IRR exceeds the required return. It should be rejected otherwise. In other words, this investment is 
economically a break-even proposition when the NPV is zero because value  is neither created nor destroyed.  

Since NPV and IRR are both methods of DCF analysis, the same investment decision should normally be 
reached using either method.  

The internal rate of return is illustrated in the diagram below: 

 Illustration:  

 

Calculating the IRR of an investment project 

An approximate IRR can be calculated using interpolation or by trial and error. To calculate the IRR, you should 
begin by calculating the NPV of the project at two different discount rates.  

• One of the NPVs should be positive, and the other NPV should be negative. (This is not essential. Both NPVs 
might be positive or both might be negative, but the estimate of the IRR will then be less reliable.) 

• Ideally, the NPVs should both be close to zero, for better accuracy in the estimate of the IRR. 

When the NPV for one discount rate is positive NPV and the NPV for another discount rate is negative, the IRR 
must be somewhere between these two discount rates.  

Although in reality the graph of NPVs at various discount rates is a curved line, as shown in the diagram above, 
using the interpolation method we assume that the graph is a straight line between the two NPVs that we have 
calculated. We can then use linear interpolation to estimate the IRR, to a reasonable level of accuracy. 
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 Formula:  

IRR = A% + (
NPVA

NPVA − NPVB

) × (B − A)% 

Ideally, the NPV at A% should be positive and the NPV at B% should be negative. 

Where: 

NPVA = NPV at A% 

NPVB = NPV at B% 

Another Method of Calculating IRR: 

1. List Cash Flows: Like NPV, you need to identify the expected cash flows for the project over time. This 
typically includes an initial investment (which is usually negative) followed by positive cash inflows over 
several years. 

2. Set the NPV Equation to Zero: To calculate IRR, we set the NPV equation equal to zero, as we are trying to 
find the rate (i) that makes the NPV of the project equal to zero. 

3. Solve for IRR: Solving for IRR typically involves trial and error, interpolation, or the use of financial 
calculators or software tools (such as Excel) because there is no straightforward algebraic solution for IRR. 

 For example:  

A business requires a minimum expected rate of return of 12% on its investments. A proposed capital 
investment has the following expected cash flows. Estimate IRR:  

Year Cash flow 

0 (80,000) 

1 20,000 

2 36,000 

3 30,000 

4 17,000 

In calculating IRR, PV at 10% and 15% are calculated below:  

Year Cash 
flow 

Discount 
factor at 

12% 

Present 
value at 

12% 

Discount 
factor at 

10% 

Present 
value at 10% 

Discount 
factor at 

15% 

Present 
value at 15% 

0 (80,000) 1.0000 (80,000) 1.000 (80,000) 1,000 (80,000) 

1 20,000 0.8929 17,857 0.909 18,180 0.870 17,400 

2 36,000 0.7972 28,699 0.826 29,736 0.756 27,216 

3 30,000 0.7118 21,353 0.751 22,530 0.658 19,740 

4 17,000 0.6355 10,804 0.683 11,611 0.572 9,724 

NPV   (1,287)  + 2,057  (5,920) 
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Now Using the formula:  

IRR = A% + (
NPVA

NPVA − NPVB

) × (B − A)% 

IRR = 10% + (
2,057

2,057 − (−5,920)
) × (15 − 10)% 

IRR = 10% + (
2,057

2,057 + 5,920
) × 5% 

IRR = 10% + (
2,057

2,057 + 5,920
) × 5% 

IRR = 10% + (
2,057

7,977
) × 5% 

IRR = 10% + 0.258 × 5% = 10% + 1.3% 

IRR = 11.3 

The IRR of the project (11.3%) is less than the target return (12%). 

The project should be rejected. 

The following information is about a project. 

Year Rs. 

0 (53,000) 

1 17,000 

2 25,000 

3 16,000 

4 12,000 

This project has an NPV of Rs. 2,210 at a discount rate of 11%. Estimate the IRR of the project. 

In calculating IRR, PV at two different points, NPV at 11% is given at 2,210. We should estimate a discount rate 
which yields a negative NPV. Let’s calculate at 15%.  

Year Cash flow 
Discount factor at 

15% 
Present value at 

15% 

0 (53,000) 1,000 (53,000) 

1 17,000 0.870 14,790 

2 25,000 0.756 18,900 

3 16,000 0.658 10,528 

4 12,000 0.572 6,864 

NPV   (1,918) 
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Now Using the formula:  

IRR = A% + (
NPVA

NPVA − NPVB

) × (B − A)% 

IRR = 11% + (
2,210

2,210 − (−1,918)
) × (15 − 10)% 

IRR = 11% + (
2,210

2,210 + 1,918
) × 5% 

IRR = 11% + (
2,210

4,128
) × 5% 

IRR = 11% + 0.535 × 5% = 11% + 2.7% 

IRR = 13.7% 

The IRR of the project (13.7%) is greater than the target return (11%). 

The following information is about a project. 

Year Rs. 

0 (65,000) 

1 27,000 

2 31,000 

3 15,000 

This project has an NPV of Rs.(1,515) at a discount rate of 8%.  Estimate the IRR of the project. 

NPV at 8% is Rs.(1,515). A lower rate is needed to produce a positive NPV. (say 5%) 

Year Cash flow 
Discount factor at 

5% 
Present value at 5% 

0 (65,000) 1,000 (65,000) 

1 27,000 0.952 25,704 

2 31,000 0.907 28,117 

3 15,000 0.864 12,960 

NPV   1,781 

Now Using the formula:  

IRR = A% + (
NPVA

NPVA − NPVB

) × (B − A)% 

IRR = 5% + (
1,781

1,781 − (−1,515)
) × (8 − 5)% 

IRR = 5% + (
1,781

1,781 + 1,515
) × 3% 

IRR = 5% + (
1,781

3,296
) × 3% 

IRR = 5% + 0.540 × 3% = 5% + 1.6% 

IRR = 6.6% 
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Annually a project provides for Rs. 12,000 for 12 years. The initial investment required is Rs. 90,000. 
Should the project be acceptable at 9% rate of return or 6%. What would be the rate where investor 
would be indifferent about the offer?  

Since the investment returns is in the form of an annuity, NPV would be calculated at both the given rates.  

Present value =  X ×  [
1 −

1
(1 + 𝑟)𝑛

r
] 

PV =  12,000 ×  [
1 −

1
(1 + 0.09)12

0.09
] 

PV =  12,000 ×  [
0.6445

0.09
] 

PV =  85,929 

NPV = −90,000 + 85,929 = (4,071)  

Present value =  X ×  [
1 −

1
(1 + 𝑟)𝑛

r
] 

PV =  12,000 ×  [
1 −

1
(1 + 0.06)12

0.06
] 

Present value =  12,000 ×  [
0.5030

0.06
] 

Present value =  100,606 

NPV = −90,000 + 100,606 = 10,606 

At 9% the proposal must be rejected  While at 6% the proposal can be accepted.  

The rate at which the investor would be indifferent, can be estimated using the formula:  

IRR = A% + (
NPVA

NPVA − NPVB

) × (B − A)% 

IRR = 6% + (
10,606

10,606 − (−4,071)
) × (9 − 6)% 

IRR = 6% + (
10,606

10,606 + 4,071
) × 3% 

IRR = 6% + (
10,606

14,677
) × 3% 

IRR = 6% + 0.723 × 3% = 6% + 2.17% 

IRR = 8.17% 

IRR must be around 8% 
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4 PAYBACK PERIOD METHOD 

 Definition 

payback period is a simple method used to evaluate how long it will take for an investment to recover its initial 
cost from cash inflows. It refers to the amount of time required to recoup the cost of a project or business 
investment. This method is commonly used by investors, financial professionals, and corporations to assess 
investment returns. 

KEY POINTS 

1. The payback period is the length of time it takes to recover the cost of an investment or the length of time 
an investor needs to reach a breakeven point. 

2. Shorter paybacks mean more attractive investments, while longer payback periods are less desirable. 

3. Payback Period Method is use to determine whether to go through with an investment. 

DECISION RULE:  

A shorter payback period is generally preferred because it means the investment is returned more quickly. 

LIMITATIONS: 

It does not account for the time value of money, cash flows after the payback period, or profitability beyond the 
recovery period. 

𝐏𝐚𝐲𝐛𝐚𝐜𝐤 𝐏𝐞𝐫𝐢𝐨𝐝 =
𝐂𝐨𝐬𝐭 𝐨𝐟 𝐈𝐧𝐯𝐞𝐬𝐭𝐦𝐞𝐧𝐭

𝐀𝐯𝐞𝐫𝐚𝐠𝐞 𝐀𝐧𝐧𝐮𝐚𝐥 𝐂𝐚𝐬𝐡 𝐅𝐥𝐨𝐰
 

 Example 1 (Simple case): 

• Initial Investment: Rs. 50,000 

• Annual Cash Inflows: Rs. 10,000 per year 

 Solution: 

Payback Period = Rs. 50,000 / Rs. 10,000 = 5 years 

 Example 2 (Uneven cash inflows): 

If the cash inflows vary each year, you'd need to calculate the cumulative cash inflows year by year. 

• Initial Investment: Rs.50,000 

• Year 1 Cash Flow: Rs.15,000 

• Year 2 Cash Flow: Rs.20,000 

• Year 3 Cash Flow: Rs.25,000 

 Solution: 

Cumulative Cash Flow: 

Year 1: Rs.15,000 

Year 2: Rs.15,000 + Rs.20,000 = Rs.35,000 

Year 3: Rs.35,000 + Rs.25,000 = Rs.60,000 

So, the investment is paid back sometime during Year 3. 

To find the exact point in Year 3: 

Remaining amount to be paid back after Year 2 = Rs.50,000 - Rs.35,000 = Rs.15,000 

The cash inflow in Year 3 is Rs.25,000. So, the fraction of the year needed to recover the remaining Rs.15,000 = 
Rs.15,000 / Rs.25,000 = 0.6. 

Thus, the payback period is 2.6 years. 
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 Example 3:  

Following are the cash flows of a particular project 

Year Cash Flow amount in Rs. 000s Type 

0 100 Cash Out Flow 

1 10 Cash In Flow 

2 60 Cash In Flow 

3 80 Cash In Flow 

Calculate payback period of above project 

 Solution: 

 

 Example 4:  

Cash Flows received from investment of 100 million are 70 million, 50 million and 20 million for the next two 
and three year respectfully. What will be the payback period 

 Solution: 

 

 Example 5:  

Following are the cash flows of a particular project: 

Year Cash Flow amount in Rs.000s Type 

0 1000 Outflow 

1 500 Inflow 

2 400 Inflow 

3 300 Inflow 

What will be the payback period 

80 

Yrs 

(100) 10 60 

0 1 2 3 2.4 

-100 -90 -30 50 0 Cumulative Cash Flows 

Payback period   =   2 + Rs. 30/80   = 2.375 years      Answer 

In Million Rupees 

20 

Yrs 

70 
(100) 50 

0 1 2 3 1.6 

-100 -30 20 40 0 Cumulative Cash Flows 

Payback period   =   1 + Rs. 30/50   = 1.6 years      Answer 
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 Solution: 

 

Discounted Payback Period 

The Discounted Payback Period calculates the time it takes for an investment to generate enough cash flows 
to recover its initial cost, considering the time value of money. Unlike the traditional payback period, the DPPB 
discounts future cash flows to reflect their present value, making it a more accurate measure of profitability. 

Key Points: 

1. The regular payback period simply calculates the time it takes for the initial investment to be recovered 

through the cash flows. 

2. The discounted payback period involves discounting future cash flows by a specified rate (often the cost 

of capital) before summing them up to see how long it will take to recover the initial investment. 

 Formula 

PV of Cash Flow   = 
𝐶𝑎𝑠ℎ 𝐹𝑙𝑜𝑤

(1+𝑖) 𝑛
 

Where: 

• i = Discount rate 

• n = Number of periods 

1. Calculate Cumulative Discounted Cash Flows: Add the discounted cash flows sequentially until the 
cumulative amount equals or exceeds the initial investment. 

2. Determine the Payback Period: Identify the point in time when the cumulative discounted cash flows 
cover the initial investment. If the payback occurs between two periods, use interpolation to estimate 
the exact time. 

 Example 1:  

Calculate discounted payback period for the following project  

Year Cash Flow (In Million Rs.) 

0 (100) 

1 10 

2 60 

3 80 

Give that the discount rate of 10%  

 

300 

Yrs 

(1000) 500 400 

0 1 2 3 

-1000 -500 -100 200 

2.33 

0 
Cumulative Cash Flows 

Payback period   =   2 + Rs. 100/300   = 2.33 years      Answer 
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 Solution: 

 

 Example 2:  

Cash Flows received from investment of 1000 million are 500 million, 400 million and 300 million for the next 
1, 2 and 3 years respectively. If the discount rate is 10% what will be the payback period 

 Solution: 

 

 Example 3:  

A project has the following cash flows in million rupees:  

 

What are project’s payback and discounted payback period. Given that discount rate is 9% ? 

 Solution: 

Payback Period  

Year 0 1 2 3 

CF -500 200 200 400 

Cumulative -500 -300 -100 300 

 PB = 2 +  100/400 = 0.25 2.25 Answer 

80 

Yrs 

(100) 10 60 

0 1 2 3 

-100 9.09 49.59 60.11 

-100 -90.91 -41.32 18.79 

2.7 

Present value of Cash Flows (PVCF) 

Discounted Payback period   =   2 + Rs. 41.32/60.11   = 2.7 years      Answer 

Cumulative Cash Flows 

Recover investment + Capital costs in 2.7 years.       

300 

Yrs 

(1000) 500 400 

0 1 2 3 

-1000 455 331 225 

-1000 -545 -215 11 

2.95 

Discounted Cash Flows 

Payback period   =   2 + Rs. 215/225   = 2.95 years      Answer 

Cumulative Cash Flows 

400 

Yrs 

(500) 200 200 

0 1 2 3 
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Discounted Payback Period 

Year 0 1 2 3 

Discounted -500 183.49 168.34 308.87 

Cumulative -500 -316.51 -148.18 160.70 

     

 DPB = 2 + 148.19/308.87 = 0.479736 2.48 Answer 
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STICKY NOTES 

 

 
 

 
 

 
 

 
 

 
 

 

 

Future and present value for multiple cash flow situations occur when deposits 
or receipt for certain amount is multiple times in a given period.  

 

Calculating the NPV of an investment project 

• Step 1: List all cash flows expected to arise from the project. This will 
include the initial investment, future cash inflows and future cash outflows. 

• Step 2: Discount these cash flows to their present values using the cost that 
the company has to pay for its capital (cost of capital) as a discount rate.  

• Step 3: The NPV of a project is difference between the present value of all 
the costs incurred and the present value of all the cash flow benefits 
(savings or revenues). 

 

 

 
The project is acceptable if the NPV is positive. 

The project should be rejected if the NPV is negative. 

 

An annuity is a series of regular periodic payments of equal amount.  It is a 
constant cash flow for a given number of time periods whereas a perpetuity is 

a constant annual cash flow ‘forever’. 

 

There are two types of annuities: 

• Ordinary annuity – payments (receipts) are in arrears i.e. at the end of each 
payment period  

• Annuity due – payments (receipts) are in advance i.e. at the beginning of 
each payment period. 

 

a) Present value =  X ×  [
1−

1
(1+𝑟)𝑛

r
] 

b) Future Value of Ordinary Annuity =  

Sn = X [
(1 + r)n − 1

r
] 

c) Future Value of Annuity due  

Sn = X(1 + r) [
(1 + r)n − 1

r
] 
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SELF-TEST 

1. What is the Payback Period for an investment with an initial cost of $100,000 and annual cash inflows of 
$25,000? 

 (a) 4 Years  (b) 5 Years   

(c)  4.5 Years  (d)  4.25 years 

2. A company is considering an investment in a new machine. The initial investment required for the machine is 
Rs.150,000. The machine is expected to generate Rs. 45000 in annual cash inflows for the next several years. 

 (a) 4.33 Years  (b)  3.45 Years   

(c)  3.33 Years  (d)  4.25 years 

3. Following are the cash flows of a particular project 

Year Cash Flow amount in Rs. 000s Type 

0 300 Cash Out Flow 

1 75 Cash In Flow 

2 125 Cash In Flow 

3 150 Cash In Flow 

Calculate the Payback Period 

  (a) 2 Years    (b)  2.5  Years    

  (c)  2.25 Years   (d)  2.67 years 

4. A company is considering an investment in a new project that requires an initial investment of Rs. 200,000. 
The project is expected to generate the following cash inflows over the next 5 years: 

• Year 1: Rs. 60,000 

• Year 2: Rs. 70,000 

• Year 3: Rs. 80,000 

• Year 4: Rs. 90,000 

• Year 5: Rs. 100,000 

The required discount rate (or cost of capital) is 10%. 

How long will it take for the company to recover its initial investment using the discounted payback period? 

 (a) 3.25 Years   (b) 3.45  Years    

(c) 3.75 Years   (d) 3.50 years 
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5. A startup company is considering investing in a new software system. The system requires an initial 
investment of Rs.500,000. The software is expected to generate the following cash inflows over the next 5 
years: 

Year 1: Rs.100,000 

Year 2: Rs.150,000 

Year 3: Rs.200,000 

Year 4: Rs.250,000 

Year 5: Rs.300,000 

The company uses a discount rate (cost of capital) of 8%. 

How long will it take for the company to recover its initial investment using the discounted payback period? 

 (a) 3.25 Years    (b)  3.85  Years    

(c)  3.65 Years    (d)  3.50 years 

6. A company is considering an investment in a new warehouse that costs Rs.600,000. The warehouse is 
expected to generate the following cash inflows over the next 4 years: 

Year 1: Rs.200,000 

Year 2: Rs.250,000 

Year 3: Rs.150,000 

Year 4: Rs.100,000 

The company uses a discount rate of 10%. Calculate payback period and discount payback period. 

 (a) 2.5 and 3.45 Years   (b) 2.25 and 3.55 Years   

 (c)   2.5 and 3.25 Years   (d) 2.45 and 3.45 Years 

 

7. Find the future value of an annuity of Rs.500 for 7 years at interest rate of 14% compounded annually. 

(a)  Rs.5,465.35   (b) Rs.5,565.35 

(c)  Rs.5,365.35   (d) Rs.5,665.35 

8. Rs.200 is invested at the end of each month in an account paying interest 6% per year compounded monthly. 
What is the future value of this annuity after 10th payment?     

  (a)  Rs.2,400   (b) Rs.2,044 

  (c)  Rs.2,404   (d) Rs.2,004 

9. Z invests Rs.10,000 every year starting from today for next 10 years. Suppose interest rate is 8% per annum 
compounded annually. Future value of the annuity is:     

  (a)  Rs.156,654.87   (b) Rs.157,454.87 

  (c)  Rs.156,555.87   (d) Rs.156,454.87 
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10. Rs.5,000 is paid every year for ten years to pay off a loan. What is the loan amount if interest rate is 14% per 
annum compounded annually?   

(a) Rs.27,080.55   (b) Rs.25,080.55 

(c) Rs.26,080.55   (d) Rs.24,080.55 

11. The present value of an annuity of Rs.3,000 for 15 years at 4.5% p.a. C.I. is:  

(a) Rs.23,809.41   (b) Rs.32,218.63 

(c) Rs.32,908.41   (d) None of these 

12. What is the present value of Rs.15,000 received at the end of the current year & next four years if the applicable 
rate is 7% per annum?      

(a) Rs.61,502.96   (b) Rs.64,502.96 

(c) Rs.62,502.96   (d) Rs.63,502.96 

13. M/s. ABC Limited is expected to pay Rs.18 every year on a share of its stock. What is the present value of a 
share if money worth is 9% compounded annually?     

(a) Rs.300    (b) Rs.200 

(c) Rs.400    (d) Rs.100 

14. ‘A’ borrows Rs.500,000 to buy a house. If he pays equal installments for 20 years and 10% interest on 
outstanding balance what will be the equal annual installment?     

(a) Rs.58,729.84   (b) Rs.53,729.84 

(c) Rs.56,729.84   (d) Rs.54,729.84 

15. ‘Y’ bought a TV costing Rs.13,000 by making a down payment of Rs.3,000 and agreeing to make equal annual 
payment for four years. How much would each payment be if the interest on unpaid amount is 14% 
compounded annually?  

(a) Rs.3,232.05    (b) Rs.3,332.05 

(c) Rs.3,132.05    (d) Rs.3,432.05 

16. How much amount is required to be invested every year so as to accumulate Rs.300,000 at the end of 10 years 
if interest is compounded annually at 10%?      

(a) Rs.18,823.62   (b) Rs.18,523.62 

(c) Rs.18,723.62   (d) Rs.18,623.62 

17. ABC Ltd. (lessor) wants to lease out an asset costing Rs.360,000 for a five years period. It has fixed a rental of 
Rs.105,000 per annum payable annually starting from the end of first year. This agreement would be 
favourable to the company if the interest rate which the company earns on its investments is:  

(a) 16%    (b) 15% 

(c) 17%    (d) 14% 
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18. A loan of Rs.10,000 is to be paid back in 30 equal annual installments (including interest and principal). The 
amount of each installment to cover the principal and 4% p.a. C.I. is:   

(a) Rs.587.87    (b) Rs.597.87 

(c) Rs.578.31    (d) None of these 

19. A person desires to create a fund to be invested at 10% C.I. per annum to provide for a prize of Rs.300 every 
year. The amount he should invest is:    

(a) Rs.2,000    (b) Rs.2,500 

(c) Rs.3,000    (d) None of these 

20. A firm wants to establish a library maintenance fund for a university. The firm would provide Rs.25,000 every 6 
months. The fund yields a 10 percent annual rate of interest compounded semi annually. What is the initial 
deposit required to establish a perpetual stream of payments from the interest every 6 months after making 
the first payment from the principal?    

(a) Rs.525,000   (b) Rs.526,000 

(c) Rs.525,500   (d) Rs.525,800 

21. A person has borrowed Rs.19,000 for a small business. The loan is for five years at an annual interest rate of 8 
percent compounded quarterly. What is the amount of quarterly payments to pay back the loan?   

(a) Rs.1,361.97   (b) Rs.1,261.97 

(c) Rs.1,461.97   (d) Rs.1,161.97 

22. A person deposits Rs.30,000 every six months into a retirement account. The account pays an annual interest 
rate of 12 percent compounded semi-annually. The value of account after 15 years would be:    

(a) Rs.2,341,746   (b) Rs.2,371,746 

(c) Rs.2,331,746   (d) Rs.2,351,746 

23. A firm has set up a contingency fund yielding 16 percent interest per year compounded quarterly. The firm will 
be able to deposit Rs.1,000 into the fund at the end of each quarter. The value of the contingency fund at the 
end of 3 years is:         

(a) Rs.15,225.80   (b) Rs.15,025.80 

(c) Rs.15,325.80   (d) Rs.15,125.80 

24. A Rs.680,000 loan calls for payment to be made in 10 annual installments. If the interest rate is 14% 
compounded annually. Annual payment to be made is:      

(a) Rs.125,365.20   (b) Rs.130,365.20 

(c) Rs.133,365.20   (d) Rs.135,365.20 

25. Monthly payment necessary to pay off a loan of Rs.8,000 at 18% per annum compounded monthly in two years 
is:        

(a) Rs.419.40    (b) Rs.409.40 

(c) Rs.399.40    (d) Rs.389.40 
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26. A man agrees to pay Rs.4,500 per month for 30 months to pay off a car loan. If the interest of 18% per annum is 
charged monthly, the present value of car is:      

(a) Rs.108,271.27   (b) Rs.108,171.27 

(c) Rs.108,671.27   (d) Rs.108,071.27 

27. A company is considering proposal of purchasing a machine either by making full payment of Rs.4,000 or by 
leasing it for four years requiring annual payment of Rs.1,250 or by paying Rs. 4,800 at the end of 2nd year. 
Which course of action is preferable if the company can borrow money at 14% compounded annually? 

(a) Leasing    (b) Full payment 

(c) Rs. 4,800 after 2 years  (d) Either (a) or (c) 

28. A machine with useful life of seven years costs Rs.10,000 while another machine with useful life of five years 
costs Rs.8,000.The first machine saves labour expenses of Rs.1,900 annually and the second one saves labour 
expenses of Rs.2,200 annually. Determine the preferred course of action. Assume cost of borrowing as 10% 
compounded per annum.      

(a) First Machine   (b) Second Machine 

(c) Both are same   (d) Cannot be determined 

29. A company borrows Rs.10,000 on condition to repay it with compound interest at 5% p.a. by annual 
installments of Rs.1,000 each. The number of years by which the debt will be clear is:   

(a) 14.2 years    (b) 10 years 

(c) 12 years    (d) 11 years 

30. Mr. Dawood borrows Rs.20,000 on condition to repay it with C.I. at 5% p.a. in annual installments of Rs.2,000 
each. The number of years for the debt to be paid off is:      

(a) 10 years    (b) 12 years 

(c) 11 years    (d) None of these 

31. A person invests Rs.500 at the end of each year with a bank which pays interest at 10% p.a. C.I. The amount 
standing to his credit one year after he has made his yearly investment for the 12th time would be:  

(a) Rs.11,764    (b) Rs.10,000 

(c) Rs.12,000    (d) None of these 

32. Shiraz acquired a new car worth Rs.850,000 through a leasing company. He made a down payment of 
Rs.200,000 and has agreed to pay the remaining amount in 10 equal semi-annual installments. The leasing 
company will charge interest @ 19% per annum, over the lease term. Amount of semi-annual installment and 
total amount of interest is:       

(a) Rs.103,623 and Rs.386,230  (b) Rs.103,533 and Rs. 386,000 

(c) Rs.103,523 and Rs.385,230  (d) Rs.103,554 and Rs. 385,830 

33. Ashraf purchased a new car and made a down payment of Rs.50,000. He is further required to pay Rs.30,000 at 
the end of each quarter for five years. The cash purchase price of the car, if the quarterly payments include 12% 
interest compounded quarterly, is:     

(a) Rs.498,324.25   (b) Rs.496,324.25 

(c) Rs.499,324.25   (d) Rs.497,324.25 



PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS   CHAPTER 6: DISCOUNTED CASH FLOWS 

 

THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN 189 

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

34. Shahab has an opportunity to invest in a fund which earns 6% profit compounded annually. How much should 
he invest now if he wants to receive Rs.6,000 (including principal) from the fund, at the end of each year for the 
next 10 years? How much interest he would earn over the period of 10 year?    

(a) Rs.44,560.52 and Rs.15,939.48 (b) Rs.44,260.52 and Rs.15,739.48 

(c) Rs.44,760.52 and Rs.15,239.48 (d) Rs.44,160.52 and Rs.15,839.48 

35. A firm wants to deposit enough in an account to provide for insurance payments over the next 5 years. 
Payment of Rs.27,500 must be made each quarter. The account yields an 8% annual rate compounded 
quarterly. How much be deposited to pay all the insurance payments?   

(a) Rs.448,664.41   (b) Rs.447,664.41 

(c) Rs.449,664.41   (d) Rs.446,664.41 

36. How much money must be invested in an account at the end of each quarter if the objective is to have 
Rs.225,000 after 10 years. The account can earn an interest rate of 9 percent per year compounded quarterly. 
How much interest will be earned over the period?     

(a) Rs.3,547.87 and Rs.83,895.03  (b) Rs.3,527.87 and Rs.83,885.03 

(c) Rs.3,557.87 and Rs.83,875.03  (d) Rs.3,537.87 and Rs.83,845.03 

37. A home buyer made a down payment of Rs.200,000 and will make payments of Rs.75,000 each 6 months, for 15 
years. The cost of fund is 10% compounded semi-annually. What would have been equivalent cash price for the 
house? How much will the buyer actually pay for the house?  

(a) Rs.1,360,933.8 and Rs.2,440,000 (b) Rs.1,362,933.8 and Rs.2,455,000 

(c) Rs.1,352,933.8 and Rs.2,450,000 (d) Rs.1,372,933.8 and Rs.2,456,000 

38. An individual plans to borrow Rs.400,000 to buy a new car. The loan will be for 3 years at a 12 percent annual 
rate compounded monthly. He can pay Rs.12,500 per month during the first year. What amount would he be 
required to pay during the next two years in order to repay the loan? 

(a) Rs. 13,755    (b) Rs. 13,705 

(c) Rs. 13,655    (d)       Rs. 13,605  

39. A person calculated that by depositing Rs.12,500 each year, starting from the end of the first year, he shall be 
able to accumulate Rs.150,000 at the time of nth deposit if the rate of interest is 4%. The number of years in 
which he can accumulate the required amount is:     

(a) 9 years     (b) 10 years 

(c) 12 years    (d) 11 years 

40. A food distributor has borrowed Rs.950,000 to buy a warehouse. The loan is for 10 years at an annual interest 
rate of 12 percent compounded quarterly. The amount of quarterly payments which he must make to pay back 
the loan and the interest he would pay is:     

(a) Rs.41,199.26 & Rs.693,971.36 (b) Rs.41,299.26 & Rs.693,972.36 

(c) Rs.41,099.26 & Rs.693,970.36 (d) Rs.41,399.26 & Rs.693,973.36 
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41. A firm will need Rs.300,000 at the end of 3 years to repay a loan. The firm decided that it would deposit 
Rs.20,000 at the start of each quarter during these 3 years into an account. The account would yield 12 percent 
per annum compounded quarterly during the first year. What rate of interest should it earn in the remaining 2 
years to accumulate enough amount in this account to pay the loan at the end of 3 years?   

(a) 13.4%    (b) 13.8% 

(c) 14.2%    (d) 14.6% 

42. A machine costs a company Rs.1,000,000 & its effective life is estimated to be 20 years. If the scrap is expected 
to realize Rs.50,000 only. The sum to be invested every year at 13.25% compounded annually for 20 years to 
replace the machine which would cost 30% more than its present value is:  

(a) Rs.14,797.07   (b) Rs.14,897.07 

(c) Rs.14,697.07   (d) Rs.14,997.07 

43. To clear a debt, a person agrees to pay Rs.1,000 now, another Rs.1,000 a year from now and another Rs.1,000 
in two years. If the future payments are discounted at 8% compounded quarterly, what is the present value of 
these payments?       

(a) Rs.2,777.41   (b) Rs.2,760.41 

(c) Rs.2,767.41   (d) Rs.2,762.41 

44. An equipment is bought for Rs.2,000 as down payment & a monthly installment of Rs.400 each for one year. If 
money worth 12% compounded monthly, what is the cash price of the equipment?  

(a) Rs.6,602.03   (b) Rs.6,502.03 

(c) Rs.6,402.03   (d) Rs.6,302.03 

45. A ____________ is a constant cash flow for a given number of periods. Fill in the blank. 

(a) Perpetuity   (b)    Discounting factor  

(c) Annuity    (d)     Net present value 

46. A sinking fund is  

(a) saving of a constant amount for future 

(b) saving of a continuously changing amount for benefit in the future 

(c)   lending of a constant amount for specific benefit in future 

(d)   continuous cash flow for a long time in future  

47. A company is deciding for an endowment fund which is likely to generate Rs. 20,000 per year. How much can 
be invested today when the rate of interest is 9%?  

(a) Rs. 18,348                                       (b)     Rs. 222,222 

(c) Rs. 180,00                                   (d)     Rs. 21,8000 

48. In order to purchase an equipment, five annual instalments of Rs. 30,000 are required. Given the interest rate 
of 10%, what is the price that you will be paying for that equipment today?  

(a) Rs. 27,273                                      (b)     Rs. 33,000 

(c) Rs. 28,500                                    (d)     Rs. 113,723 
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49. When calculating IRR, Net Present Value of the project cash flow must be:  

(a) zero                                      (b)    neglected 

(c) one                                                     (d)    double 

50. If an investment of Rupees 100,000 is made in a real estate business with a promise of 7% interest earned and 
paid each year for the next 10 years. The annual interest would be_______ .  

(a) 7,000                 (b)     700 

(c) 17,000     (d)     7,700 

51. A project requires Rs. 800,000 to be invested today. In return it will yield two inflows of certain amount at the 
end of first and second year respectively in such a way that the first amount is twice that of the second amount. 
If the cost of capital and net present value is 10% and Rs. 1,200,000 respectively compute the amount to be 
received at the end of second year. 

(a)  1,512,500    (b)  756,250 

(c)  2,000,000    (d)  400,000 

52. A project has an internal rate of return of 15%. There is only one cash outflow of Rs 750,000 today and a single 
cash inflow of certain amount three years from today. Compute the net present value if cost of capital is 13%. 

(a)  Rs. 40,532 positive   (b)  Rs 40,532 negative 

(c)  Rs. 790,532 positive   (d)  Rs. 790,532 negative 

53. An investor invests Rs 500,000 today with the objective of receiving two equal annual receipts at the end of 
first year and second year (inclusive of the original invested amount). If the interest rate is 16%, compute the 
amount of interest received in the second receipt. 

(a)  Rs. 268,519    (b)  Rs. 42,963 

(c)  Rs. 80,000    (d)  Rs. 268,518 

54. A project requires certain amount to be invested today. The project will yield a single return at the end of four 
years which is four times the original investment. Compute Internal rate of return of the project 

(a)  10 %      (b)  21.42 % 

(c)  31.42 %     (d)  41.42 % 

55. Zohaib Samad needs Rs. 400,000 at the end of fifth year. In order to have this amount he will invest certain 
amount at the end of each year for three years. If the interest rate is 8% compute the amount to be invested at 
the end of each year. 

(a)  Rs.105,636    (b)  Rs. 214,086 

(c)  Rs. 14,086    (d)  Rs. 314,086 

56. Compute present value of a perpetual stream of cashflows of Rs. 200 each starting from the end of fifth year if 
discount rate is 10%.  

(a)  Rs. 1,366    (b)  Rs. 2,000 

(c)  Rs. 1,242    (d)  Rs. 2,400 
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57. Saqib Mufeez invests Rs. 40,000 at the end of each month for the first year and Rs 50,000 at the end of each 
month for the second year. Compute the total value of funds with him at the end of second year if interest rate 
is 12% per annum compounded monthly 

(a)  Rs. 1,205,763    (b)  Rs. 1,305,763 

(c)  Rs. 1,405,763    (d)  Rs. 2,105,763 

58. Saqib has following investment options: 

i.  Invest Rs. 500,000 today and get Rs. 200,000 at the end of each year for four years. 

ii.  Invest Rs. 500,000 today and get Rs. 900,000 at the end of third year. 

iii.  Invest Rs. 500,000 today and get Rs. 200,000 each at the end of third and fourth year respectively. 

If cost of capital is 15%. Which of the above option(s) must be selected based on net present value technique? 

(a)  None     (b)  All 

(c) i and ii     (d)  ii and iii 

59. Fahad has following investment options: 

i.  Invest Rs. 500,000 today and get Rs. 300,000 at the end of each year for two years. 

ii.  Invest Rs. 500,000 today and get Rs. 900,000 at the end of third year. 

Compute internal rate of return for each of the above options 

(a)  18% and 21.64%     (b)  13.07% and 18.05% 

(c)  14.63% and 16.35%    (d)  13.07% and 21.64% 

60. Asif is thirty years old today, he wishes to set aside a certain amount every year starting from today till he turns 
40. He intends to have Rs. 5,000,000 at the age of 40 to buy his own house. If interest rate is 11% per annum, 
compute the annual deposits he must make. 

(a)  Rs 255,605    (b)  Rs. 299,007 

(c)  Rs. 268,905    (d)  Rs. 300,000 

61. An investment project has a net present value of Rs. 524,564 when its cash flows are discounted at 13% per 
year. Cash inflows from the project are Rs. 500,000 at the end of each year for three years starting from the end 
of third year. Compute the investment made today for the project. 

(a)  350,000     (b)  375,000 

(c)  400,000     (d)  425,000  

62. Which of the following statement is incorrect?  

(a)  Net present value decreases if discounting rate is increased  

(b)  Net present value increases if discounting rate is decreased 

(c)  Net present value is zero if internal rate of return is used to discount project cash flows  

(d)  There is a direct relationship between net present value and discount rate, that is if one increases the other 

increases as well 
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63. Which of the following statement is incorrect?  

(a)  An annuity is a series of regular periodic payments of equal amount for a certain time interval 

(b)  A perpetuity is a constant cash flow forever. 

(c)  A project with a positive net present value must be carried out.  

(d)  A project with a negative net present value must be carried out. 

64. Which of the following statement in correct? 

(a)  A project must be undertaken if internal rate of return is more than cost of capital.  

(b)  A project must be undertaken if internal rate of return is less than cost of capital. 

(c)  A project with a positive net present value must not be undertaken.  

(d)  A project with a negative net present value must be undertaken. 

65. A project requires Rs. 600,000 today and will result in two annual cash inflows of Rs 300,000 at the end of first 
year and Rs. 500,000 at the end of second year respectively. Compute net present value and internal rate of 
return of the project if cost of capital is 5% 

(a)  Rs. 239,229 and 7%   (b)  Rs. 139,229 and 19.65% 

(c) Rs. 239,229 and 19.65%  (d)  Rs. 139,229 and 7% 

66. Present value of Rs. 200,000 at the end of each year for five years is Rs. 820,039.5. 

What rate of discounting leads to above results? 

(a)  6%    (b)  5% 

(c)  7%    (d)  8%  

67. Qasim wants to invest certain equal amount at the end of each year for two years in order to have sufficient 
funds for following expenses: 

i. Rs. 300,000 at the end of third year 

ii. Rs. 400,000 at the end of fourth year 

If discounting rate is 10% per annum compute the required investment at the end of each of the two years. 

(a)  Rs. 287,289   (b)  Rs. 294,289 

(c)  Rs. 277,289   (d)  Rs. 267,289 

68. Fahad will invest Rs. 35,000 at the start of each year for three years starting one year from today. Compute the 
total amount he will have at the end of third year if interest rate is 10% per annum 

(a)  Rs. 115,850   (b)  Rs. 125,850 

(c)  Rs. 110,850   (d)  Rs. 112,850  

69. A project has a net present value of Rs 15,028 when discount rate is 15%. At what discount rate will the net 
present value of project be Rs. 11,111. 

(a)  13%    (b)  14% 

(c)  10%    (d)  20%  
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70. A project has a net present value of Rs 15,028 when discount rate is 15%. What will be the net present value if 
discount rate is increased to 20% 

(a)  Rs. 11,111   (b)  Rs. 16,028 

(c) Rs. 17,028   (d)  Rs. 18,028 
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ANSWERS TO SELF-TEST QUESTIONS 

1 2 3 4 5 6 

(a) (c) (d) (b) (c) (a) 

7 8 9 10 11 12 

(c) (b) (d) (c) (b) (a) 

13 14 15 16 17 18 

(b) (a) (d) (a) (d) (c) 

19 20 21 22 23 24 

(c) (a) (d) (b) (b) (b) 

25 26 27 28 29 30 

(c) (d) (a) (b) (a) (d) 

31 32 33 34 35 36 

(a) (c) (b) (d) (c) (b) 

37 38 39 40 41 42 

(c) (a) (b) (c) (b) (d) 

43 44 45 46 47 48 

(a) (b) (c) (b) (b) (d) 

49 50 51 52 53 54 

(a) (a) (b) (a) (b) (d) 

55 56 57 58 59 60 

(a) (a) (a) (c) (d) (a) 

61 62 63 64 65 66 

(c) (d) (d) (a) (b) (c) 

67 68 69 70   

(a) (a) (d) (a)   
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CHAPTER 7 
 

DATA - COLLECTION AND 

REPRESENTATION  

  

 

 
AT A GLANCE 

Data is the source of information. Figures or values obtained, 
while collecting data, are usually processed further for its 
usefulness in business situation. This chapter discusses 
various data types, data collection methods and various 
methods used to organize and summarize available data.  

For data representation, multiple graphical tools can be used 
to exhibit relation between variables, concepts and 
proportions. Some of the methods, that the chapter provides 
for include bar or pie charts, histograms, ogives and box plots. 

 

IN THIS CHAPTER 

AT A GLANCE 

SPOTLIGHT 

1. Data, types and collection 
methods 

2. Data organization and summary 

3. Graphical representation of data 

STICKY NOTES 

SELF-TEST  
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1 DATA, TYPES AND COLLECTION METHODS 

Data is a term that refers to facts or figures or known terms or values.  Information is derived when facts are 
processed, structured and analysed for decision making and other implications.  

In quantitative analysis, the information gathered through experiments, surveys or observations collectively can 
be referred to as data.1 Values recorded can be against a particular variable.  It can assume different values for 
different entities (where an entity is an observation made about persons, places ord things). 

 For example:  

• Values against two variables can be recorded as below:  

Age of salesman 

(in yrs) 

Distance travelled 

(in km) 

35 561 

61 550 

42 499 

• Heights (in cms) of 5 students in a competition are 125, 111, 98, 120 and 103. 

• There were 56 participants in a conference, 40 of whom where foreigners.  

Types of data:  

There are multiple ways to categorize data and variables. This is because of the nature of observations required 
and values acquired.  

Numerical and categorical: For numerical data, arithematic operations can be performed; whereas not for 
categorical data. Numeric data can be refered to as quantitative (including or of numeric values) where as 
categorial data can be qualtitative in nature.  

 For example:   

• Numeric data: age, salary or receipts, temperature.  

• Categorical data: color of the eyes, location, gender, religion.  

Discrete and continuous: Within numerical data, discrete data variables are those that can only take on certain 
and separate values (results from a count2). The measurement of such variable increases or jumps in gaps 
between possible values. Whereas, continuous variables can take any value within a  given range.  

 For example:   

• Discrete: number of contracts or children  

• Continuous: height, weight.  

Nominal and ordinal: When data has an order it can be referred to as ordinal data. When no natural order can 
be determined then the data is nominal. With nominal data, change in order would not change the meaning of 
data.  

 For example:   

• Ordinal: Result scorecard (A B or C), likert scale (Agree, Neutral, Disagree), sizes (small-medium-large) 

• Nominal: Gender (male-female), good-bad, pass-fail.  

 
1 Agresti,A., Franklin, C., & Klingenberg, B. (2018). Statistics. The Art and Science of Learning from Data. Fourth Edition. Global 
Edition. With contributions by Michael Posner. (pg. 29) 
2 Albright, S. C., & Winston, W. L. (2013). Business Analytics: Data Analysis and Decision Making. Fifth Edition. Cengage 
Learning. Pg. 26 
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Cross-sectional or time series: Data on a cross section of a population at a distinct point as the name suggests, 
is cross-sectional data. Data collected can contain multiple observations but would be particular to that point in 
time. Time series data (usually observations of a single phenomenon) are collected and tracked over a period of 
time.  

 For example:   

• Cross-sectional: Sales revenue, production of units for year 1, multiple stock positions for quarter 1.  

• Time-series: Year-wise sales revenue, quartely production of units over a period of time.  

Primary and secondary: Primary data is collected first-hand specifically for the investigation process. 
Secondary data, on the other hand, is data previously collected that may be relevant to the investigation under 
process.  

 For example:   

• Primary: Consumer survey results, dosage output for a drug experiment.   

• Secondary: Published statistics on consumers’ preferences in the market, earlier known experiemental 
analysis of the drug dosage and reactions.  

Methods of collecting Primary data: 

Direct personal Observation Methods:  In this method, the investigator collects data personally, and it gives 
reliable and correct information. But sometimes in this method the chance so personal predujices affecting the 
results of observation are great,100 % accuracy may not ensured. Examples of the Direct personal observation 
method are filling in the form of Nikkah Nama, 

Indirect oral Investigation: When it is not possible to get accurate information, the investigator takes information 
through indirect questions. For example, if a tax collector wants to know about the income record of any 
individual, then he is not going to ask direct questions as there is a chance of receiving false information. The 
questions were asked indirectly, like What are your monthly expenses?, How many children do you have? In 
which schools do they study? In this way, observers get information about expenses and indirectly get 
information about the income of the individual. 

Data through Questionnaires: The data can be collected through preparing a set of questions regarding the topic 
or person for whom data or information may be collected. The nature of questions is important in collecting the 
information, It must be precise and simple to understand, and avoid being too lengthy. 

Investigation through enumerators: This method is generally employed by the government for population 
census, etc. This method is quite reliable if enumerators are well-trained. 

Estimated through Local Sources: Here, the investigator appoints the agents and correspondents to collect the 
data. This method is open to personal liking and prejudices of the agents. The data collected remains an estimate. 

Methods of collecting the secondary data: 

• Information collected through newspapers and periodicals. 

• Information obtained through the publication of trade associations. 

• Information obtained through research papers published by university departments and research bureaus 

• Information obtained through from the official publication of the central state, and the local government 
dealing with crop statistics, industrial statistics, trade an transport statistics. 

Population and sample: Data resulting from investigating every member of a population can be referred to as 
population data. When representative data or the observations are selected within the population for analysis, it 
can be referred to as sample data. Sample data is usually extracted or reflective of the population data.   
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 For example:   

• Population: A classroom research involving behavioural response of all students in the class.  

• Sample: Behavioural sample of random group of students within a class.  

Structured and unstructured: Data can be referred to as structured when there is a pre-defined model or 
organization. When data represents mere numbers, observations or qualities without any organized form, it can 
be referred to as unstructured.  

 For example:   

• Unstructured: weather statistics, survelliance videos. Email messages.  

• Structured: hourly wheather staistics, customer addresses and occupancies, product size and value.    

Quality of Data:  

For Data to be useful and be of qualtiy, it should be:  

• Complete;  

• Relevant and significant  

• Timely  

• Detailed as required 

• Clear and understandable  

• Communicated via an appropriate channel to the right person   

• Reliable and consistent  
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2 DATA ORGANIZATION AND SUMMARY 
Raw data is often collected in large volumes. In order to make it useful, data must be rearranged into a format 
that is easier to understand and analyze further. For this purpose, both numeric and graphical formats can be 
used.  

 Illustration:  

The following list of figures is the distance travelled by 100 salesmen in one week (kilometres). 

561 581 545 487 565 512 495 

549 526 492 530 489 499 481 

548 517 531 538 534 538 528 

502 515 491 482 572 503 500 

550 577 529 500 561 523 524 

521 553 486 527 564 534 531 

584 594 579 541 539 541 557 

551 530 517 536 533 574 486 

532 554 587 532 497 505 512 

529 526 556 515 543 498 539 

494 590 509 536 569 535 511 

518 576 541 504 573 510 509 

502 520 553 588 503 513 547 

514 547 511 537 550 558 560 

542 577      

The human mind cannot assimilate data in this form. The same can be summarized by rearranging numeric 
information into meaningful order. There may be following ways to organize data:  

Array:  

The obvious first step is to arrange the data into ascending or descending order. This is called an array. 

 Illustration:  

Distances can be arranged from shortest to longest in one week (in kilometers).  

481 502 515 529 538 550 569 

482 502 515 530 538 550 572 

486 503 517 530 539 551 573 

486 503 517 531 539 553 574 

487 504 518 531 541 553 576 

489 505 520 532 541 554 577 

491 509 521 532 541 556 577 

492 509 523 533 542 557 579 

494 510 524 534 543 558 581 

495 511 526 534 545 560 584 

497 511 526 535 547 561 587 

498 512 527 536 547 561 588 

499 512 528 536 548 564 590 

500 513 529 537 549 565 594 

500 514      
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Frequency distribution:  

A frequency distribution shows various values a group of items may take, and the frequency with which each 
value arises within the group. 

Many values in the above list occur more than once. The next step might be to simplify the array by writing the 
number of times each value appears. This is called frequency and is denoted with the letter f. 

 Illustration:  

The data in this form is known as an ungrouped frequency distribution 

 f  f  f  f  f 

481 1 504 1 526 2 542 1 564 1 

482 1 505 1 527 1 543 1 565 1 

486 2 509 2 528 1 545 1 569 1 

487 1 510 1 529 2 547 2 572 1 

489 1 511 2 530 2 548 1 573 1 

491 1 512 2 531 2 549 1 574 1 

492 1 513 1 532 2 550 2 576 1 

494 1 514 1 533 1 551 1 577 2 

495 1 515 2 534 2 553 2 579 1 

497 1 517 2 535 1 554 1 581 1 

498 1 518 1 536 2 556 1 584 1 

499 1 520 1 537 1 557 1 587 1 

500 2 521 1 538 2 558 1 588 1 

502 2 523 1 539 2 560 1 590 1 

503 2 524 1 541 3 561 2 594 1 

The distribution can be simplified further by grouping data. For example, instead of showing the frequency of 
each individual distance, frequency of weekly distances of 480 and above but less than 500 and 500 and above 
but less than 520 can be grouped together. Such groupings are known as classes.  

 Illustration:  

Grouped frequency distribution for the distances travelled by the salesmen can be as follows:  

Distance in km Frequency (f) 

480 to under 500 13 

500 to under 520 22 

520 to under 540 27 

540 to under 560 19 

560 to under 580 13 

580 to under 600 6 
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Tally 

In preparing for frequency distribution, data tally is used to organize data. Tally involves writing out the list of 
values (or classes) and then proceeding down the list of data in an orderly manner and for each data value placing 
a tally mark against each class which then can be counted for accurate frequency. Generally, counts of five are 
used to mark a tally that makes the counting of frequency easier.  

 Illustration:  

Distance in km Tally Frequency (f) 

480 to under 500 |||| |||| ||| 13 

500 to under 520 |||| |||| |||| |||| || 22 

520 to under 540 |||| |||| |||| |||| |||| || 27 

540 to under 560 |||| |||| |||| |||| 19 

560 to under 580 |||| |||| ||| 13 

580 to under 600 |||| | 6 

Points to be noted in the construction of grouped frequency distribution are: 

• Identify the minimum and maximum term in the dataset to create classes. 

• The number of classes should be kept relatively small (say 6 or 7 or if the data is large 15 to 20). 

• In general, classes should be of the same width (of equal class interval) for easier comparison.  

• Class interval (class size or width) can be determined by dividing the range (Maximum-Minimum term) with 
the number of classes required.  

• Each class would have a lower and upper class limit.  Continuous data is already arranged into classes 
without any gaps. The upper limit of one class is the lower limit of the next so there are no gaps. 

• The end limits of the classes must be unambiguous. For example, '0 to 10' and '10 to 20' leaves it unclear in 
which 10 would appear.  '0 to less than 10' and '10 to less than 20' is clear. 

• For discrete data, class boundaries can be created. Class boundary is the midpoint of the upper class limit of 
one class and the lower class limit of the subsequent class. 

 Illustration:  

Number of visits Frequency Class boundaries Class width Mid-point of class 

41 to 50 6 40.5 to 50.5 10 45.5 

51 to 60 8 50.5 to 60.5 10 55.5 

61 to 70 10 60.5 to 70.5 10 65.5 

71 to 80 12 70.5 to 80.5 10 75.5 

81 to 90 9 80.5 to 90.5 10 85.5 

91 to 100 5 90.5 to 100.5 10 95.5 

Here,  

• There are 6 classes in the data  

• Mid-point is calculated by dividing the upper and lower limit in each class by 2. 

• Class boundaries are created by subtracting 0.5 from the lower limit and adding 0.5 to the upper limit.  
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• Each class has a width of 10.  

Relative Frequency Distribution: We know that frequency is defined as the total number of data points that 

fall under the class. The frequency of each class can also be expressed as a fraction or percentage. These are 

known as relative frequencies. 

Relative frequency =
𝐶𝑙𝑎𝑠𝑠 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦

𝑇𝑜𝑡𝑎𝑙 𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦
 

The sum of relative frequencies is always equal to one. 

Cumulative frequency Distribution: 

Cumulative frequency corresponding to a class is the sum of all frequencies up to and including that class. 

In cumulating frequency distribution or series, the frequency of a particular class is obtained by adding the 

frequency of that class to all the frequencies of the previous classes. 

Cumulative frequency series are of two types  

i. Less than series 

ii. More than series 

iii. Suppose we are given the following discrete series of marks obtained by 100 students With the help of this 

series, we shall form the 'Less than and More than series 

Marks Obtained Number of students 

30-40 8 

40-50 12 

50-60 20 

60-70 25 

70-80 18 

80-90 17 

Less than Cumulative Series 

Marks Obtained Number of students 

Less than 30 0 

Less than 40 8 

Less than 50 20 

Less than 60 40 

Less than 70 65 

Less than 80 83 

Less than 90 100 

More than Cumulative Series 

Marks Obtained Number of students 

More than 30 100 

More than 40 92 

More than 50 80 

More than 60 60 

More than 70 35 

More than 80 17 

More than 90 0 
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Principles of data tabulation  

The following principles should be applied whenever data is tabulated 

• Simplicity: The material must be classified and details kept to a minimum. 

• Title: The table must have a clear title that explains its purpose. 

• Source: Source of information should be clearly labelled. 

• Units: The units of measurement should be clearly stated. 

• Headings: Column and row headings should be concise and unambiguous. 

• Totals: Totals and subtotals should be shown where meaningful. 
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3 GRAPHICAL REPRESENTATION OF DATA:  
Data representation involves display of collected data into meaningful categories or graphical flowcharts.  

One of the simplest ways of data representation is to distribute data into various categories and use graphical 
formats to present it. Usually measurements or set of measurements are placed into categories that are meant to 
define them. Frequency distributions, discussed earlier can be one of the ways of data representation too.  

Once categorization is achieved, data can be displayed graphically. Some of the methods are relatively 
straightforward, whereas others are quite sophisticated. 

Straightforward methods include: 

• Bar charts; and 

• Pie charts 

More complex methods include 

• Histograms 

• Frequency polygons 

• Ogives 

• Graphs (including semi-log graphs) 

• Stem and leaf displays 

• Box and whisker plots 

• Time-series plots 

Note that histograms, frequency polygons and ogives are ways of plotting grouped frequency distributions. 

 All graphs, diagrams and charts should: 

• have a heading; 

• be neat; 

• be large enough to be understood; 

• be well labelled; 

• show scales on axis; 

• be accurate. 

Bar charts: 

A bar chart or bar graph is a chart with rectangular bars with lengths proportional to the values that they 
represent. The bars can be plotted vertically or horizontally and can take several forms (For Example, simple or 
multiple bar charts). Bar charts are usually used for plotting discrete (or 'discontinuous') data.  

 Illustration:  

Extract from Pakistan demographics profile 2013 (all figures in millions) is provided below 

 Male Female Total 

0 to 14 years 33.9 32.1 66.0 

15 to 24 years 21.3 20.0 41.3 

25 to 54 years 34.2 31.6 65.8 

55 to 64 years 4.5 4.6 9.1 

65 years and over 3.8 4.3 8.1 
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This data can be represented as a simple bar chart:  

 

 Multiple bar chart:  

Multiple bar chart shows the components of totals as separate bars adjoining each other. 

 

 Component bar chart:  

It is similar to a simple bar chart (since each bar indicates the size of the figure represented for a class) but the 
bars are subdivided into component parts. 
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 Percentage component bar chart 

This shows each class as a bar of the same height. However, each bar is subdivided into separate lengths 
representing the percentage of each component in a class. 

 

Pie charts 

A pie chart (or a circle graph) is a circular chart that displays variables in proportion (or percentage) of the 
quantity within a circle (slice of a pie).  

Both pie charts and bar charts are used for representing categorical data.   

 Pie chart:  

 

Histograms 

A histogram is a graph of a grouped frequency distribution. 

It is constructed a little differently from bar charts. A vertical rectangle is drawn to represent the frequencies (or 
relative frequency) for a quantitative grouped data. There are probably no gaps between the bars or vertical 
rectangles.  

 

 

 

 

35%

22%

34%

5% 4%

PIE CHART: AGE PROFILE OF POPULATION OF 
PAKISTAN

0 to 14 years

15 to 24 years

25 to 54 years

55 to 64 years

65 years and over
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 Illustration:  

When the class intervals are the same, histogram can be constructed from the data in the example before: 

Number of visits Class boundaries Mid-points Frequency 

41 to 50 40.5 to 50.5 45.5 6 

51 to 60 50.5 to 60.5 55.5 8 

61 to 70 60.5 to 70.5 65.5 10 

71 to 80 70.5 to 80.5 75.5 12 

81 to 90 80.5 to 90.5 85.5 9 

91 to 100 90.5 to 100.5 95.5 5 

 

When the class intervals are not same, there can be two methods to construct histograms:  

 By calculating Frequency Density.  

Frequency Density : 
𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦

𝐶𝑙𝑎𝑠𝑠 𝑤𝑖𝑑𝑡ℎ
  

Number of visits Class interval No. of invoices (f) Frequency Density 

50 to under 100 50 5 5/50 = 0.1 

100 to under 200 100 12 12/100 = 0.12 

200 to under 300 100 17 17/100 = 0.17 

300 to under 500 200 16 16 / 200 = 0.08 

500 and over 200 8 8 / 200 = 0.04 

 By adjusting the class intervals to equal:   

Number of visits Class interval No. of invoices (f) Adjustment to frequency (f) Height of bar 

50 to under 100 50 5 × 2 10 

100 to under 200 100 12  12 

200 to under 300 100 17  17 

300 to under 500 200 16 ÷ 2 8 

500 and over 200 8 ÷ 2 4 

6

8

10

12

9

5

40.5 up to 50.5 50.5 up to 60.5 60.5 up to 70.5 70.5 up to 80.5 80.5 up to 90.5 90.5 up to 100.5

Histogram
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Frequency polygons 

A histogram (with equal class intervals) can be converted to a curve (or line graph) by joining the midpoint of 
the top of each rectangle with a straight line. 

The curve is extended to the x axis at a point (mid-point) outside the first and last class interval. 

Ogives:  

An ogive is the graph of a cumulative frequency distribution. Frequencies are accumulated at each level and are 
plotted against the upper class limits of each class, and the points are joined with a smooth curve. 

 Illustration:  

Weekly sales (Units) Frequency Cumulative frequency 

0 to under 100 8 8 

100 to under 200 17 8+17 = 25 

200 to under 300 9 25+9 = 34 

300 to under 400 5 34+5 = 39 

400 to under 500 1 39+ 1 = 40 
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Interpretation 

• Each point on the curve shows how many weeks had sales of less than the corresponding sales value. (It is a 
“less than” ogive). We can also develop more than Ogives graph by using more than cumulative series. 

Fractiles (or quantiles):  

A fractile, also known as quantiles divides a dataset into equivalent subgroups. The value within the fractile is 
the point of an item which is a given fraction of the way through a distribution. 

A fractile can be:  

• A percentile: The value of an item one hundredth of a way through the distribution. The pth percentile is 
the value of an item such that p percent of the items fall below or at that value. 50th percentile is the median.  

• A decile: The value of an item one tenth of a way through the distribution.  

• A quartile: The value of an item one quarter of a way through the distribution. 25th , 50th, 75th and 100th 
percentiles represents the end of Q1, Q2, Q3 and Q4.  Q2 is the median.  

An ogive can be used to measure a fractile. 

 For example:  

What is the 1st quartile of the distribution represented on the following ogive? 

 

There are 40 items in the distribution so the 1st quartile is the value of the 10th item (25% of 40). 

Reading off 10 on the vertical scale the 1st quartile is about 110. 

Stem and leaf plots:  

A stem-and-leaf display can be used to show frequency distribution while also retaining the raw numerical data. 

A stem and leaf display is drawn as two columns separated by a line. The stem sits on the left hand side of the 
line and the leaves on the right hand side. 

Units must be defined for both the stem and the leaves and data is sorted in ascending order. Usually, leaves are 
the last digit in a value and stem is made up of all the other digits in a number. For example, a stem of 48 followed 
by a leaf of 2 is a plot of the number 482. 

 

 

 

0

10

20

30

40

50

0 100 200 300 400 500

C
u

m
u

la
ti
v
e

 f
re

q
u

e
n

c
y

Weekly sales



CHAPTER 7: DATA – COLLECTION AND REPRESENTATION PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

212 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

 Illustration:  

Take this grouped data that shows classes of distances in km and their respective frequencies:  

Distance in km Frequency (f) 

480 to under 500 13 

500 to under 520 22 

520 to under 540 27 

540 to under 560 19 

560 to under 580 13 

580 to under 600 6 

Total 100 

For each number of values, the stem-leaf plot can be as follows:   

Stem Leaves 

(units = 10) (units = 1) 

48 1, 2, 6, 6, 7, 9 

49 1, 2, 4, 5, 7, 8, 9 

50 0, 0, 2, 2, 3, 3, 4, 5, 9, 9 

51 0, 1, 1, 2, 2, 3, 4, 5, 5, 7, 7, 8 

52 0, 1, 3, 4, 6, 6, 7, 8, 9, 9 

53 0, 0, 1, 1, 2, 2, 3, 4, 4, 5, 6, 6, 7, 8, 8, 9, 9 

54 1, 1, 1, 2, 3, 5, 7, 7, 8, 9 

55 0, 0, 1, 3, 3, 4, 6, 7, 8 

56 0, 1, 1, 4, 5, 9 

57 2, 3, 4, 6, 7, 7, 9 

58 1, 4, 7, 8, 

59 0, 4 

Here, distances between 480 and 499 would include 13 terms:  

481, 482, 486, 486, 487, 489, 491, 492, 494, 495, 497, 498, 499  
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Time series graph 

A time series graph is one that has time on the horizontal axis and a variable on the vertical axis. 

 Illustration:  

 Sales (Rs m) 

Year Company A Company B 

1 2 5 

2 4 10 

3 8 15 

4 16 20 

5 32 25 

The sales can be represented graphically as follows: 
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STICKY NOTES 

 

 

 

 

 

 

 

 

 

 

 

Types of Data include Numerical (quantitative) or Categorical (qualitative); 
Discrete (resulting from a count) or Continuous (any value within a given 
range); ordinal (where order matters) or nominal (change in order do not 
change the meaning of data); primary (collected first hand) or Secondary 

(collected previously). 

Data Collection Methods can include examining existing data (secondary 
sources) or from experiments, direct observations or from interviews 

(primary sources). 

From understanding large amount of data, various formats are used to make 
it easier to comprehend including use of arrays (rearranging data in 

ascending or descending order); frequency distribution, tally and data 
tabulations.  

Graphically, data can be represented using bar charts, pie charts, histograms, 
ogives, box plots or other frequency polygons. 
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SELF-TEST 

 Primary data can be collected:                                                  

a) From newspapers                   

b) From State Bank 

c) By carrying out surveys   

d) All of these 

 Any recording of information, whether it be quantitative or qualitative is called:   

a) Observation   

b) Data 

c) Sample space   

d) None of these 

 The totality of the observations with which an statistician is concerned is known as:                                                                                                                     

a) Data   

b) Sampling distribution 

c) Population   

d) Sample 

 A discrete variable is that which can assume:                                             

a) Only integral values  

b) Only fractional values 

c) Whole number as well as fraction  

d) None of these 

 A continuous variable is that which can assume:                                             

a) Only integral values   

b) Only fractional values 

c) Whole number as well as fraction   

d) None of these 

 Raw data, or unprocessed data or originally collected data are known as:       

a) Sample data  

b) Primary data 

c) Secondary data   

d) None of these 
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 Processed or published data is known as:                                                       

a) Sample data   

b) Primary data 

c) Secondary data   

d) None of these 

 An inquiry form comprising of a number of pertinent questions is knows as:    

a) Inquiry form  

b) Data collection form 

c) Questionnaire   

d) None of these 

 The arrangement of data according to magnitude of data is known as:           

a) Classification   

b) Tabulation 

c) Array    

d) None of these 

 The process of arranging data in groups or classes according to their resemblance or affinities is known as:                                                              

a) Classification   

b) Frequency distribution 

c) Tabulation   

d) None of these 

 The purpose of classification and tabulation is to present data in:                

a) Visual form   

b) Easy to understand form 

c) Frequency distribution   

d) None of these 

 Any numerical value describing a characteristic of a population is called:       

a) Parameter   

b) Sample 

c) Statistic   

d) None of these 

 _______ data variables are those that results from counts or jumps in the gaps between possible values.  

a) Continuous    

b) Nominal  

c) Discrete    

d) Ordinal  
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 Answer the following questions based on the given plot.  

 

2 

4 

6 

8 

10 

0 

100  110  120  130  140  150 

Frequency 

Share price (Rs)  

i. How many stocks are between Rs. 110 and 120?  

a) 4  

b) 9 

c) 5   

d) 15 

ii. Total stocks recorded in the histogram are 

a) 10   

b) 40 

c) 145   

d) 125 

iii. What are the maximum and minimum number of stocks within the given intervals?  

a) 8 and 4   

b) 8 and 2 

c) 10 and 4   

d) 10 and 2 

iv. Determine the class width  

a) 5   

b) 10 

c) 20   

d) 100 

v. How many stocks are in between stock prices of 100 and 125  

a) 11  

b) 29 

c) 19   

d) None of the above.  
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 Answer the following questions based on the given plot.  

 

i. For how many years, company A sales have been less than company B’s?  

a) 4 years   

b) All 5 years  

c) More than 4 but less than 5 years   

d) Cannot tell from the graph  

ii. Sales recorded in year 3 for Company B are: 

a) 8   

b) 15 

c) 20    

d) 23 

iii. Total sales for year 5 for both the companies are:   

a) 32   

b) 7 

c) 25   

d) 57 

 A distribution that lacks symmetry with respect to a vertical axis is said to be:  

a) Normal  

b) Probability distribution 

c) Skewed   

d) None of these 

 In a given distribution if mean is less than median, the distribution is said to be:     

a) Symmetrical  

b) Positively skewed 

c) Negatively skewed   

d) None of these 
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 In a given distribution if mean is greater than median, the distribution is said to be: 

a) Symmetrical   

b) Positively skewed 

c) Negatively skewed  

d) None of these 

 Which of the following is an example of discrete data? 

a) Height of trees   

b) Weight of bags 

c) Length of tables  

d) Number of students 

 Which of the following is an example of continuous data? 

a) Number of books   

b) Number of students 

c) Number of chairs  

d) Height of trees 

 Which of the following is an example of primary data? 

a) Published statistics on consumers in the market   

b) Earlier known experimental analysis of the drug reactions 

c) Published story of an accident in newspaper   

d) Consumer survey results 

 Select the qualities of good data from the following list: 

a) Timely   

b) Clear and understandable 

c) Reliable  

d) Consistent 

 ____ is called the arrangement of data into ascending or descending order. 

a) Array  

b) Display 

c) Arrangement  

d) Frequency distribution 

 A ____ shows the various values a group of items may take, and the frequency with which each value arises 
within the group. 

a) Array   

b) Histogram 

c) frequency distribution  

d) Ogive 
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 A ____ is a circular graph that represents data. 

a) Bar chart   

b) Pie chart 

c) Histogram   

d) Stem and leaf 

  

Stem Leaf 

4 5, 5, 5, 6, 6, 7, 8 

5 0, 0, 1, 1, 2, 2, 

6 - 

7 0 

8 1, 2 

9 9 

What is the lowest value in above stem and leaf diagram 

a) 45   

b) 4 

c) 40   

d) 48 

   

Stem Leaf 

4 5, 5, 5, 6, 6, 7, 8 

5 0, 0, 1, 1, 2, 2, 

6 - 

7 0 

8 1, 2 

9 9 

How many values are there in above stem and leaf diagram? 

a) 18   

b) 17 

c) 16 

d) 20 
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Stem Leaf 

4 5, 5, 5, 6, 6, 7, 8 

5 0, 0, 1, 1, 2, 2, 

6 - 

7 0 

8 1, 2 

9 9 

What is the highest value in above stem and leaf diagram? 

a) 99   

b) 45 

c) 100 

d) 90 

   

Stem Leaf 

4 5, 5, 5, 6, 6, 7, 8 

5 0, 0, 1, 1, 2, 2, 

6 - 

7 0 

8 1, 2 

9 9 

What are the number of values in 60s in above stem and leaf diagram 

a) 60  

b) None 

c) One   

d) Cannot be determined 

  

Stem Leaf 

4 5, 5, 5, 6, 6, 7, 8 

5 0, 0, 1, 1, 2, 2, 

6 - 

7 0 

8 1, 2 

9 9 
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What is the mid-value in above stem and leaf diagram? 

a) 50   

b) 51 

c) 99   

d) 45 

   

Stem Leaf 

4 5, 5, 5, 6, 6, 7, 8 

5 0, 0, 1, 1, 2, 2, 

6 - 

7 0 

8 1, 2 

9 X 

What can be the highest possible value of x in above box and whisker diagram. 

a) 90 

b) 99 

c) 95   

d) 98 

 Select the correct statements: 

a) Multiple bar chart shows the components of totals as separate bars adjoining each other. 

b) Component bar chart is similar to a simple bar chart but the bars are subdivided into component parts. 

c) Percentage component bar chart shows each class as a bar of the same height. However, each bar is 

subdivided into separate lengths representing the percentage of each component in a class. 

d) Histogram is a circular chart that displays variables in proportion of the quantity within a circle 

 Following information is relevant for a pie chart: 

Type of cost Amount in Rupees Degree of angle 

Material 5,000 45o 

Labour 15,000 X 

Overheads 20,000 Y 

Based on above information identify the angle covered by labour cost on pie chart. 

a) 135o  

b) 180o 

c) 45o   

d) 360o 
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ANSWERS TO SELF-TEST QUESTIONS 

1 2 3 4 5 6 

(c) (b) (c) (a) (c) (b) 

7 8 9 10 11 12 

(c) (c) (c) (a) (b) (a) 

13 14(i) 14(ii) 14(iii) 14(iv) 14(v) 

(c) (b) (b) (d) (a) (c) 

15(i) 15(ii) 15(iii) 16 17 18 

(c) (b) (d) (c) (c) (b) 

19 20 21 22 23 24 

(d) (d) (d) (a),(b),(c),(d) (a) (c) 

25 26 27 28 29 30 

(b) (a) (b) (a) (b) (a) 

31 32 33    

(b) (a),(b),(c) (a)    

 

 

 

 

 

 

 

 

 

 



CHAPTER 7: DATA – COLLECTION AND REPRESENTATION PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

 

224 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN 225 

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

 

CHAPTER 8 
   

STATISTICAL MEASURES OF DATA  

  

 

 
AT A GLANCE 

From descriptive to predictive analysis, statistical measures 
help in better understanding of available data. For example, in 
summarizing the datasets, measures of central tendency 
(mean, median and mode) as well as measures of dispersion 
(range, standard deviation and variance) are used for primary 
statistical analysis.  

The chapter deals with measures of central tendency and 
dispersion in detail with examples.  

 

 

IN THIS CHAPTER 

AT A GLANCE 

SPOTLIGHT 

1. Measures of central tendency 

2. Measures of dispersion 

3. Measures compared  

STICKY NOTES 

SELF-TEST 
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1 MEASURES OF CENTRAL TENDENCY   

Data can be described through various means. Part of statistics that describes data or summarizes information 
from the data is referred to as Descriptive Statistics. Apart from describing data through distribution and 
graphical representation, measures of central tendency are used to understand given data by the location of its 
central value.  

Averages are used to comapre two or more sets of data having same units  

Types of Averages  

The most common averges are  

1. Arithmetic mean 

2. Median  

3. Mode 

4. Geometric Mean 

5. Harmonic Mean 

Properties of an ideal avergae 

i. It should be well defined 

ii. It should be based on all values 

iii. It should be capable of further algebric calculations 

iv. It should not be affected by extreme values 

v. It should be stable in repeated sampling experiements. 

Median 

The median is the middle value when the data is arranged in ascending or descending order. If there is an even 
number of items, then there is no middle item. For example, if there had been 8 values in the data the position of 
the median would be mid-value of the two middle terms.  

In cases where there is a large number of values the position of the median can be found by using the formula.  

There are two ways to find the median of a grouped frequency distribution. The first of these is to construct an 
ogive. The median is then the 50th percentile, 5th decile, or 2nd quartile which can be read off the ogive. 

The second way involves finding which class the median is in and then estimating which position it occupies in 
this class. 

 Formula 

For ungrouped data: 

Position of the median =
n + 1

2
 

Where: 

n = number of items in the distribution or total observations 

For Grouped data:  

Step1: Identify the position of the median class by using the above formula 
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Step 2: calculate the median using the formula 

𝑚𝑒𝑑𝑖𝑎𝑛 = 𝐿 + [
(

∑ 𝑓
2

− 𝑐𝑓)

𝑓
] × ℎ 

Where:  

L = Lower boundary of the median class.  

∑ 𝑓= sum of frequencies  

cf = cumululative frequency before the median class 

f = frequency of the median class  

h = size of the median class 

 For example:  

For Ungrouped data  

Calculate Median for: 22, 18, 19, 24, 19, 21, 20 

Arrange the numbers in ascending order: 18, 19, 19, 20, 21, 22, 24 

Finding the middle value by dividing the sequence into halves. 18, 19, 19, 20, 21, 22, 24 

Median here is 20.  

Or:  

Position of the median can be found by:  

Position of the median =
7 + 1

2
=  4𝑡ℎ𝑖𝑡𝑒𝑚 

The 4th item in the array is 20 

Method 1: For Grouped Data 

Monthly Salary 
(Rs 000) 

Number of 
people (f) 

Cumulative 
frequency 
distribution 

 

5 and under 10 2 2  

10 and under 15 15 17  

15 and under 20 18 35 Median Class 

20 and under 25 12 47  

25 and under 30 2 49  

30 and over 1 50  

A diagram representing above data with annual salary on x-axis and cumulative frequency on y-axis can be 
drawn. This is known as Ogive. 

Ogive focuses on cumulative frequency and is helpful in finding how many data values are below certain level of 
salary. 
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Ogive can be constructed as follows:  

 

Median = 17(perhaps 17.2) 

Method 2: For Grouped Data  

Position of the median =
∑ 𝑓

2
=

50

2
= 25𝑡ℎ item 

This places into the “15 and under 20” class 

Therefore,  

L = 15, ∑ f= 50, cf=17, 7=18 and h=5 

Therefore, the median is: 

𝑚𝑒𝑑𝑖𝑎𝑛 = 𝐿 + [
(

∑ f
2

− 𝑐𝑓)

𝑓
] × ℎ 

𝑚𝑒𝑑𝑖𝑎𝑛 = 15 + [
(

50
2

− 17)

18
] × 5 

𝑚𝑒𝑑𝑖𝑎𝑛 = 15 + [
(25 − 17)

18
] × 5 

15 + (
8

18
) × 5 = 17.2 

Median for Discrete data  

 Example: 

Five coins are tossed 100 times the frequency distribution of the number of heads on coins is  

No of Heads 0 1 2 3 4 5 

Frequency 10 23 30 15 17 5 
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 Solution: 

X F C.F 

0 10 100 

1 23 10+23=33 

2 30 33+30=63 

3 15 63+15=78 

4 17 78+17=95 

5 5 95+5=100 

median= (∑ 𝑓 + 1)/2 𝑡ℎ  𝑣𝑎𝑙𝑢𝑒 

                =(100+1)/2=50.5th Find in cumulative frequency the 50th and 51st  values. Both values lie in front of X 
value 2, so median in this case shall be 2. 

Mode 

This is the most frequently occurring value (or the highest frequency in grouped data). There may be more than 
one mode, or there may be no mode at all. 

In Grouped data, mode can be estimated using the formula. In addition, a histogram can be constructed to find 
the mode of a grouped frequency distribution. This is found by drawing two straight lines: 

• From the top left hand corner of the modal class to the top left hand corner of the class above it; 

• From the top right hand corner of the modal class to the top right hand corner of the class below it. 

A vertical line is drawn straight down to the x axis where these two lines cross. The mode is where this vertical 
line hits the x axis. 

 Formula:  

𝑚𝑜𝑑𝑒 = 𝐿 + [
(𝑓𝑚 − 𝑓1)

(𝑓𝑚 − 𝑓1) + (𝑓𝑚 − 𝑓2) 
] × ℎ 

Where:  

L = Lower boundary of the median class.  

fm= Frequency of the modal class  

f1 = frequency of the class before the modal class 

f2 = frequency of the class after the modal class 

h = size of the modal class 
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 For example:  

Identify mode for: 22, 18, 19, 24, 19, 21, 20 

Mode = 19 

For Grouped data: modal class is the one with the highest frequency.  

Monthly Salary 

(Rs 000) 

Number of people  

5 and under 10 2  

10 and under 15 15  

15 and under 20 18 Modal Class 

20 and under 25 12  

25 and under 30 2  

30 and over 1  

L = 15, fm = 18, f1 = 15, f2 = 12, h = 5 

𝑚𝑜𝑑𝑒 = 𝐿 + [
(𝑓𝑚 − 𝑓1)

(𝑓𝑚 − 𝑓1) + (𝑓𝑚 − 𝑓2) 
] × ℎ 

𝑚𝑜𝑑𝑒 = 15 + [
(18 − 15)

(18 − 15) + (18 − 12) 
] × 5 

𝑚𝑜𝑑𝑒 = 15 + [
(3)

(3) + (6) 
] × 5 

𝑚𝑜𝑑𝑒 = 15 + [
3

9 
] × 5 

𝑚𝑜𝑑𝑒 = 15 + 1.6667 

𝑚𝑜𝑑𝑒 = 16.667 

 For example:  

For mode using histogram,  
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16
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The mode is about 17. This is found by: 

• Drawing straight line from the top left hand corner of the modal class to the top left hand corner of the class 
above it. 

• Drawing straight line from the top right hand corner of the modal class to the top right hand corner of the 
class below it. 

• A vertical line is drawn straight down the x-axis where these two lines cross. The mode is where this vertical 
line hits the x-axis. 

Mean or Averages 

The arithmetic mean is a mathematical representation of the typical value of a series of numbers. It is computed 
as the sum of the numbers in the series divided by the count of numbers in that series.  

For Grouped data, the mean can be calculated by multiplying the midpoints with the class frequencies and 
dividing it by sum of all frequencies.  

 Formula: 

For Ungrouped data  

𝑥̅ =
∑ 𝑥

𝑛
 

Where:  

𝑥̅ = mean 

𝑛 = number of items 

∑ 𝑥 = the sum of all values of x 

For Grouped data:  

𝑥̅ =
∑ f𝑥

∑ f
 

 

Where: 

𝑥̅= mid point of the class  

f = number of incidences in a class 

The mean need not be one of the values found in the series. In fact it might not even be a round number. 

The mean is usually taken as the best single figure to represent all the data. 

Properties of Arithmetic mean: 

i. Sum of deviations taken from mean is always equal to zero 

ii. Sum of square of deviations taken from mean is always least  

iii. If n1 values have mean 𝑥̅1 ,n2 values have mean 𝑥̅2 ,n3 vlaues having mean 

𝑥̅3 𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑚𝑒𝑛𝑎 𝑜𝑓 𝑐𝑜𝑚𝑏𝑖𝑛𝑒𝑑 𝑣𝑎𝑙𝑢𝑒𝑠 𝑠ℎ𝑎𝑙𝑙 𝑏 𝑒𝑙𝑖𝑘𝑒 𝑡ℎ𝑖𝑠  

iv. 𝑥̅𝐶 =
𝑛1𝑥̅1+𝑛2𝑥̅2+𝑛3𝑥̅3±−−−∓𝑛𝑘𝑥̅𝑘

𝑛1+𝑛2+𝑛3….𝑛𝑘
 

v. Mean of constant values is constant  

vi. Mean is affected by change of origin and scale  

Mean (x+c)=Mean(x)+c 

Mean (x-c)=mean (x)-c 

Mean (cx)= c mean (x) 

Mean( 
𝑥

𝑐
)=

Mean(x)

𝑐
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 For example:  

For Ungrouped data  

Calculate mean for: 22, 18, 19, 24, 19, 21, 20 

𝑥̅ =
∑ 𝑥

𝑛
 

𝑥̅ =
22 + 18 + 19 + 24 + 19 + 21 + 20

7
 

=
143

7
 

= 20.4 

For Grouped Data: 

Monthly Salary 

(Rs 000) 
Midpoint of class (x) Number of people (f) fx 

 x f  

5 and under 10 7.5 2 15 

10 and under 15 12.5 15 187.5 

15 and under 20 17.5 18 315 

20 and under 25 22.5 12 270 

25 and under 30 27.5 2 55 

30 and over (closed at 35) 32.5 1 32.5 

  50 875 

𝑥̅ =
∑ f𝑥

∑ f
=

875

50
= 17.5 

Combined Arithmetic Mean  

For several groups of data, the combined mean is not as straightforward as it might sound. It is not a case of 
simply taking each mean, adding them up and dividing by the number of means as we would when we usually 
calculate the arithmetic mean. This is because this approach ignores the different sample sizes that gave rise to 
each mean. To use an extreme example to illustrate this suppose there were two groups of students. The first 
group consisted of 100 students all of whom achieved a mark of 50% in an exam. The second “group” was one 
student who achieved 100% on the same exam. Clearly the mean mark for all students is not the mean of the two 
means (75%). 

The formula required to calculate combined means would be as follows:  

 Formula:  

=
(MeanA × nA) + (MeanB × nB)

nA + nB

 

Where: 

nA = number of observations in group A 

nB = number of observations in group B 
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 For example:  

The following information is about the average marks achieved by two groups of students in the same exam 

 Group A Group B 

Number of students 1,200 400 

Mean score 60 70 

(MeanA × nA) + (MeanB × nB)

nA + nB

 

(60 × 1,200) + (70 × 400)

1,200 + 400
 

72,000 + 28,000

1,600
=

100,000

1,600
= 62.5 

Weighted arithmetic mean 

The weighted arithmetic mean is similar to an arithmetic mean, but instead of each of the data points contributing 
equally to the final average, some data points contribute more than others.  

The weighted arithmetic mean is computed by taking into account the relative importance of each item. The 
weighting is assigned to each number under consideration, to reflect the relative importance of that number 
according to a required criterion. 

 Formula: 

𝑥̅ =
∑ w𝑥

∑ w
 

Where: 

𝑥 = Value of the item 

w = Weight of the item 

 For example: 

A university screens students for entrance by assigning different weights to the students’ exam scores. 

The following table shows the marks of two students along with the weighting the university assigns to the exam 
subjects 

Subject Weighting Student A Student B 

Maths 5 20 70 

Science 4 50 80 

Geography 2 80 50 

Art 0 70 20 

Total 11 220 220 

Arithmetic mean  55 55 
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Weighted arithmetic mean: 

Student A (5 × 20) + (4 × 50) + (2 × 80) + (0 × 70)

11
 

 100 + 200 + 160 + 0

11
=

460

11
= 42 

Student B (5 × 70) + (4 × 80) + (2 × 50) + (0 × 20)

11
 

 350 + 320 + 100 + 0

11
=

770

11
= 70 

Geometric mean 

The geometric mean is useful whenever several quantities are multiplied together to arrive at a product. It can 
be used, for example, to work out the average growth rate over several years.  

If a property increased in value by 10% in year 1, 50% in year 2 and 30% in year 3 the average growth rate 
cannot be calculated as the arithmetic mean of 30%. 

This is because the value of the property in the first year was multiplied by 1.1 and this total was then multiplied 
by 1.5. 

The geometric mean calculates the average growth (compounding rate) over the period. 

 Formula:  

𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑚𝑒𝑎𝑛 

= √𝑥1 × 𝑥2 × 𝑥3 … … . 𝑛𝑛
 

Where: 

n = number of terms in the series (e.g. years of 
growth) 

𝑥 = Numbers used to multiply the starting value 
(with percentage increases these values are 1 + the 
percentage growth rate in each year). 

𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑚𝑒𝑎𝑛 

= √
𝑣𝑎𝑙𝑢𝑒 𝑎𝑡 𝑒𝑛𝑑 𝑜𝑓 𝑝𝑒𝑟𝑖𝑜𝑑 𝑜𝑓  𝑛 𝑦𝑒𝑎𝑟𝑠

𝑣𝑎𝑙𝑢𝑒 𝑎𝑡 𝑠𝑡𝑎𝑟𝑡

𝑛

 

Where:  

n = number of terms in the series (e.g. years of growth) 

 For example: 

If a property increased in value by 10% in year 1, 50% in year 2 and 30% in year 3 

√𝑥1 × 𝑥2 × 𝑥3 … … . 𝑛𝑛  

√1.1 × 1.5 × 1.3
3

 

√2.145
3

= 1.28966 or 1.29 

Therefore, the average growth rate over the three-year period = 29% 

As for the formula 2: Let the value at the start = 100, then the value at the end would be calculated as:  

= 100 × 1.1 × 1.5 × 1.3 = 214.5 
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This can be used for the calculation of Geometric mean 

√
value at end of period of  n years

value at start

n

 

√
214.5

100

3

= 1.2896 𝑜𝑟 1.29 

The second method is useful when you are given actual values at each point in time rather than year by year 
growth rates. 

Harmonic mean 

This mean is the number of observations divided by the sum of the reciprocals of the values of each observation.  

It is not used much but is useful in working out average speeds. 

 Formula: 

Harmonic mean =  
n

∑
1
𝑥

 

Where: 

n = number of items 

𝑥 = values of items 

 For example: 

A lorry drove from Karachi to Lahore at an average speed of 60 kilometres per hour and back at an average speed 
of 40 kilometres per hour. 

What was the average speed of the journey? 

Harmonic mean =  
n

∑
1
𝑥

 

Harmonic mean =  
2

1
60

+
1

40

=
2

0.04167
= 48 

The average speed over the whole journey was 48 kilometers per hour 

Empirical relationship among mean ,median and mode 

(Mean – Mode) = 3(mean – median) 

  



CHAPTER 8: STATISTICAL MEASURES OF DATA  PRC 3: BUSINESS AND ECONOMIC INSIGHTS 

 

236 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

Table comparing the Various Averages 

 A.M G.M H.M Median Mode 

Calculations 
takes into 
account 

All values All values All values Middle value only Value of 
highest 
frequency 

Applied to 
the same 
data 

Greater than G.M 
and H.M 

Larger than 
H.M but 
smaller than 
A.M 

Smaller than 
G.M and A.M 

Between A.M and 
Mode 

May be larger 
or smaller 
than A.M or 
median. 

Extreme 
values have 

Greatest effect Less effect 
than A.M but 
more than 
H.M 

Least effect No effect No effect 

One value is 
zero 

Can be calculated Cannot be 
calculated 

Cannot be 
calculated 

Can be calculated Can be 
calculated 

One value is 
negative 

Can be calculated Cannot be 
calculated 

Cannot be 
calculated 

Can be calculated Can be 
calculated 

Usage Most commonly 
used among all the 
measures of central 
tendency. When 
there is no reason to 
use any other 
average, it is used 

When rate 
of growth or 
decline 
required. 

Rate of the 
form distance 
per unit time 
and distance is 
constant. 

When 
representative 
value is required 
and distribution is 
asymmetric. 

When most 
frequently 
occurring 
value is 
required 
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2 MEASURES OF DISPERSION 

Knowledge of the measures of central tendency are helpful to an extent, however they give no indication of the 
degree of clustering around that value. The variability in the data can provide deeper insights.  

 For Example: 

Match I II III IV Total Average 

Player I 0 50 20 150 220 55 

Player II 60 70 40 50 220 55 

The above table shows the scores of two batsmen in four innings for the same team. Although their total scores 
and averages are same but still there is difference between their consistency in four innings. Measure of central 
tendency are not capable to explain the consistency in the dataset. For this purpose, we calculate measure of 
dispersion.  

Following are two measures that might be used to provide such information: 

a) ABSOLUTE MEASURE OF DISPERSION 

b) RELATIVE MEASURE OF DISPERSION 

ABSOLUTE MEASURE OF DISPERSION  

These are the statistical tools used to describe the spread or variability in the dataset using its original units, 
irrespective of data size and scale. These measures give an idea about deviation of each value in the dataset from 
its central value (such as mean or median). Main absolute measure of dispersion are range, inter-quartile range, 
variance and standard deviation. 

RELATIVE MEASURE OF DISPERSION 

These measures are used to compare variability of the different dataset with different scales or units. The main 
relative measure of dispersion is coefficient of variation that is the ratio of standard deviation to the mean, 
expressed as percentage.  

In nutshell, absolute measures give you the raw spread in the dataset while relative measures allow you to 
compare the variability in the different dataset. 

Range 

The range is simply the difference between the highest and lowest value in a distribution.  

For grouped data range can be calculated by taking the difference between the “upper limit of the last interval 
and the lower limit of the first interval”1. 

Range is simple to calculate and easy to understand. However, it is distorted by extreme values. 

 Formula:  

Range = n(max) – n (min) 

 For example:  

For Ungrouped data 

The following are the ages of 7 students: 

22, 18, 19, 24, 19, 21, 20 

 
1 Ott, R.L. & Longnecker, M. (2010). An Introduction to Statistical Methods & Data Analysis. Seventh Edition. Cengage 
Learning. Pg. 91 
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Age range = 24 - 18 = 6 years 

For Grouped Data: 

Monthly Salary (Rs 000) Number of people 

5 and under 10 2 

10 and under 15 15 

15 and under 20 18 

20 and under 25 12 

25 and under 30 2 

30 and over 1 

If the last class closed off at 35 (to create a class, the same size as the others). 

Range = 35 - 5 = 30  (i.e. Rs 30,000) 

Inter-quartile range: 

The Inter-quartile range is the range of the middle 50% of the data i.e. those range in values of items that are in 
between Q1 and Q3 or between 75th and 25th percentile.  

Semi interquartile range is half of inter-quartile range.  

When the data is concentrated about the median then the interquartile range can be misleading. This is because 
it ignores the extremes in dataset2. The semi inter-quartile range is useful, if a distribution is skewed (i.e. 
asymmetrical about the mean). When it is used it is usually used with the median (which is Q2) as a pair of 
measures (average and dispersion). 

 Formula: 

Interquartile Range = Q3 – Q1 or 75th percentile – 25th percentile 

𝑆𝑒𝑚𝑖 𝑖𝑛𝑡𝑒𝑟𝑞𝑢𝑎𝑟𝑡𝑖𝑙𝑒 𝑟𝑎𝑛𝑔𝑒 =  
𝑄3 − 𝑄1

2
 

Where: 

Q3 is the third quartile (upper quartile) and 

Q1 is the first quartile (lower quartile). 

 For example:  

Monthly Salary 
(Rs 000) 

Number of people (f) Cumulative frequency distribution 

5 and under 10 2 2 

10 and under 15 15 17 

15 and under 20 18 35 

20 and under 25 12 47 

25 and under 30 2 49 

30 and over 1 50 

 
2 Ott, R.L. & Longnecker, M. (2010). An Introduction to Statistical Methods & Data Analysis. Seventh Edition. Cengage 
Learning. Pg. 95 
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The ogive is as follows: 

 

There are 50 items so Q1 is the value of the 12.5th item and Q3 is the value of the 37.5th item. 

These can be read off (very approximately) as Q1 = 13.5 and Q3 = 21 

Semi interquartile range =
Q3 − Q1

2
=

21 − 13.5

2
= 3.75 

Variance: 

Another measure of variability that takes into account for the whole dataset is variance.  

The deviation from the mean and the observations are calculated. Deviations can be positive or negative 
depending upon observations above and below mean respectively. The average of the squared deviations is 
called variance.  

 Formula:   

For Ungrouped Data:  

Variance (σ2) 𝑜𝑟 s2 =
∑(𝑥 − 𝑥̅)2

n
 

Where: 

n = number of items in the sample 

𝑥 = variable or observations  

𝑥̅= observation mean 

For Grouped Data:  

𝑠2 =
∑ 𝑓𝑥2

∑ 𝑓
− (

∑ 𝑓𝑥

∑ 𝑓
)

2

 

Where: 

𝑥 = mid-point of a class  

f = frequency of a class 

  
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 For example:   

Find Variance for the given dataset: 41, 68, 40, 28, 22, 41, 30, 50 

n = 8 

x (x − 𝒙 ) (x − 𝒙)2 

41 1 1 

68 28 784 

40 0 0 

28 -12 144 

22 -18 324 

41 1 1 

30 -10 100 

50 10 100 

320 0 1,454 

𝑥̅ =
∑ 𝑥

n
=

320

8
= 40 

𝑠2 =
∑(𝑥 − 𝑥̅)2

n
=

1,454

8
= 181.75 

Find Variance for the given distribution: 

Weekly sales (Units) Number of weeks 

0 to under 100 8 

100 to under 200 17 

200 to under 300 9 

300 to under 400 5 

400 to under 500 1 

 

Weekly sales (Units) Mid-point (x) Number of weeks (f) fx fx2 

0 to under 100 50 8 400 20,000 

100 to under 200 150 17 2,550 382,500 

200 to under 300 250 9 2,250 562,500 

300 to under 400 350 5 1,750 612,500 

400 to under 500 450 1 450 202,500 

 1,250 40 7,400 1,780,000 
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𝑥̅ =
∑ f𝑥

∑ f
=

7,400

40
= 185 

s2 =
∑ f𝑥2

∑ f
− (

∑ f𝑥

∑ f
)

2

 

s2 =
1,780,000

40
− (

7,400

40
)

2

 

s2 = 44,500 − (185)2 

s2 = 44,500 − 34,225 

s2 = 10,275 

Standard Deviation 

The square root of variance is called standard deviation.  

The measures of variation are around the mean and are used with arithmetic mean as a pair of summary 
measures to describe distribution of a dataset.  

 Formula:   

For Ungrouped Data:  

s = √
∑(𝑥 − 𝑥̅)2

n
 

For Grouped Data:  

𝑠 = √
∑ 𝑓𝑥2

∑ 𝑓
− (

∑ 𝑓𝑥

∑ 𝑓
)

2

 

 For example:  

Standard deviation of six numbers: 50, 51, 48, 51, 49, 51 can be found by: 

x (x − 𝒙) (x − 𝒙)2 

50 0 0 

51 1 1 

48 -2 4 

51 1 1 

49 -1 1 

51 1 1 

300 0 8 

n = 6 

𝑥̅ =
∑ 𝑥

n
=

300

6
= 50 

s = √
∑(𝑥 − 𝑥̅)2

n
= √

8

6
= 1.154 
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Mean and standard deviation of the following distribution can be found by:  

Number of goals scored per hockey match (x) 
Number of matches (f) fx fx2 

0 8 0 0 

1 7 7 7 

2 3 6 12 

3 1 3 9 

4 1 4 16 

 20 20 44 

𝑥̅ =
∑ f𝑥

∑ f
=

20

20
= 1 

s = √
∑ f𝑥2

∑ f
− (

∑ f𝑥

∑ f
)

2

= √
44

20
− (

20

20
)

2

= 1,095 goals 

Coefficient of variation 

The coefficient of variation is a measure of relative dispersion that expresses standard deviation in terms of the 
mean. The aim of this measure is to allow comparison of the variability of two sets of figures. 

 Formula: 

Coefficient of variation =
s

𝑥̅
× 100 

 For example: 

A class of children sat 2 exams (one was marked out of 20 and the other was marked out of 100).  The results 
were as follows: 

 Test 1 Test 2 

Maximum possible mark 20 100 

Mean (𝑥̅) 12 64 

Standard deviation (σ) 3 10 

Coefficient of variation 

Test 1: =
s

𝑥̅
× 100 =

3

12
× 100 = 25% 

Test 2: =
s

𝑥̅
× 100 =

10

64
× 100 = 15.625% 

Test 1 results have the highest relative dispersion. 

Note:  

The lesser value of CV ,greater level of precision. 

The lesser the value of CV, the more uniform is the data or more consistenet in the performance. 
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Properties of Standard Deviation and Variance 

1. Standard deviation and variance of Constant Value is Zero SD(C) = 0 Var (C) 0 Where 'C' is any constant 

2. Standard deviation and variance are independent of change of origin 

SD(x ± C) = SD(x)  

Var (X ± C) = Var (x) 

3. Standard deviation and variance are affected by change of scale 

 SD(CX) = |C| * SD(x)  

SD(x/c) = SD(x)/|C| 

 Var (cx)  = C² Var (x) 

VAR(x/c) = VAR(x)/C2 

4. If distribution is symmetrical, then 68.27% values lie between X - S and X + S limits 95.45% values lie 
between X-2S and X + 2S limits 99.73% values lie between X - 3S and X + 3S limits 

Measures compared 

Measure Advantages Disadvantages 

Mean 

Uses every value in the distribution. Can be distorted by extreme values when 
samples are small. 

Used extensively in other statistical 
applications. 

The mean of discrete data will usually result in 
a figure that is not in the data set. 

Median 

Not influenced by extreme values. Little use in other applications. 

Is an actual value (as long as there is an 
odd number of observations). 

 

Mode Is an actual value. Little use in other applications. 

Range Easy to calculate and understand Distorted by extreme figures 

Semi inter-
quartile deviation 

Easy to calculate and understand Does not take all figures into account. 

 Does not give any insight into the degree of 
clustering 

Standard 
deviation 

Uses all values Difficult to understand 

Very useful in further applications Difficult to calculate (but perhaps this is no 
longer true due to programmes like excel) 

Variance 

Can be used to find the standard 
deviation of a distribution 

 

Useful in further applications  

Skewness and measures of central tendency:  

Skewness with respect to the shape of distribution was discussed in the earlier section. In comparing the 
measures, generally, if the shape is 

• perfectly symmetric, the mean equals the median. 

• skewed to the left/negative, the mean is smaller than the median. 

• skewed to the right/positive, the mean is larger than the median.  
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Box and whisker plots 

A box plot is a visual representation of data clustered around some central value using a box drawn to 
incorporate median and quartiles values with whiskers extended to show the range of the data. It is usually 
drawn alongside a numerical scale.  

The box in the boxplot encloses lower Quartile (Q1) to the upper Quartile (Q3) containing central 50% of the 
distribution3. Dividing line within the box is the median. The extending lines from each side are called whiskers.  

 Illustration:  

 

Constructing the plot:  

• Arrange the data in ascending order. 

• Identify the median that separates the data into dataset below and above it.  

• Identify the top points of the first and third quartile (the medians of each half labelled Q1 and Q3). Medians 
in each data set (below and above the median value) is calculated.  

• Construct an appropriate scale and draw in lines at M, Q1 and Q3 and the maximum and minimum values.  

• Complete the box by drawing lines to join the tops and bottoms of the Q1 and Q3 lines. 

• Draw lines (whiskers) from each end of the box to the maximum and minimum lines. 

Data set 86, 102, 78, 90, 88 98, 100, 94, 82, 92, 88, 86, 96, 88, 84, 90, 88 

Ascending order  78, 82, 84, 86, 86, 88, 88, 88, 88, 90, 90, 92, 94, 96, 98, 100, 102 

Median (M) The 9th term = 88. 

Finding Q1 and 
Q3 

 M  

78, 82, 84, 86, 86, 88, 88, 88 88 90, 90, 92, 94, 96, 98, 100, 102 

Q1 =
86 + 86

2
= 86 

 
Q3 =

94 + 96

2
= 95 

 

Scale 

 

 
3 Agresti,A., Franklin, C., & Klingenberg, B. (2018). Statistics. The Art and Science of Learning from Data. Fourth Edition. Global 
Edition. With contributions by Michael Posner. (pg. 96) 
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Boxplot  

 

Whiskers  

 

• Degree of skew: When the degree of skewness is 0 the distribution is symmetrical. Positive and negative 
value corresponds to positive (right) and negative (left) skewed distribution.  

- Pearson’s Coefficient of skewness can be determined using the formula:  

Sk =
3(Mean − Median)

Standard deviaton
 

Where: Sk = Coefficient of skewness 

 Illustration:  
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STICKY NOTES 

 

 

 

 

 

 

 

 

 

 
 

                             

The median is the middle value when the data is arranged in ascending or 
descending order. 

 
For ungrouped data:  Position of the median=(n+1)/2 

For Grouped data:   𝒎𝒆𝒅𝒊𝒂𝒏 = 𝑳 + [
(

∑ 𝒇

𝟐
−𝒄𝒇)

𝒇
] × 𝒉 

Mode is the most frequently occurring value (or the highest frequency in 
grouped data). There may be more than one mode, or there may be no mode 

at all. 

Formula for grouped data:  𝒎𝒐𝒅𝒆 = 𝑳 + [
(𝒇𝒎−𝒇𝟏)

(𝒇𝒎−𝒇𝟏)+(𝒇𝒎−𝒇𝟐) 
] × 𝒉 

 

The arithmetic mean is a mathematical representation of the typical value of 
a series of numbers. It is computed as the sum of the numbers in the series 

divided by the count of numbers in that series.  

For Ungrouped data:    𝑥̅ =
∑ 𝑥

𝑛
 

For Grouped data:      𝑥̅ =
∑ 𝑓𝑥

∑ 𝑓
 

 

The range is simply the difference between the highest and lowest value in a 
distribution.  

The deviation from the mean and the observations are calculated. Deviations 
can be positive or negative depending upon observations above and below 

mean respectively. The average of the squared deviations is called variance.  

For Ungrouped Data:  Variance (σ2) 𝑜𝑟 s2 =
∑(x−x̅)2

n
 

For Grouped Data:   𝑠2 =
∑ 𝑓𝑥2

∑ 𝑓
− (

∑ 𝑓𝑥

∑ 𝑓
)

2

 

The square root of variance is called standard deviation.  

For Ungrouped Data: s = √
∑(x−x̅)2

n
 

For Grouped Data:  𝑠 = √
∑ 𝑓𝑥2

∑ 𝑓
− (

∑ 𝑓𝑥

∑ 𝑓
)

2
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SELF-TEST 

1. Any numerical value describing a characteristic of a sample is called:          

a) Sample mean   

b) Sample variance  

c) Statistic   

d) None of these    

2. If each observation is increased by 5, the mean of new set of observations will: 

a) Increase by 5  

b) Decease by 5 

c) Remain unchanged  

d) None of these   

3. If each observation is multiplied by 5, the mean of new set of observations will:                                                                             

a) Increase by 5 times  

b) Divided by 5 times 

c) Remain unaltered    

d) None of these  

4. If each observation is divided by 10, the mean of new set of observations will:                                                                                                                        

a) Decrease by 10 times   

b) increase by 10 times 

c) Remain unchanged    

d) None of these    

5. The middle most value of arranged set of observations is known as:          

a) Mode   

b) Median 

c) Mean 

d) None of these   

6. The unit of measurement of coefficient of variation of speed of balls bowled by a bowler is:                     

a) Feet per second   

b) Yards per second 

c) Neither (a) nor (b)  

d) Both (a) as well as (b)     

7. A family travels 500 kms each day for 3 days. The family averages 80 kms per hour the first day, 93 kms per 
hour the second day, 87 kms per hour the third day. The average speed for the entire trip is:                                                           

a) 87 kms \Hr   

b) 85 kms \Hr 

c) 86.33 kms \Hr  

d) None of these   
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8. The average preferred, to such data as rates of change in ratios, economic index numbers, population sizes over 
consecutive time periods, is:                     

a) Arithmetic mean (b) 

b) Geometric mean 

c) Harmonic mean  

d) None of these    

9. Over a period of 4 years, an employee’s salary has increased in the ratios, 1.072, 1.086, 1.069 and 1.098. The 
average of these ratios and hence the average percent increase are:                                                                                         

a) 1.08125 and 8.125%   

b) 1.086 and 8.6% 

c) 1.08119 and 8.12%   

d) None of these 

10. Median of 82, 86, 93, 92, 79 is:                                                                           

a) 86   

b) 93 

c) 
93+92

2
  

d) None of these    

11. Median of 2.5, 3.6, 3.1, 4.3, 2.9, 2.3 is:                                                           

a) Does no exist  

b) 2.9 

c) 3  

d) None of these 

12. The value which occurs most or the value with the greatest frequency is called: 

a) Mode  

b) 𝑄3 

c) 𝑄1   

d) None of these    

13. Mode of 2.5, 3.6, 3.1,  4.3, 2.9, 2.3 is:                                                              

a) 4.3  

b) 
3.1+4.3

2
 

c) Does not exist   

d) None of these    

14.  The real ____________ of the mean is that it may be affected by extreme values. 

a) Advantage   

b) Disadvantage  

c) Choice   

d) None of these  
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15. The median is _______ by extreme values and gives a truer average.           

a) Not influenced   

b) Influenced  

c) Affected   

d) None of these    

16. It is the only average that can be used for qualitative as well as quantitative data: 

a) Mean  

b) Mode  

c) Median   

d) None of these   

17. A car averages 20 kilometres per litre on the highway. How many litres are required to complete 300 kilometre 
trip?                                                          

a) 60  

b) 25 

c) 15  

d) None of these   

18. A person invests Rs. 5,000/= at 10.5% interest, Rs. 6,300/= at 10.8% and Rs. 4,500 at 11%. What is the average 
percentage return to the saving?                         

a) 10.762%   

b) 10.8% 

c) 10.766% 

d) 10.666%    

19. What is the average for a student who received grades of 85, 76 and 82 on 3 mid term tests and a 79 on the 
final examination, if the final examination counts 3 times as much as each of the three tests?                                                        

a) 81  

b) 80 

c) 80.5   

d) None of these    

20. Three sections of a statistics class containing 28, 32 and 35 students averaged 83, 80 and 76 respectively. What 
is the average of all 3 sections?                    

a) 79.41  

b) 79.67 

c) 80  

d) None of these    

21. The sum of the deviations of a given set of observations from their mean is always:                                             

a) Zero    

b) Less than mean 

c) Greater than mean 

d) None of these   



CHAPTER 8: STATISTICAL MEASURES OF DATA  PRC 3: BUSINESS AND ECONOMIC INSIGHTS 

 

 

250 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

22. If ∑(𝑥 − 7) = 0, then 𝑥̅ = _________ .                                                       

a) 8   

b) 7 

c) 5 

d) None of these    

23. The sum of the squares of deviations of a given set of observations from their mean is always:                                   

a) More than zero   

b) Zero  

c) Less than zero  

d) (d)Less than Mean    

24. The average daily sale and the related standard deviation of Ali, Atif, Ahmed and Azeem in thousands of Rupees 
are 41 & 4.3, 36 & 3.2, 26 & 2.9 and 24 & 2.5 respectively, then the most inconsistent among them is:                                                        

a) Ali  

b) Atif 

c) Ahmed   

d) Azeem 

25. If for two observations, deviations from mean are -3 and +3 respectively, then the variance is:                                                                                                         

a) 0   

b) Does not exist 

c) 9  

d) None of these  

26. The positive square root of variance is called:                                            

a) Mean deviation  

b) Standard deviation  

c) Mean deviation from mean   

d) None of these    

27. The co-efficient of variation of 3 numbers i.e. x, x+4 and x+11 is y. If x is increased, the value of y would:                              

a) Decrease  

b) Increase with the same amount 

c) Increase in the same ratio  

d) Remain the same  

28. For the observations 7, 7, 7, mean and variance are respectively:                     

a) 0 and 7   

b) 7 and 0 

c) 7 and 49  

d) None of these 
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29. If the variance of 2, 5, 7, 10 and 14 is 17.04 then the variance of 5, 8, 10, 13 and 17 is:                                                                                                                 

a) 17.04  

b) 20.04 

c) 51.12   

d) None of these  

30. If some constant is added to each observation of a given set of data then the variance will:                                                                                                 

a) Increase by that constant  

b) Decrease by that constant 

c) Remain unchanged   

d) None of these 

31. If some constant is subtracted from each observation of the given set of data, variance will:                                                                                                  

a) Decrease by the that constant   

b) Increase by that constant 

c) Remain unchanged   

d) None of these    

32. If each observation of the given set of data is multiplied by a constant x, then the variance will:                                                                                                   

a) Increase by 𝑥 times   

b) Decrease by 𝑥 times 

c) Increase by 𝑥2 times   

d) None of these 

33. If each observation of the given set of data is divided by a constant x, then the variance will:                                                                                            

a) Decrease by 𝑥 times   

b) Increase by 𝑥 times 

c) Decrease by 𝑥2 times   

d) None of these     

34. For the values -2, -5, -7, -10 and -14 the variance is:                                

a) -17.04  

b) +17.04 

c) -8.54   

d) None of these    

35. If the variance of a given set of observations is 81, the standard deviation is:   

a) ±9   

b) +9 

c) -9 

d) None of these 
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36. The 50th percentile, fifth decile, second quartile and median of a distribution are: 

a) Unequal   

b) Equal  

c) Approximately equal   

d) None of these     

37. The measure of variation which measures the length of interval that contains the middle 50% of data is known 
as:                                                                 

a) Quartile-deviation   

b) Semi-inter quartile range 

c) Inter-quartile range   

d) None of these  

38.  Statistical measures which define the centre of a set of data are called:           

a) Median    

b) Measures of data 

c) Measures of central tendency   

d) None of these   

39. Statistical measures which provide a measure of variability among the observations are called:                                                                                     

a) Quartiles   

b) Measures of dispersion  

c) Co-efficient of variation  

d) None of these     

40. Arithmetic mean for a set of data with six observations was calculated as 30, however during data input an 
observation valuing 31 was considered 13 by mistake. Compute correct value of mean 

a) 30 

b) 33 

c) 36  

d) 39   

41. Which of the following is/are correct? 

(1)   The formula of arithmetic mean is: sum of the observations / total number of observations. 

(2)   The algebraic sum of the deviations of the observations from their mean is always zero. 

(3)   Harmonic mean is not used in averaging speeds. 

42. Select one or more of the possible correct answers: 

(1)   Mode is that value which divides the sets of observations into two equal parts. 

(2)   Sum of squares of deviations of observations from their mean is minimum. 
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43. Select one or more of the possible correct answers: 

(1)   Coefficient of variation is independent of units and expressed in percentages 

(2)   Coefficient of variation is an absolute measure of dispersion. 

(3)   Coefficient of variation is a relative measure of dispersion. 

(4)   Coefficient of variation cannot be calculated when standard deviation and mean are available. 

44. Select one or more of the possible correct answers: 

(1)   Variance and standard deviation cannot be negative. 

(2)   Variance and standard deviation cannot be zero. 

(3)   Variance and standard deviation can be zero. 

(4)   Variance and standard deviation does not change if each value in data is multiplied by a constant. 

45. Select one or more of the possible correct answers: 

(1)   Range is the difference of highest and lowest observation in the data. 

(2)   Standard deviation is the positive square root of variance. 

(3)   Arithmetic mean of 7 and 9 is 8.5 

46. Select one or more of the possible correct answers: 

(1)   The weighted arithmetic mean is computed by taking into account the relative importance of each item. 

(2)   The geometric mean is useful  to work out the average growth rate over several years. 

(3)   Coefficient of variation is an absolute measure of dispersion. 

47. For the following data compute mean 

Number of goals Number of matches (frequency) 

0 5 

1 3 

2 2 

3 1 

a) 2.1   

b) 0.81 

c) 1.1 

d) 0.91    

48. For the following data compute standard deviation 

Number of goals Number of matches (frequency) 

0 5 

1 3 

2 2 

3 1 
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a) 0.9959  

b) 0.9121 

c) 0.8812   

d) 0.9359   

49. A person wants to calculate average growth rate in his property value over past few years. Which method of 
average is suitable 

a) Arithmetic mean  

b) Geometric mean 

c) Harmonic mean  

d) None of these    

50. Compute coefficient of variation for following data: 

Mean: 80 

Standard deviation: 20 

a) 400% 

b) 20% 

c) 80%  

d) 25%    

51. Arithmetic mean for a set of data with four observations is 50. Which of the following cannot be a possible 
value of observation? (if all observations are positive) 

a) 190  

b) 200 

c) 50  

d) 250    

52. Arithmetic mean for a set of data with four observations is 50. If all observations are positive, what would be 
the maximum possible value an observation can take? 

a) 200   

b) 50 

c) 250   

d) 400    

53. Arithmetic mean of three observations is 12. The observations are such that they have a common difference of 
2 between them. Compute median value. 

a) 12  

b) 10 

c) 14  

d) 36 
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54. Arithmetic mean of three observations is 15. The observations are such that they have a common difference of 
3 between them. If Unity is subtracted from mid value of these three observations find the mean after changes 

a) 15  

b) 14.67 

c) 16  

d) 18 

55. If the standard deviation of a and b, two observations is 2.5 then the standard deviation of a+3 and b+3 is: 

a) 2.5  

b) 5.5 

c) 0  

d) Cannot be determined with limited information    

56.  If the standard deviation of two observations a and b, is 2.5 then the standard deviation of 3a and 3b is: 

a) 5.5  

b) 7.5 

c) 0  

d) Cannot be determined with limited information     

57. A combined mean is simply a _____, where the weights are the size of each group. 

a) Weighted  

b) Geometric 

c) Harmonic  

d) None of the options are valid  

58. The mean of x is 70 and y = 3x + 10. The mean of y is:  

a) 140  

b) 220 

c) 150  

d) 210 

59. A class of 20 students had mean marks of 25. If there are 18 boys in the class with mean marks of 20. Compute 
total marks scored by the two girls. 

a) 140  

b) 70 

c) 150  

d) 18 

60. Arithmetic mean is always the best measure of central tendency (T/F) 

a)    True   

b) False   

c) Both  

d) None 
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61. The combined mean of three groups is 12 and the combined mean of first two groups is 3. If the first, second 
and third group has 2, 3 and 5 items respectively, then mean of the third group is: 

a) 10   

b) 21   

c) 12    

d) 13 

62.  If the geometric mean of x, 16, 50 be 20, then the value of x is:  

a) 40    

b) 20    

c) 10    

d) 4 

63. In the subject of Mathematics, the mean marks got by 275 students is 47. Of them the mean of  the top 75 students 
was found to be 59 and the mean of the last 100 was found to be 28. Find the mean of the remaining 100 students 
who are of average type. 

a) 56   

b) 58   

c) 59   

d) 57 

64. Lower quartile is equal to the: 

a)    30th Decile  

b) 25th Decile  

c) 25th Percentile   

d) 50th Percentile 
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ANSWERS TO SELF-TEST QUESTIONS 

1 2 3 4 5 6 

(c) (a) (a) (a) (b) (b) 

7 8 9 10 11 12 

(c) (b) (c) (a) (c) (a) 

13 14 15 16 17 18 

(c) (b) (a) (b) (c) (a) 

19 20 21 22 23 24 

(b) (a) (a) (b) (a) (c) 

25 26 27 28 29 30 

(c) (b) (d) (b) (a) (c) 

31 32 33 34 35 36 

(c) (c) (c) (b) (b) (b) 

37 38 39 40 41 42 

(c) (c) (b) (b) 1,2 2 

43 44 45 46 47 48 

1,3 3 1,2,3 1,2 (d) (a) 

49 50 51 52 53 54 

(b) (d) (d) (b) (a) (b) 

55 56 57 58 59 60 

(a) (b) (a) (b) (a) (a) 

61 62 63 64   

(b) (c) (d) (c)   
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CHAPTER 9 
   

INDICES 

  

 

 
AT A GLANCE 

Index numbers (indices) are used to measure changes over 
time, location or some other characteristics. These changes 
usually relate to price or quantity. 

Index numbers might be constructed in a relatively 
straightforward way by taking a list of values and choosing one 
as a base against which other values are compared. 
Alternatively, index numbers might be constructed in a 
complexed way, combining the price and quantity of many 
items. The retail price index is constructed in this way. 

Index numbers can be used to judge the effects of changes, such 
as price changes, in the past. They can also be used to predict 
the future, by forecasting what the index number will be at a 
future date. 

Various indices are explained in this chapter including 
Laspeyre and Paasche indices. 

 

 

IN THIS CHAPTER: 

AT A GLANCE 

SPOTLIGHT 

1. Index numbers 

2. Unweighted indices 

3. Weighted indices 

4. Inflation and deflation 

5. Purchasing power 

6. Nominal and real wages 

STICKY NOTES 

SELF-TEST 
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1. INDEX NUMBERS    

Index numbers are statistical devices that are used to express the relationship between quantitative variables. 
They can be used as measures of fluctuations within the economy or production.  

 For example:  

Consumer price indices (or Retail Price Indices – RPI) measure changes in price levels over time; and 

Stock Market Indices measure changes in a group of share prices over time (for example, the S&P 500 index 
measures changes in the prices of the top 500 shares traded in the USA). 

Uses of Index numbers:  

• At economic levels index numbers can be used to get feel of the economic tendencies, inflation and deflation. 
Government might choose the contents of the basket to reflect typical purchases in a society in order for the 
price index to provide a measure of inflation of relevance to government planning.  

• In formulating policies, indices can help vouch for any production or trade fluctuations  

• It can also help in exploring the trends prevailing at the market.  

• It can also be helpful in determining purchasing powers as well as real incomes of the people.  

Base Number and period:  

Indices are calculated with reference to a base number which is usually given a value of 100 or 1,000. All other 
numbers are calculated in relation to the base.  

A Base period number can be a relative period against which all other variables are compared. Selecting the base 
period is critical. Ideal base period should not be too far but should reflect stablity within the given variables.  

 For example:  

In Year 1 a base of 100 was set for a price index. This represents price levels at this time. 

The price index at Year 3 is 112.5 and Year 4 it is 118.1. 

Price increase between:  

Year 1 and Year 3 
(

112.5

100.0
) − 1 = 0.125 or 12.5% 

Year 1 and Year 4 
(

118.1

100.0
) − 1 = 0.181 or 18.1% 

Year 3 and Year 4 
(

118.1

112.5
) − 1 = 0.05 or 5.0% 

Types of Indices:  

There are three types of index number.  

1. Price Index Number: It measures the change in price of goods and service (or average change in prices of a 
basket of goods and services) over time. It shows how much prices have changed compared to a base period 
and helps us understnading the inflation or deflation. 

2. Quantity Index Number: It mesures the change in volume of goods and service (or average change in 
volume of goods and services) produced or consumed over time. It shows how much quantity of anything 
has changed compared to a base period. 
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3. Value Index Number: It measures the change in the total value of goods and service (or average change in 
the total value of goods and services) over time. It shows how much total value has gone up or down by 
considering both price chnages and quantity changes. 

Index 
Number 

  

Price Suzuki company has increased the price of Alto from Rs. 10,00,000 to 
Rs. 12,00,000 in 2015 comparing with 2012. So, price index will be  

(
12,00,000

10,00,000
) × 100

= 120% 

Quantity Suzuki company has increased the production of Alto from 800 cars 
to 1000 cars in 2015 comparing with 2012. So, quantity index will be  

(
1000

800
) × 100

= 125% 

Value Suzuki company sold the Alto cars worth Rs. 50 Crores in 2015 
comparing with sold in 2012 worth Rs. 35 Crores. So, value index will 
be 

(
50,000,000

35,000,000
) × 100

= 142.86% 

Constructing index numbers 

Main Steps involved in the Construction of general Price Index 

Purpose of Index 

This is the first step in the Construction of price Index and should be very clear that for what purpose the index 
is going to be constructed and what changes are to be measured 

Selection of Commodities 

There are hundreds of Commodities in the market but all are not taken into the list, because it involves 
complication expense and delay Therefore reasonable number of Commodities is selected There is no hard and 
fast rule for deciding the number Only those Commodities are taken in the list which are most commonly used 
by the people 

Collection of Price Quotations 

After preparing the list of popular commodities, next step is to collect the general price of all the commodities 
from big markets or price bulletins or news paper 

Selection of base period 

A period from which changes are measured is called base period There are two methods for selecting base period  

i. Fixed base Method 

ii. Chain base Method 

Fixed base Method 

In this method a particular year is chosen as the base period that remain unchanged during the life and we free 
from abnormalities like earthquake, famine, and lockouts etc. The index number under this method are computed 
as  

P=
𝑷𝒓𝒊𝒄𝒆𝒔 𝒊𝒏 𝒈𝒊𝒗𝒆𝒏 𝒚𝒆𝒂𝒓

𝒑𝒓𝒊𝒄𝒆𝒔 𝒊𝒏 𝒃𝒂𝒔𝒆 𝒚𝒆𝒂𝒓 
∗ 𝟏𝟎𝟎 

Chain Base Method: In this method the base period is not fixed but moves from year to yea .The relative prices 
computed under thus method are known as link relatives.  

Link relatives=
𝒑𝒓𝒊𝒄𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒚𝒆𝒂𝒓 

𝒑𝒓𝒊𝒄𝒆𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒑𝒓𝒆𝒄𝒆𝒆𝒅𝒊𝒏𝒈 𝒚𝒆𝒂𝒓 
∗ 𝟏𝟎𝟎 

The link relatives show year to year comparison with the previous year. These link relatives are converted back 
in to fixed base by applying the changing process. The index number obtained by this method is called as chain 
indices. 
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Selection of Suitable average 

The price Relatives or link Relatives of all the Commodities are averaged to find the Composite Numbers. We 
have five different types of average 

1. Arithmetic Mean 

2.  Geometric mean 

3. Harmonic Mean 

4. Median  

5. Mode 

AM,GM or median is usually as an average. 

Choice of Suitable Weight 

Weighting is the device by which we show the relative importance of various Commodities in weighted Index 
Number each Commodity has the same importance, but practically it is not possible Therefore weights are 
assigned to various commodities in the Construction of weighted Composite Index Numbers. 

There are following ways to construct index numbers  

Simple index numbers 

Where we are interested in information about a single item the calculation of the index numbers is 
straightforward. One of the period is taken as a base period, and price or quantity of each item is taken as the 
percentage of the price or quantity of the base period.  

At times, index is taken as the average of the percentage.  

 Formula:  

Simple price index 

(known as the price relative) 

Simple quantity index 

(known as the quantity relative) 

Price index =  
p1

p0

× 100 Quantity index =  
q1

q0

× 100 

Where: 

p0 = prices in the base period q0 = quantities in the base period 

p1 = prices in the current period q1 = quantities in the current period 

 For example:  

The following information relates to the price and quantity of coffee machines sold over a five year period. 

 Price (Rs.) Quantity 

2011 6,500 12,178 

2012 6,800 13,493 

2013 6,900 15,149 

2014 7,200 16,287 

2015 7,500 17,101 
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Considering 2013 as the base year:  

Simple price (price relative) 𝐩𝟏

𝐩𝟎

× 𝟏𝟎𝟎 Index number 

2011 6,500 6,500

6,900
× 100 

94.20 

2012 6,800 6,800

6,900
× 100 

98.55 

2013 6,900 6,900

6,900
× 100 

100 

2014 7,200 7,200

6,900
× 100 

104.35 

2015 7,500 7,500

6,900
× 100 

108.69 

 
 

Simple quantity 
(quantity relative) 

𝐪𝟏

𝐪𝟎

× 𝟏𝟎𝟎 Index 

2011 12,178 12,178

15,149
× 100 

80.38 

2012 13,493 13,493

15,149
× 100 

89.06 

2013 15,149 15,149

15,149
× 100 

100 

2014 16,287 16,287

15,149
× 100 

107.51 

2015 17,101 17,101

15,149
× 100 

112.88 

Sometimes an index is adjusted to change its base year. The new index numbers are constructed by dividing the 
existing index number in each year by the existing index number for new base year and multiplying the result by 
100. Alternatively, the price or quantity of the period is divided by the price or quantity of the base year, 
multiplying the result by 100.  

 For example:  

Consider the base year as 2011 

Simple price (price 
relative) 

Index number 
(2013) 

𝐩𝟏

𝐩𝟎

× 𝟏𝟎𝟎 Index number (2011) 

2011 6,500 94.2 6,500

6,500
× 100 

or 

94.2

94.2
× 100 

100 

2012 6,800 98.5 6,800

6,500
× 100 

or 

104.61 
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Simple price (price 
relative) 

Index number 
(2013) 

𝐩𝟏

𝐩𝟎

× 𝟏𝟎𝟎 Index number (2011) 

98.55

94.2
× 100 

2013 6,900 100 6,900

6,500
× 100 

or 

100

94.2
× 100 

106.15 

2014 7,200 104.3 7,200

6,500
× 100 

or 

104.35

94.2
× 100 

110.76 

2015 7,500 108.6 7,500

6,500
× 100 

or 

108.70

94.2
× 100 

115.38 

Note that this does not change the story told by the index numbers. It simply tells it in a different way. 

Index number with more than one item(Composite Index) 

Simple price index measures the change in price of a single commodity from one time period to another, but 
usually the change in prices of a group of related commodities is to be measured. A price index for a group of 
commodities is called Composite price index. 

The aim is to construct a figure (index number) to compare costs (or quantities) in a year under consideration 
to a base year. 

Composite price index is calculated in two ways.  

1. Unweighted Indices 

• Simple Aggregative Method 

• Average of Relatives Method 

Note: At this stage, only simple aggregative is to be discussed. 

2. Weighted indices 

• Weighted Aggregative Method 

• Average of Weighted Relatives Method 

 

 

 

 

 

 



PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS   CHAPTER 9: INDICES 

THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN 265 

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

2. UNWEIGHTED INDICES  

An unweighted index assigns equal importance to each item in the group being measured. It does not consider 
the relative value or significance of each item, so all items contribute equally to the overall index value. 

Simple Aggregative Method 

This is the most simple method. In this mehod, sum of the prices of the commodities in current period is divided 
by the sum of the prices of the commodities in base period.  

The aim is to construct a figure (index number) to compare costs (or quantities) in a year under consideration 
to a base year. 

 Formula:  

Simple aggregate price index =  
p1

p0

× 100 

Where 

p0 = sum of prices in the base period 

p1 = sum of prices in the current period 

 For example:  

A manufacturing company makes an item which contains four materials.  

The prices of each material were as follows in the base period, January Year 1, and the most recent period, 
December Year 2 

 January Year 1 (base period) December Year 2 (Current period) 

Material Price per kilo Price per kilo 

 p0 p1 

A 0.5 0.75 

B 2.0 2.1 

C 4.0 4.5 

D 1.0 1.1 

 7.5 8.45 

Simple aggregate price index =  
p1

p0

× 100 =  
8.45

7.5
× 100 = 113 

The index indicates that prices have increased from a base of 100 to 113, an increase of 13%. 

Limitation for this approach is that it gives no indication of the relative importance of each material. The price of 
material A has increased from 0.5 to 0.75. This is an increase of 50%. 

If each unit of production used 1 kg of B, C and D but 100mg of A, the simple aggregate price index would not 
capture the serious impact that the price increase has had on the cost base. 

A more sophisticated method is needed to take the relative importance of items into account. 

This is very important for governments who need to collect information about inflation. To do this they must 
construct a price index to measure changes in the prices of a group of items over time.  

The group of items is often described as a basket of goods (and services).  
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A government must decide what goods and services to include in the group how much of these goods and services 
to reflect typical purchases in a society in order for the price index to provide a measure of inflation of relevance 
to government planning. 

Averages of Price relatives 

P= 
𝜀{

𝑃

𝑃𝑜
}

𝐾
*100 

Where K is the number of commodities, in this method changes in the measuring units do not affect the index 
value. 

Example 

 From the data given below compute index number or prices taking 1962 as base. 

Years  Firewood   Soft Cake Kerosene oil  Matches  

1962 3.25 2.50 0.20 0.06 

1963 3.44 2.80 0.22 0.06 

1964 3.50 2.00 0.25 0.06 

1965 3.75 2.50 0.25 0.06 

 Solution: 

Year Firewood Softcake 
Kerosene 

oil 
Matches Total 

Index 
Number 

1962 3.25/3.25*100=100 2.25/2.25*100=100 0.20/0.20 
*100=100 

0.06/0.06*100=100 400 100 

1963 106 112 110 100 428 107 

1964 108 80 125 100 413 103.25 

1965 115 100 125 100 440 110 
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3. WEIGHTED INDICES  

The index where relative weights are assigned as per the relative significance of each item in the ‘basket’. 

Weighted Aggregative Method  

• Laspeyre indices;  

• Paasche indices. 

• Fisher indices 

For price index numbers, either the original quantities or the current quantities (or both quantities) of items in 
the ‘basket’ can be used. 

Laspeyre price index 

The Laspeyre price index measures price changes with reference to the quantities of goods in the basket at the 
date that the index was first established. That is, base year quantities are taken as weights.  

This is the usual form of a weighted price index. 

 Formula:  

∑(𝑝1 × 𝑞0)

∑(𝑝0 × 𝑞0)
× 100 

Where: 

p0 = prices in the base period for the index 

p1 = prices in the current period for which an index value is being calculated 

q0 = the original quantities in the base index. 

 For example:  

A manufacturing company makes an item which contains four materials.  

The price of each material, and the quantities required to make one unit of finished product, were as follows in 
the base period, January Year 1, and the most recent period, December Year 2 

 January Year 1 (Base period) December Year 2 (Current period)   

Material Price per kilo Kilos per unit Price per kilo Kilos per unit   

 p0 q0 p1 q1 p0 q0 p1 q0 

A 0.5 10 0.75 11.0 5.0 7.5 

B 2.0 3 2.1 2.5 6.0 6.3 

C 4.0 2 4.5 3.0 8.0 9.0 

D 1.0 2 1.1 5.0 2.0 2.2 

     21.0 25.0 

Laspeyre price index as at December Year 2: 

∑(p1 × q0)

∑(p0 × q0)
× 100 

25.0

21.0
× 100 = 119.04 

The Laspeyre index shows that prices have risen by 19.04% between January Year 1 and December Year 2. 
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Paasche price index: 

The Paasche price index measures price changes with reference to current quantities of goods in the basket. 

 Formula: 

∑(p1 × q1)

∑(p0 × q1)
× 100 

Where: 

p0 = prices in the base period for the index 

p1 = prices in the current period for which an index value is being calculated 

q1 = quantities in the current period for which an index value is being calculated. 

 For example:  

A manufacturing company makes an item which contains four materials.  

The price of each material, and the quantities required to make one unit of finished product, were as follows in 
the base period, January Year 1, and the most recent period, December Year 2 

 January Year 1 (Base period) December Year 2 (Current period)   

Material Price per kilo Kilos per unit Price per kilo Kilos per unit   

 p0 q0 p1 q1 p0 q1 p1 q1 

A 0.5 10 0.75 11.0 5.50 8.25 

B 2.0 3 2.1 2.5 5.00 5.25 

C 4.0 2 4.5 3.0 12.00 13.50 

D 1.0 2 1.1 5.0 5.00 5.50 

     27.50 32.50 

Paasche price index as at December Year 2: 

∑(p1 × q1)

∑(p0 × q1)
× 100 

32.5

27.5
× 100 = 118.18 

The Paasche index shows that prices have risen by 18.18% between January Year 1 and December Year 2. 

Limitations of Laspeyre and Paache prince indices:  

• The denominator: In the calculation of the Laspeyre price index (p0q0), the denominator does not change 
from year to year. The only new information that has to be collected each year is the prices of items in the 
index. 

The denominator in the Paasche price index (poq1) has to be recalculated every year to take account of the 

most recent quantities consumed. This information might be difficult to collect.  

In summary more information has to be collected to construct the Paasche price index than to construct the 

Laspeyre price index. This helps to explain why the Laspeyre price index is used more than the Paasche price 

index in practice. 
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• Inflation: Laspeyre price index tends to overstate inflation whereas the Paasche price index tends to 
understate it. This is because consumers react to price increases by changing what they buy.  

The Laspeyre index which is based on quantities bought in the base year fails to account for the fact that 

people will buy less of those items which have risen in price more than others. These are retained in the 

index with the same weighting even though the volume of consumption has fallen. 

The Paasche index is based on the most recent quantities purchased. This means that it has a focus which is 

biased to the cheaper items bought by consumers as a result of inflation.  

Fisher index 

The Fisher index is also known as the ideal price index. 

The Fisher index is a price index, computed for a given period by taking the square root of the product of the 
Paasche index value and the Laspeyre index value. The result is that the Fisher price index measures price change 
on the basis of the baskets from both the base and the current period.  

It is said to be the geometric mean of the Paasche and Laspeyre indices.  

 Formula:  

= √
∑(p1 × q0)

∑(p0 × q0)
×

∑(p1 × q1)

∑(p0 × q1)
 × 100 

Or 

= √PL × PP 

 For example:  

Revisiting the previous example. 

Where  

PL =Laspeyre price index = 119.04 

PP =Paasche price index = 118.18 

= √PL × PP = √119.04 × 118.18 = 118.60 

Average of Weighted Relatives Method 

It involves calculating the relative change (or relatives) of each commodity in the index, weighting them by their 
importance, and then averaging the weighted relatives. 

 Formula:  

Average weighted relatives index =  
∑ 𝑃𝑤

w
 

Where 

P = price relative 

Pw = sum of the product of price relative and weight assigned   

w = sum of weights 
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 For example: 

 December 2015 

(Base Period) 

December 2016 
(Current Period) 

Weights   

Material Price Price    

 p0 p1 W P Pw 

A 180 220 2 122.22 244.44 

B 36 45 5 125.00 625.00 

C 12 18 2 150.00 300.00 

D 60 75 3 125.00 375.00 

   12  1544.44 

Average of weighted relatives for Dec 2016 can be computed as 

 
∑ 𝑃𝑤

w
 

1544.44

12
= 128.70% 

It shows that prices have risen by 28.70% between Dec 2015 and Dec 2016.  

QUANTITY INDEX 

Laspeyre quantity index 

Laspeyre index uses the price levels at the base period date. 

 Formula:  

∑(p0 × q1)

∑(p0 × q0)
× 100 

Where: 

p0 = prices in the base period for the index 

q0 = the original quantities in the base index. 

q1 = quantities used currently. 

 For example:  

Using the earlier example:  

 January Year 1 (Base period) December Year 2 (Current period)   

Material Price per kilo Kilos per unit Price per kilo Kilos per unit   

 p0 q0 p1 q1 p0 q0 p0 q1 

A 0.5 10 0.75 11.0 5.0 5.50 

B 2.0 3 2.1 2.5 6.0 5.00 

C 4.0 2 4.5 3.0 8.0 12.00 

D 1.0 2 1.1 5.0 2.0 5.00 

     21.0 27.50 
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Laspeyre quantity index as at December Year 2: 

∑(p0 × q1)

∑(p0 × q0)
× 100 

27.5

21.0
× 100 = 130.95 

The Laspeyre index shows that there has been an increase of 30.95% in the quantities used between January 
Year 1 and December Year 2. 

Paasche quantity index 

A Paasche index uses the current price levels. 

 Formula:  

∑(p1 × q1)

∑(p1 × q0)
× 100 

Where: 

p1 = prices in the current period for which an index value is being calculated 

q0 = the original quantities in the base index. 

q1 = quantities used currently or quantities in the current period for which an index value is being calculated. 

 For example:  

Using the earlier example:  

 January Year 1 (Base period) December Year 2 (Current period)   

Material Price per kilo Kilos per unit Price per kilo Kilos per unit   

 p0 q0 p1 q1 p1 q0 p1 q1 

A 0.5 10 0.75 11.0 7.5 8.25 

B 2.0 3 2.1 2.5 6.3 5.25 

C 4.0 2 4.5 3.0 9.0 13.50 

D 1.0 2 1.1 5.0 2.2 5.50 

     25.0 32.50 

Paasche quantity index as at December Year 2: 

∑(p1 × q1)

∑(p1 × q0)
× 100 

32.5

25.0
× 100 = 130.0 

The Paasche index shows that there has been an increase of 30% in the quantities used between January Year 1 
and December Year 2. 

Fisher quantity index 

The Fisher index is also known as the ideal quantity index. 

The Fisher index is a quantity index, computed for a given period by taking the square root of the product of the 
Paasche index value and the Laspeyre index value. The result is that the Fisher quantity index measures quantity 
change on the basis of the baskets from both the base and the current period.  

It is said to be the geometric mean of the Paasche and Laspeyre indices.  



CHAPTER 9: INDICES   PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

 

272 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

 Formula:  

= √
∑(p0 × q1)

∑(p0 × q0)
×

∑(p1 × q1)

∑(p1 × q0)
 × 100 

Or 

= √QL × QP 

 For example:  

Revisiting the previous example. 

Where  

QL = Laspeyre quantity index = 130.95 

QP = Paasche quantity index = 130.00 

= √QL × QP = √130.95 × 130.00 = 130.47 

Chained index series 

Another way of calculating an index is to calculate a chained index series. 

A chained index series is an index series where each new value in the index is calculated based on the previous 
years.  

This type of index can be used to monitor trends in the past and use past trends to prepare a forecast for the 
future. 

 Formula:  

Link Relative = 
Value in the current period

Value in the previous period
× 100 

Chain Index = 
𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝐼𝑛𝑑𝑒𝑥 𝑜𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑦𝑒𝑎𝑟×𝐶ℎ𝑎𝑖𝑛 𝐼𝑛𝑑𝑒𝑥 𝑜𝑓 𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠 𝑦𝑒𝑎𝑟

100
 

 For example:  

A company has achieved the following sales over the past five years. 

Year Sales Relative Index Chain index 

2009 1,760 1,760

1,760
× 100 

100.0 100 

2010 1,883 1,883

1,760
× 100 

107.0 107.0 × 100

100
= 107 

2011 2,024 2,024

1,883
× 100 

107.5 107.5 × 107.0

100
= 115.02 

2012 2,166 2,166

2,024
× 100 

107.0 107.0 × 115.02

100
= 123.07 

2013 2,320 2,320

2,166
× 100 

107.1 107.1 × 123.07

100
= 131.80 

The chained index shows that annual sales growth has been about 7% per year, compound. 
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Consumer Price Index 

Consumer price index (CPI), measures the cost of a consumer basket (goods and services) purchased by a 
“typical” urban family at a point in time as compared to the base year. The basket may include items of food, 
clothing, housing, fuels, transportation, and medical care1.  

CPI is used to calculate the purchasing power or cost of living of the concerned group of people or class. It can 
also help identify periods of inflation and deflation.  

 Formula:  

CPI for a single item can be found by:  

CPI = 
Cost of market Basket in current year 

Cost of market Basket in base year
× 100 

 For example:  

A household has following basket of commodities  

 Prices of commodities 

Commodity 2009 2010 2011 2012 

Eggs 1.90 2.50 2.11 2.00 

Milk 1.00 1.50 1.10 1.30 

Bread 0.90 0.95 0.90 0.90 

Butter 0.55 0.60 0.65 0.65 

Meat 1.20 1.12 1.50 1.60 

 5.55 6.67 6.26 6.45 

Considering base year as 2009 

Year Cost of Basket  CPI 

2009 5.55 5.55

5.55
× 100 

100 

2010 6.67 6.67

5.55
× 100 

120.18 

2011 6.26 6.26

5.55
× 100 

112.79 

2012 6.45 6.45

5.55
× 100 

116.21 

Other formulae which are used to compute consumer price index are 

• Family Budget Method 

∑ 𝑷𝒘

𝐰
  

• Expenditure Method 

∑(p1 × q0)

∑(p0 × q0)
× 100 

 
1 Lee, F. C, Lee, J. C., & Lee, A. C. (2013). Statistics for Business and Financial Economics. Third Edition. Springer.  
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4. INFLATION AND DEFLATION 

Inflation refers to general increase in prices of goods and services in an economy over a period of time. It means 
that money buys less now than it used to. Deflation is opposite of inflation. It is the general decrease in the prices 
of goods and services. It means that money buys more now than it used to. 

Suppose a loaf of bread cost Rs. 200 in 2022. If inflation occurs, that same loaf of bread might cost Rs. 300 in 
2025. It means Rs. 200 buys less bread now. 

In the same way, suppose the price of gasoline falls from Rs. 250 per liter to Rs. 200 per liter, that’s deflation. You 
can buy more quantity with the same amount of money. 

Here it is important to note that both inflation and deflation have significant impacts on an economy. High 
inflation causes low purchasing power and make it difficult for the business to plan/forecast for the future. 
Deflation can slow the economic growth which is the result of decrease in consumer spendings.    

Calculating the rate of inflation/deflation:  

The percentage change in the CPI can be used to determine rate of inflation/deflation. If the CPI increases there 
is inflation and if the CPI decreases there is deflation.  

 Formula:  

𝐼𝑛𝑓𝑙𝑎𝑡𝑖𝑜𝑛 𝑅𝑎𝑡𝑒 =
𝐶𝑃𝐼2 −  𝐶𝑃𝐼1

𝐶𝑃𝐼1

× 100 

 For example:  

For the above example, rate of inflation /deflation can be calculated as   

Year Change Inflation/ Deflation 

2009 to 2010 120.18 − 100

100
× 100 

20.18% 

2010 to 2011 112.79 − 120.18

120.18
× 100 

-6.15% 

2011 to 2012 116.21 − 112.79

112.79
× 100 

3.03% 
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5. PURCHASING POWER 

The purchasing power of a rupee is the reciprocal of consumer price index, multiplied by 100. It expresses the 
purchasing power of rupee in a current time period relative to the base period. It is essentially the real value of 
money, taking into account the prices of goods and services in the economy.  

It has the inverse relation with the CPI. As the CPI increases the PP decreases and vice versa. 

 Formula:  

PP=
1

𝐶𝑃𝐼
× 100 

 For example:  

Year CPI Purchasing power of rupee 

2010 100 100

100
= 1.00 

2011 105 100

105
= 0.95 

2012 112 100

112
= 0.89 

2013 120 100

120
= 0.83 

2014 124 100

124
= 0.81 

2015 140 100

140
= 0.71 

The above table indicates that purchasing power of the consumer decreases with 5% between 2010 and 2011, 
and 11% between 2010 and 2012. 

Importance of purchasing power 

Purchasing power is an economic indicator which can reflect overall health of  an economy. 

It influences consumer’s spending patterns, as people adjust their buying habits based on their purchasing 
power. 

Investors consider purchasing power before investments, as their return on investments depend upon 
purchasing power. 
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6. NOMINAL AND REAL WAGES 

Nominal wages (or money wages) is the amount of money earned, expressed in current rupees. It is the actual 
amount of money which someone receives without taking into account inflation or changes in the cost of living. 

On the other hand, real wages taking into account inflation then reflect the amount of goods and services 
someone can buy with his wages. 

 For example:  

If Saqib earns Rs. 28,00,000 per year then this is his nominal wage. 

If Saqib’s nominal wage is Rs. 28,00,000 per year, but inflation has risen by 12%, then his real wage is only Rs. 
25,00,000. This means that his Rs. 28,00,000 can only buy the same amount of goods and services as Rs. 
25,00,000 could have bought before inflation. 

In conclusion, nominal wages tell how much you earn while real wages tell how much your money can buy.   

Nominal GDP and Real GDP 

GDP (gross domestic product) is a measure of output of an economy. It is the sum of gross value added by all 
resident producers in the economy. Nominal GDP accounts for current prices in the economy and therefore 
affected by inflation in prices. Real GDP in this respect, provides for the actual effects of the output in the 
economy.  

 Illustration:  

For a market, two years basket of goods is presented below.  

 2019 2020 

Commodity Qty Pr. Output Value Qty. Pr. Output Value 

Eggs 50 1.90 95 64 2.00 128 

Milk 60 1.00 60 50 1.50 75 

Bread 55 0.90 49.5 60 0.95 57 

 Nominal GDP 204.5 Nominal GDP 260 

The increase in GDP from 2019 to 2020 can be considered as dramatic increase, from 260 to 204.5. However, the 
GDP in 2020 is likely to overstate the quantity of commodities and increase in GDP may be because of price 
increase of inflation.  

In order to determine the actual value of output or real GDP, the output value needs to be adjusted for changes 
in cost of commodities in the base year.  

Real GDP = quantity of output in the current year ×price of output in base year 

 2019 2020 Output Value 

Commodity Pr. Qty.  

Eggs 1.90 64 121.6 

Milk  1.00 50 50 

Bread 0.90 60 54 

 Real GDP (2020) 225.6 
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Now, in this case the Real GDP has increased but by a lower amount.  

Inflation rate can be calculated by determining the GDP deflator. The GDP deflator is nominal GDP divided by 
real GDP. In this case:  

260

225.6
= 1.1524  

In terms of index numbers, it can be written as 115 approximately.  

Inflation rate is approximately:  

115 − 100

100
× 100 = 15% 

The GDP inflator is the broader measure of inflation than the CPI.

Deflation of index Number 

It is the device of removing the effect of inflation from the index number, when the price increases, CPI increases. 
In other words, the purchasing power of the people decreases. So we can say that purchasing power of the people 
are inversely proportion to the CPI. 

Purchasing power of the money=
1

𝐶𝑃𝐼
 

 Example 

In 1980 the wage of   an employee was    Rs  1200 and CPI was 180.It rose to 2220 in 1982.Calcualte the additional 
dearness allowance  to be paid to the employee  if he has to be compensated. 

𝑊𝑎𝑔𝑒 𝑖𝑛 1980

𝐶𝑃𝐼 𝐼𝑁 1980
= 

𝑊𝑎𝑔𝑒 𝑖𝑛 1982

𝐶𝑃𝐼 𝑖𝑛 1982
 

 Wage in 1982=  1200*220/180       = 1467 

Additional Dearness allowance will be  1467-1200=Rs 267 

Uses Of Inex Number 

i. The index number of data relating prices  measure the change in price  and help us  to compare the 

movement in prices of one commodity with another. 

ii. Index number of data  relating  to  quantity shows the change in volume of production, volume  of imports 

and Export. 

iii. Number in to find the purchasing power and real income of a group of people 

iv. Index Number are the barometer of industry Trade and Commerce now a days 

v. Consumers Price Index Number helps the Government in malung Economic policies number is saved to 

determine the annual increment, dearness allowance and bonus want employees in public as well as 

private sector 

vi. Index Number is used forecasting business Conditions in the country by measuring seasons cyclical 

movements in a time series 

Limitation of Index Numbers 

The limitations of Index Number are as follows 

i. In the Construction of almost all types of index numbers a sample is used. Therefore sampling must be 

done carefully.All Index Numbers are not suitable for all purposes 

ii. Different methods for the Construction of an Index Number provide different results 

iii.  In price Index Numbers the choice of base period is very difficult 

iv. Comparisons of changes in variables over a long period of time are not reliable 

v.  It is not possible to take into account the change in the quality of variables 
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STICKY NOTES 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Index numbers are statistical devices that are used to express the 
relationship between quantitative variables 

Indices are calculated with reference to a base number which is usually given 
a value of 100 or 1,000. All other numbers are calculated in relation to the 

base.  

𝐏𝐫𝐢𝐜𝐞 𝐢𝐧𝐝𝐞𝐱 =  
𝐩𝟏

𝐩𝟎

× 𝟏𝟎𝟎 

𝐐𝐮𝐚𝐧𝐭𝐢𝐭𝐲 𝐢𝐧𝐝𝐞𝐱 =  
𝐪𝟏

𝐪𝟎

× 𝟏𝟎𝟎 

Consider price index numbers where there is more than one item. 

𝐒𝐢𝐦𝐩𝐥𝐞 𝐚𝐠𝐠𝐫𝐞𝐠𝐚𝐭𝐞 𝐩𝐫𝐢𝐜𝐞 𝐢𝐧𝐝𝐞𝐱 =  
𝐩𝟏

𝐩𝟎

× 𝟏𝟎𝟎 

 

The Laspeyre price index measures price changes with reference to the 
quantities of goods in the basket at the date that the index was first 

established. That is, base year quantities are taken as weights.  

∑(𝒑𝟏 × 𝒒𝟎)

∑(𝒑𝟎 × 𝒒𝟎)
× 𝟏𝟎𝟎 

 

The Paasche price index measures price changes with reference to current 
quantities of goods in the basket. 

∑(𝐩𝟏 × 𝐪𝟏)

∑(𝐩𝟎 × 𝐪𝟏)
× 𝟏𝟎𝟎 
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SELF-TEST 

1 The period with which other periods are to be compared is called:                   

 (a) Current period (b) Base period 

 (c) Chain-base period (d) None of these 

2 The index that uses quantities of base period as weights, so that only prices are allowed to change, in 
calculating weighted price aggregate is known as:         

 (a) Laspeyer’s Index Number (b) Paasche’s Index Number 

 (c) Fisher’s Index Number (d) None of these 

3. If the quantities of current year are used to calculate weighted price aggregate, the index number so 
calculated is called:                                                           

 (a) Laspeyer’s Index Number (b) Paasche’s Index Number 

 (c) Fisher’s Index Number (d) None of these 

4. The geometric mean of Laspeyer’s and Paasche’s Index Number is called:    

 (a) Mean Index Number (b) Marshall Edge Worth’s 

 (c) Fisher’s Ideal Index Number (d) None of these 

5. The equation 1995 = 100 indicates that the index numbers are calculated using:  

 (a) Base year 1995 (b) Current year 1995 

 (c) Previous year 1995 (d) None of these 

6. The index that measures changes in prices that affect the cost of living of a large fraction of population is 
called:                                                                            

 (a) Whole sale price Index Number (b) Simple price relatives 

 (c) Consumer Price Index Number (d) None of these 

7. Index numbers are used as the barometers of:                                               

 (a) Prices  (b) Quantities  

 (c) Inflation  (d) None of these 

8. If the reciprocal of consumer price Index is expressed as the percentage the resulting value is called:                                                                                     

 (a) Rate of inflation (b) Rate of deflation 

 (c) Purchasing power of money (d) None of these 
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9. If the purchasing power of money is multiplied by the current per capita income the resulting value is 
known as:                                                                       

 (a) Rate of inflation (b) Error in per capital income 

 (c) Real (or deflated) per capita 
income 

(d) None of these 

10. If the relative changes in the current year prices are expressed on the basis of previous year prices the 
simple Index so calculated is known as:                     

 (a) Simple Price Relative (b) Fixed base Index 

 (c) Chain-base Index or Link Relative (d) None of these 

11. An increase in price index from 120 to 128 means that the prices have increased by_____  

 (a) 8% (b) 8.667% 

 (c) 6% (d) 6.667% 

12. The increase in index from 100 to 113 and a price increase from 0.9 to 1.35 in terms of percentage is: 

 (a) 13% for both (b) 50% for both 

 (c) 13% and 50% respectively (d) 50% and 13% respectively 

13. _______________ tends to understate inflation.  

 (a) Laspeyer’s Index Number (b) Paasche’s Index Number  

 (c) Fisher’s Index Number (d) All of these. 

14. If Laspeyer’s Index Number is of 113 and Paasche’s Index Number of 118, then the Fisher’s Price Index 
would be 

 (a) 115.4            (b) 112.34 

 (c) 154.7  (d) 123.4 

15. Construct price index using Laspeyre formula for the following data: 

Product Price in 2020 Price in 2021 Quantity in 2020 Quantity in 2021 

A 5 7 10 8 

B 12 13 12 10 

C 15 20 14 9 
 

 (a)  125.25 (b)  124.07 

 (c)  124.66 (d)  73.02 
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16. Construct price index using Paasche formula for the following data: 

Product Price in 2020 Price in 2021 Quantity in 2020 Quantity in 2021 

A 5 7 10 8 

B 12 13 12 10 

C 15 20 14 9 
 

 (a) 125.25 (b)  124.07 

 (c)  124.66 (d)  73.02 

17. Construct price index using Fisher formula for the following data: 

Product Price in 2020 Price in 2021 Quantity in 2020 Quantity in 2021 

A 5 7 10 8 

B 12 13 12 10 

C 15 20 14 9 
 

 (a) 125.25 (b)  124.07 

 (c)  124.66 (d)  73.02 

18. Construct quantity index using Laspeyre formula for the following data: 

Product Price in 2020 Price in 2021 Quantity in 2020 Quantity in 2021 

A 5 7 10 8 

B 12 13 12 10 

C 15 20 14 9 
 

 (a) 73.02 (b)  72.33 

 (c)  72.68 (d)  125.25 

19. Construct quantity index using Paasches formula for the following data: 

Product Price in 2020 Price in 2021 Quantity in 2020 Quantity in 2021 

A 5 7 10 8 

B 12 13 12 10 

C 15 20 14 9 
 

 (a) 73.02 (b)  72.33 

 (c)  72.68 (d)  125.25 
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20. Construct quantity index using Fishers formula for the following data: 

Product Price in 2020 Price in 2021 Quantity in 2020 Quantity in 2021 

A 5 7 10 8 

B 12 13 12 10 

C 15 20 14 9 
 

 (a) 73.02 (b)  72.33 

 (c)  72.68 (d)  125.25 

21. Provided there is no change in prices between base year and current year but the quantity consumed for 
each type of product has increased by 5 units each. What will be the Laspeyre price index. 

 (a)  105 (b) 100 

 (c)  95 (d)  Cannot be determined 

22. Provided there is a 20% rise in prices from base year to current year of each of the products under 
consideration. Which of the following will increase by 20% as well?  

 (a) Laspeyre price index (b)  Paasche price index 

 (c)  Fisher price index (d)  All of these 

23. If Paasche price index is 20% higher than Laspeyre price index. What will be the value of Fisher’s price 
index? 

 (a) Cannot be determined (b)  120 

 (c)  109.55 (d)  20% higher than Laspeyre price index 

24. A machine costs Rs. 5,000 in 2015. The price indices are as follows: 

2015: 45 

2021: 63 

How much will the machine cost in 2021? 

 (a) 8,000 (b)  7,000 

 (c)  6,000 (d) 10,000 

25. Four years ago the price index of a particular product was 60. If the same index is now 108. Compute 
percentage increase in the price of a product. 

 (a) 80% (b)  48% 

 (c)  58% (d)  60% 
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26. Five years ago the price of a particular product was Rs. 5,000 and the relevant index was 90. Compute the 
price index now if the price of the product today is Rs. 7,500. 

 (a) 135 (b) 140 

 (c)  40 (d)  125 

27. The price index linked to a particular product has increased from 80 to 96 in one years’ time and is expected 
to increase by same percentage every year. Which of the following statements is true? 

 (a)  Price of the product has increased by 
 16% 

(b)  Price of the product has increased by 20% 

 (c)  Price of the product will increase by 
 16% every year 

(d)  Index will be 112 in next year 

28. Select one or more correct options from below: 

 (a)  Index numbers are used to measure 
 changes over time  

(b)  A chain index series is an index series where 
 each new value in the index is calculated 
 based on the previous year 

 (c)  Consumer price index measures the 
 cost of a consumer basket purchased 
 by a “typical” urban family at a point in 
 time as compared to the base year 

(d)  A chain index series uses same base year 

 

29. In Laspeyre price index number, quantities belonging to _____ year are taken as weight. Therefore, 
sometimes this method is called ____ year quantity weight method.  

30. The percentage change in the Consumer Price Index can be used to determine rate of __________. If the CPI 
increases there is ______ and if the CPI _____ there is deflation 

31. Fisher price index is a price index, computed for a given period by taking the ______ root of the product of 
the Paasche index value and the Laspeyre index value 

 Square 

Cube 

 

32. In the calculation of the ______ price index (P0Qo), the denominator does not change from year to year. The 
only information that has to be collected each year is the prices of items in the index 

 Laspeyre 

Paasche 

 

33. The Paasche price index measures ____ changes with reference to current quantities of goods in the basket. 

 Price 

Quantity 

 

 



CHAPTER 9: INDICES   PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

 

284 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

34. ______price index tends to overstate inflation whereas the _______price index tends to understate it. This is 
because consumers react to price increases by changing what they buy. 

 Laspeyre 

Paasche 

Laspeyre 

Paasche 

35. Sohrab & Company increased the wages of its works by 20% during the year 2006. Whereas, the 
consumer price index changed from 240 to 270. Compute the increase/ decrease in real wages. 

 i. Real wages increased by 7.5 %  

 ii. Real wages increased by 6.67 %  

 iii. Real wage decreased by 7.8%  

 iv. None of the above   

36.   Use the following consumer price indices to find purchasing power of a rupee for each year 
relative to the base year and deflate the per capita income. 

 Year Per capita income (Rs.) C.P.I 

2000 19500 100 

2001 21200 113 

2002 22300 120 

2003 24100 128 
 

 i. 19500, 18761, 18583, 18828 

 ii. 19500, 17652, 17663, 18892 

 iii. 19500, 18999, 18123, 19982 

 iv. None of the above 

 (a) i (b) ii (c) iii (d) iv 
 

37. The following data represents the average take home salary of the employees of an 
organization: 

 Year 2005 2006 2007 2008 

Pay (Rs.) 12,350 13,500 14,800 16500 

Price Index 110.1 122.3 137.6 160.2 
 

 Compute the amount of pay needed in 2008 to provide buying power equal to that enjoyed in 
2006. 

 (a) 10300 (b) 17864 (c) 17684 (d) None 
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38.   If the current year’s weighted index is 5 % higher than the base year index and Fisher’s ideal 
idex number is 250, find the Laspeyre’s price index and Paasche’s price index number. 

 (a) 243 and 256 (b) 244 and 256 (c) 243 and 255 (d) None 
 

39. Compute the price index for the years 2006 to 2010, rounded to one decimal place, taking 2005 
as the base year. 

 Year 2005 2006 2007 2008 2009 2010 

Wages (Rs.) 11,000 12,000 13,500 14,800 16,500 19,000 

Real Wages (Rs.) 11,000 10,800 11,300 11,100 10,550 10,900 
 

i. 100, 111.1, 119.5, 133, 157, 178  

ii. 100, 111, 119, 133, 158, 177  

iii. 100, 111.1, 120, 133.3, 159, 176  

iv. 100, 111.1, 119.5, 133.3, 156.4, 174.3  

 

 

(a) i (b) ii (c) iii (d) iv 

40. For the following compute the Laspeyre’s and Paasche’s  price index for 2005 with 1995 as the 
base year. 

 

Commodity 
1995 2005 

QTY Value QTY Value 

A 50 350 60 420 

B 120 600 140 700 

C 30 330 20 200 

D 20 360 15 300 

E 5 40 5 50 
 

 (a) 98.21 and 98.24 (b) 112.7 and 113.5 (c) 101.11 and 101.21 (d) None  
 

41. The actual and real wage of a worker in the year 2020 were Rs. 17,500 and Rs. 13,300 per 
month  respectively. If the price index for the year 2024 is 191.2, calculate the amount of wages 
whose  buying  power would be same as that of the year 2020. The base index is 100. 

 (a) 25812 (b) 25430 (c) 28680 (d) 13500 
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42. For a basket of commodities, the price of each commodity in a year X is four times the prices in 
the base year Y. What is the Paasche’s price index for the year X? 

 (a) 400  (b) 104   

(c) 500  (d) 140 

43. Consider the following information: 

 Commodity Rice Wheat Salt Sugar Pulses 

P1/P0 × 100 118.42 130.77 160 145 137.78 

P1Q1 10000 4050 1300 9600 13250 
 

 The weighted average of relative price index is: 

 (a) 130.77  (b) 134.54   

(c) 137.78  (d) 139.20 

44. The following details are available with regard to a basket of commodities: 

 Commodities A B C D 

P1Q1 2400 8000 8960 6000 

Q1/Q0 0.75 0.50 0.625 0.60 
 

 What is Paasche’s quantity index for the basket of commodities? 

 (a) 171.67    (b) 30    

(c)      58.25   (d) 333.33  
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ANSWERS TO SELF-TEST QUESTIONS 

1 2 3 4 5 6 

(b) (a) (b) (c) (a) (c) 

7 8 9 10 11 12 

(c) (c) (c) (c) (d) (c) 

13 14 15 16 17 18 

(b) (a) (a) (b) (c) (a) 

19 20 21 22 23 24 

(b) (c) (b) (d) (c) (b) 

25 26 27 28 29 30 

(a) (a) (b) (a), (b) & (c) base Inflation/deflati
on, inflation, 

decreases 

31 32 33 34 35 36 

Square Laspeyre, Price Laspeyre, 
Paasche 

(b) (a) 

37 38 39 40 41 42 

(c) (b) (d) (c) (b) (a) 

43 44     

(b) (c)     
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CHAPTER 10 
   

CORRELATION 

AND REGRESSION  

  

 

 
AT A GLANCE 

Relationship between two variables is established by means of 
statistical tools. These tools may differ when variables are 
categorical or are quantitative. An association exists between 
two variables if particular values for one variable are 
dependent on values of other variable. For Example, children 
with greater heights are likely to be of more weight, students 
with higher GPA are likely to be opting for higher education 
and people who smoke more have greater chances of cancer. 

In identifying the nature of these associations between two 
variables, this chapter deals with contingency tables, scatter 
plots and statistical measures of correlation and regression 
analysis.  

 

IN THIS CHAPTER 

AT A GLANCE 

SPOTLIGHT 

1 Association or relationship 
between variables  

2 Correlation and the correlation 
coefficient 

3 Linear regression analysis 

STICKY NOTES 

SELF-TEST  



CHAPTER 10: CORRELATION AND REGRESSION PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

 

290 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

1 ASSOCIATION OR RELATIONSHIP BETWEEN VARIABLES 

In understanding the relationship between two variables or association between them, variable that is 
independent and the one which is dependent on that independent variable is critical. No doubt, association can 
be both ways, but usually, possible change in dependent variable with the change in independent variable are 
analysed.   

Contingency Tables:  

A contingency table displays two categorical variables in rows and columns respectively. Frequency of 
observations in each intersection (combination) is then identified. It is also referred to as cross-tabulation.  

 For example:  

Consider the following data  

S. No  Qualification  Preference for Learning   

1 Bachelors  Online  

2 Masters Online  

3 Masters In person 

4 Bachelors In person  

5 Bachelors In person  

6 Bachelors Online 

There are two variables: Qualification and preference for learning. Contingency table for two variables is as 
follows:  

Qualification  Preference for Learning Total  

 Online In person  

Bachelors  2 2 4 

Masters 1 1 2 

Total  3 3  

The relative frequency can help determine any sort of relationship between two variables. Whether preference 
for online or in person learning is associated with a particular level of qualification.  

Further analysis of association between categorical variables can be done using probabilities and ratios which is 
discussed later in the text.  

Scatter plots:  

A scatterplot is a graphical display for two quantitative variables using the horizontal (𝑥) axis for the independent 
variable 𝑥 and the vertical (y) axis for the dependent variable y1.2. It demonstrates the patterns, trends, and the 
possible correlation between two variables visually.  

 

 
1 Agresti, A., Franklin, C., & Klingenberg, B., 2018. Statistics – the science and art of learning from Data. Pearson. Fourth 
Edition. pg. 129 
2 Agresti, A., Franklin, C., & Klingenberg, B., 2018. Statistics – the science and art of learning from Data. Pearson. Fourth 
Edition. pg. 129 
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Uses of Scatter Plots: 

1. Identifying relationships: 

It can help in determining the positive, negative or no correlation between the variables. 

2. Detecting trends: 

It can show a visible trend in the data points, which may help to identify linear and non linear relationship 
between the variables. 

3. Identify Outliers: 

It can easily identify the data points that do not follow the general pattern and cause anomalies or errors in 
data collection. 

4. Providing a Basis for Regression Analysis: 

It enables us to assess whether the linear regression model is an appropriate model to apply.    

Construction of Scatter Plots 

1. Define the Variables: 

Identify the independent and dependent variables in the data set and keep them on x-axis and y-axis 
respectively. 

2. Draw the Axes: 

Draw the axes and use appropriate scales for labeling the axes 

3. Plot the Data Points: 

Mark each pair on XY plane as a data point. 

4. Observe the Pattern: 

Determine the nature of the relationship by analyzing the arrangements of data points. 
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 For example:  

Consider the following data  

S. No Height (in cms) Weight (in kgs) 

1 123 23 

2 245 48 

3 247 52 

4 153 30 

5 178 43 

6 196 50 

7 200 52 

8 168 48 

9 214 55 

10 139 28 

Scatter plot with Height on x-axis and Weight on y-axis is given below:  

 

Looking at the scatter plot, it can be inferred that the people with greater heights are weighing more. The pattern 
on the plot seems to be increasing linearly as we are increasing the heights in most of the cases.  
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Positive, negative or no associations:  

Positive association is when value of y goes up with the increasing value of 𝑥. Negative association is when value 
of y goes down with the increasing value of 𝑥. There seems to be no association between variables if values of y 
fails to follow any pattern with changing values of 𝑥.  

 For example:  

No Association 

 

Positive  

 

Negative 
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Limitations 

A scatter diagram can be a useful in giving a visual impression of the relationship between variables and is a 
useful starting point for a deeper analysis. However, they suffer from the following limitations: 

• they might indicate a relationship where there is none; i.e. a strong correlation does not necessarily mean 
that independent variable causes the dependent variable to change.  

• they can just show relationship between only two variables at a time but the issue under study might be 
more complexed than this; and 

• they might lead to incorrect conclusions if there are only few data points available or the data collected is 
atypical for some reason. 

• they cannot precisely quantify the strength of correlation like statistical measure coefficient of correlation.     
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2 CORRELATION AND CORRELATION COEFFICIENT:  

A statistical relationship or association between two variables is called correlation. If two variables are 
correlated, then changes in one variable are associated with the changes in another. Coefficient of correlation (a 
numerical value) measure degree of association between two quantitative variables It determines the strength 
and direction of the relationship between variables.  

It is usually denoted by r and takes values between -1 and +1. 

• A positive value for r indicates a positive (linear) association, and  

• A negative value for r indicates a negative (linear) association. 

• Association (linear) is stronger when the value for r is closer to +1 or -1, and 

• Association (linear) is weaker when the value of r is closer to 0. 

• Perfectly positively correlated, when r = +1, meaning both variable move in same direction with a constant 
ratio. 

• Perfectly negatively correlated, when r = -1, meaning both variable move in opposite direction with a 
constant ratio.  

• No association when the value of r is 0.  

As a general guide, a value for r between + 0.90 and +1 indicates good linear correlation between the values 
of 𝑥 and y.  

A positive correlation indicates a positive association, and a negative correlation indicates a negative 
association3. However, it is to note that correlation does not indicate causation. There might be other factors 
which may influence the relationship. 

 

Units of the variables make no impact on the value of the correlation for example, if weights are changed to 
pounds instead of kgs, the correlation would be same. Moreover, it is not dependent on which variable is 
taken as independent or dependent.  

 Illustration:  

Positive correlation means that 
the value of y increases as the 
value of x increases (and vice 
versa). (r closer to 1) 

 y 

x 

x 
x 

x 

x 

x 

x 

x 

x 

 

 
3 Agresti, A., Franklin, C., & Klingenberg, B., 2018. Statistics – the science and art of learning from Data. Pearson. 
Fourth Edition. pg. 134 
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Perfect positive correlation is 
when all the data points lie in 
an exact straight line and a 
linear relationship exists 
between the two variables. (r 
equal to 1) 

 
y 

x 

x 
x 

x 
x 

x 

x 

x 

 
Negative correlation is where 
the value of y declines as the 
value of x increases (and vice 
versa). (r closer to -1) 

 y 

x 

x 
x x 

x 

x 

x 
x 

 
Perfect negative correlation is 
when all the data points plotted 
lie in an exact straight line. (r is 
equal to -1) 

 
y 

x 

x 

x 
x 

x 

x 

x 

x 

 
‘Uncorrelated’ means that no 
correlation exists between the 
variables (r is equal to 0) 
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Correlation coefficient r  

Correlation between different variables can be measured as a correlation coefficient 

 Formula:  

Method 1:  
𝑟 =

𝑛 ∑ 𝑥𝑦 − ∑ 𝑥 ∑ 𝑦

√(𝑛 ∑ 𝑥2 − (∑ 𝑥)2)(𝑛 ∑ 𝑦2 − (∑ 𝑦)2)
 

Where: 

x, y = values of pairs of data. 

n = the number of pairs of values for x and y 

Method 2:  𝑟 =  
∑(𝑥−𝑥)(𝑦−𝑦)

𝑛(𝑠𝑥 𝑠𝑦 )
  

Where: 

x, y = values of pairs of data. 

𝑥 = variable mean 

n = the number of pairs of values for x and y 

s = standard deviation of variables = sx = √
∑(x−x̅)2

n
 

The Expression: 
∑(𝑥−𝑥)(𝑦−𝑦)

𝑛
 is called Covariance and is denoted by sxy 

                                    Method 3:                𝑟 =  
∑(𝑥−𝑥)(𝑦−𝑦)

√∑(𝑥−𝑥̅)2.∑(𝑦−𝑦̅)2
 

        Where: 

      ∑(𝑥 − 𝑥)(𝑦 − 𝑦) = sum of the deviations of x 
and y from their respective means. 

      ∑(𝑥 − 𝑥̅)2 = sum of the squared deviations of 
x from its mean. 

      ∑(𝑦 − 𝑦̅)2 = sum of the squared deviations of 
y from its mean.  
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 For example:  

A commercial tea producing business employs professional tea tasters for buying decisions. 

The two tasters are ranked in six different brands of tea in their order of preference. 

The business is interested to know whether there is a relationship between the choices that they make.  

 Taster 1’s preference Taster 2’s preference 

 x y 

Brand A 1 2 

Brand B 2 3 

Brand C 3 1 

Brand D 4 4 

Brand E 5 6 

Brand F 6 5 

 21 21 

 = x = y 

Method 1:  

 
x Y x 2 x y y2 

Brand A 1 2 1 2 4 

Brand B 2 3 4 6 9 

Brand C 3 1 9 3 1 

Brand D 4 4 16 16 16 

Brand E 5 6 25 30 36 

Brand F 6 5 36 30 25 

 21 21 91 87 91 

 = 𝑥 = y =  𝑥 2 =  𝑥y = y2 

𝑟 =
𝑛 ∑ 𝑥𝑦 − ∑ 𝑥 ∑ 𝑦

√(𝑛 ∑ 𝑥2 − (∑ 𝑥)2)(𝑛 ∑ 𝑦2 − (∑ 𝑦)2)
 

𝑟 =
6(87) − (21)(21)

√(105)(105)
 

r =
81

105
 

r = 0.7714 
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Method 2:  

𝑟 =  
∑(𝑥 − 𝑥)(𝑦 − 𝑦)

𝑛(𝑠𝑥 𝑠𝑦)
 

𝑠𝑥 = √
∑(𝑥−𝑥̅)2

n
 and 𝑠𝑦 = √

∑(y−y̅)2

n
 

   𝒙 = 𝟑. 𝟓 𝒚 =  3.5    

 𝒙 y (𝑥 − 𝒙) (𝒚 − 𝒚) (𝒙 − 𝒙)(𝒚 − 𝒚) (𝒙 − 𝒙)𝟐 (𝒚 − 𝒚)𝟐 

Brand A 1 2 -2.5 -1.5 3.75 6.25 2.25 

Brand B 2 3 -1.5 -0.5 0.75 2.25 0.25 

Brand C 3 1 -0.5 -2.5 1.25 0.25 6.25 

Brand D 4 4 0.5 0.5 0.25 0.25 0.25 

Brand E 5 6 1.5 2.5 3.75 2.25 6.25 

Brand F 6 5 2.5 1.5 3.75 6.25 2.25 

 21 21   13.5 17.5 17.5 

 = 𝑥 = y  
 

 ∑(𝑥 − 𝑥)(𝑦 − 𝑦) ∑(𝑥 − 𝑥)2 ∑(𝑦 − 𝑦)2 

𝑠𝑥 = √
17.5

6
 and 𝑠𝑦 = √

17.5

6
 

𝑠𝑥 = 1.7078 and 𝑠𝑦 = 1.7078 

𝑟 =  
∑(𝑥 − 𝑥)(𝑦 − 𝑦)

𝑛(𝑠𝑥 𝑠𝑦)
 

𝑟 =  
13.5

6(1.7078)(1.7078)
 

𝑟 =  
13.5

17.5
 

𝑟 =  0.7714 

 For example:  

The following table represents output and total cost.  

Output Total cost 

17 63 

15 61 

12 52 

22 74 

18 68 
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The correlation coefficient of the following data can be calculated as follows: 

X y x2 xy y2 

17 63 289 1,071 3,969 

15 61 225 915 3,721 

12 52 144 624 2,704 

22 74 484 1,628 5,476 

18 68 324 1,224 4,624 

84 318 1,466 5,462 20,494 

= 𝑥 = y = 𝑥 2 = 𝑥y = y2 

𝑟 =
𝑛 ∑ 𝑥𝑦 − ∑ 𝑥 ∑ 𝑦

√(𝑛 ∑ 𝑥2 − (∑ 𝑥)2)(𝑛 ∑ 𝑦2 − (∑ 𝑦)2)
 

𝑟 =
5(5,462) − (84)(318)

√(5(1,466) − 842)(5(20,494) − 3182)
 

r =
598

√(274)(1,346)
=

598

607
= +0.985 

The correlation coefficient r is + 0.985. 

Coefficient of determination r2 

The coefficient of determination (r2) is the square of the correlation coefficient. 

The value of r2 shows how much variation in the value of y is explained by variations in the value of x.  

In simpler terms, it tells you how well the regression line fits the data points. 

The value of the coefficient of determination must always be in the range 0 to +1. 

The independent variable does not explain any variation in the dependent variable when r2 = 0. 

The independent variable explains all the variation in the dependent variable when r2 = 1. 

Percentage of variation is explained in the dependent variable due to independent variable when value of r2 is 
between 0 and 1. 

 For example:  

If the value of r is + 0.70 then r2 = 0.49. This means that on the basis of the data used 0.49 or 49% of variations 

in the value of y are explained by variations in the value of x. 

Similarly, where r = + 0.97, r2 = 0.940 (0.97 × 0.97) meaning that 94.09% of the variations in one variable can be 
explained by variations in the other.  

Spearman’s rank correlation coefficient  

Rank correlation coefficient is calculated when variables are based on rank or order rather than their magnitude. 
For example, measures for attributes like intelligence, beauty, ability to work and their correlation can be 
calculated using Spearman’s formula.  
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 Formula: 

𝑟 = 1 −
6 ∑ d2

n(n2 − 1)
 

Where: 

d =  Difference between rank values in a pair of observations. 

n =  number of pairs of data 

Note that the number 6 in the numerator is a constant and does not relate to the number of observations. 

 For example:  

Using variables x and y in the above example, lets calculate rank correlation coefficient:  

x y d d2 

1 2 −1 1 

2 3 −1 1 

3 1 2 4 

4 4 0 0 

5 6 −1 1 

6 5 1 1 

21 21  8 

= 𝑥 = y  = d2 

𝑟 = 1 −
6 ∑ d2

n(n2 − 1)
 

𝑟 = 1 −
6(8)

6(36 − 1)
= 1 −  

48

210
= 0.77 

The rank correlation coefficient r is + 0.77. 

Also note that some organizations might develop a method of quantifying qualitative attributes. For example, 
banks develop credit scores to give them an indication of the risk of lending to a particular party, and companies 
often develop scoring systems to measure the overall performance of employees across key areas. Often these 
“quantifications” will be based in part on subjective judgements. 

Properties of r 

The correlation coefficient is unit less, it is a ratio 

Correlation coefficient is symmetric with respect to x and y so ruv=rvu=rxy=ryx=r 

Correlation coefficient always lies between -1 to +1 

Correlation coefficient is the geometric mean of two regression coefficients.  
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3 LINEAR REGRESSION ANALYSIS:  

Relationship or association between two variables can be identified using correlation. However, to what extent 
these variables are related functionally (or algebraically) with each other may be identified using regression 
analysis.  

Linear regression analysis is a statistical technique for calculating a line that best fits the points in the scatter 
diagram. It is the line that minimized the sum of the squared deviations or residuals between line and actual 
values. In other words, it is a line that makes the vertical distances from the points to this line as small as 
possible4. (the line is positioned to be as close as possible to all the data points, effectively summarizing the trend 
in the data). The method used is call least square method. The best fit or the link (if established) can support 
forecasting and planning. 

Uses of Regression lines: 

1. Prediction: use historical data to predict future values. (e.g. estimating fixed costs and variable cost per unit 
(or number of units) from historical total cost). 

2. Relationship Understanding: help to understand that how one variable (dependent variable) changes in 
response to another variable (independent variable). (e.g. impact of advertising spending on sales).  

3. Trend Analysis:  identify the trend in data over time. (e.g. predicting trends of stock market over time). 

4. Decision Making: support in economics, business and scientific decision by quantifying relationships. (e.g. 
impact of employees training hours on their productivity). 

5. Hypothesis Testing: widely use in research and statistics to evaluate the significance of relationship 
between variables. 

 For example:  

The regression line for the heights and weights, in the example discussed before, is represented as follows:  

 

 

 

 

 
4 Albright, S.C., & Winston, W. L. 2015. Business Analytics: Data Analysis and Decision Making. 5th Edition. Cengage Learning. Pg. 477 
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 Formula: 

Regression line is written as simple algebraic equation of a straight line with ŷ as predicted values of dependent 
variable in the straight line.  

ŷ = a + bx. 

The linear regression formulae for calculating a and b are shown below.  

𝑏 =
𝑛 ∑ 𝑥𝑦 − ∑ 𝑥 ∑ 𝑦

𝑛 ∑ 𝑥2 − (∑ 𝑥)2
 

or 
𝑏 =

∑(𝑥 − 𝑥) (𝑦 − 𝑦)

∑(𝑥 − 𝑥)2
 

a =
∑ y

n
−

b ∑ x

n
 

or a = 𝑦 - b𝑥 

Where: 

𝑥, y = values of pairs of data. 

n = the number of pairs of values for x and y. 

 =  a sign meaning the sum of. (The capital of the Greek letter sigma). 

𝑥, 𝑦=  means of variables 𝑥 and y 

Note: the term b must be calculated first as it is used in calculating a. 

Forecasting 

Once the equation of the line of best fit is derived it can be used to make forecasts of the impact of changes in 𝑥 
on the value of y. This is denoted by ŷ. 

 For example (method 1):  

A company has recorded the following output levels and associated costs in the past six months: 

Month Output (000 of units) Total cost (Rs m) 

January 5.8 40.3 

February 7.7 47.1 

March  8.2 48.7 

April 6.1 40.6 

May 6.5 44.5 

June 7.5 47.1 
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In constructing the regression line (line of best fit), following working is required: 

 
x y x2 xy 

January 5.8 40.3 33.64 233.74 

February 7.7 47.1 59.29 362.67 

March  8.2 48.7 67.24 399.34 

April 6.1 40.6 37.21 247.66 

May 6.5 44.5 42.25 289.25 

June 7.5 47.1 56.25 353.25 

 41.8 268.3 295.88 1,885.91 

 = 𝑥 = y = 𝑥 2 = 𝑥y 

𝑏 =
𝑛 ∑ 𝑥𝑦 − ∑ 𝑥 ∑ 𝑦

𝑛 ∑ 𝑥2 − (∑ 𝑥)2
 

𝑏 =
6(1,885.91) − (41.8)(268.3)

6(295.88) − (41.8)2
 

𝑏 =
11,315.46 − 11,214.94

1,775.28 − 1,747.24
=

100.52

28.04
= 3.585 

This is the cost in millions of rupees of making 1,000 units 

a =
∑ y

n
−

b ∑ 𝑥

n
 

a =
268.3

6
−

3.585(41.8)

6
 

a = 44.72 − 24.98 = 19.74 

𝑦 = 𝑎 + 𝑏𝑥 

𝑦 = 19.74 + 3.585𝑥 

The cost of 3,000 and 10,000 units of output can be calculated using the above regression line as follows:  

𝑦 = 19.74 + 3.585(3) =  30.5 (for 3000 units) 

𝑦 = 19.74 + 3.585(10) =  55.6 (for 10,000 units) 

 For example (method 2):  

For the following information, the line of best fit can be determined as:  

Output (000s) Total cost (Rs m) 

17 63 

15 61 

12 52 

22 74 

18 68 
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We have to extend the table to find relevant values as follows:  

  𝒙 =16.8 𝒚 =63.6   

X y (x-𝒙) (y-𝒚) (x-𝒙) (y-𝒚) (x-𝒙)2 

17 63 0.2 -0.6 -0.12 0.04 

15 61 -1.8 -2.6 4.68 3.24 

12 52 -4.8 -11.6 55.68 23.04 

22 74 5.2 10.4 54.08 27.04 

18 68 1.2 4.4 5.28 1.44 

84 318   119.6 54.8 

= 𝑥 = y   = (𝑥 -𝑥) (y-𝑦) = (𝑥 -𝑥)2 

𝑏 =
∑(𝑥 − 𝑥) (𝑦 − 𝑦)

∑(𝑥 − 𝑥)2
 

𝑏 =
119.6

54.8
 

𝑏 = 2.18 

considering regression line passes through the mean values then taking 𝑥 = 16.8 and y = 63.6 

a = 𝑦̅ − 𝑏𝑥̅  

= 63.6 − (2.18)(16.8) 

a = 63.6 − 36.624 

a = 26.976 

The line of best fit:  
𝑦 = 𝑎 + 𝑏𝑥 

𝑦 = 26.98 + 2.18𝑥 

In order to estimate the total costs when output is 15,000 units, we may put the values to find the estimated cost.  

𝑦̂ = 26.98 + 2.18(15) = 59.68 

Note: Students must study these formulae of b and d as well. 

 𝒃 =  
𝑺𝒙𝒚

𝑺𝒙
  𝒅 =  

𝑺𝒙𝒚

𝑺𝒚
 

𝒃 = 𝒓.
𝑺𝒚

𝑺𝒙
  d= 𝒓.

𝑺𝒙

𝑺𝒚
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Limitations 

1. Do not model accurately when the relation between the variables is nonlinear; contrary to linear 
relationships. 

2. Regression lines can be distorted significantly and predictions may be affected by outliers. 

3. The analysis is only based on a pair of variables. There might be other variables which affect the outcome 
but the analysis cannot identify these outcomes. 

4. A regression line should only be used for forecasting if there is a good fit between the line and the data. 

5. It might not be valid to extrapolate the line beyond the range of observed data. In the example above the cost 
associated with 10,000 units was identified as 55.6. However, the data does not cover volumes of this size 
and it is possible that the linear relationship between costs and output may not be the same at this level of 
output. 

Difference between Correlation and Regression:  

Correlation identifies the degree of relationship or association between two variables. It does not provide for 
causation or prediction. Whereas regression provide for a functional relationship between two variables where 
one variable is dependent and the other an independent variable. The purpose for identifying the two variables 
as dependent and independent is to predict values of a dependent variable on the basis of independent variable.  

Once an equation is derived, correlation analysis can help determine the extent of relationship between two 
variables.  

Relationship between correlation coefficient and b of regression is written as: 𝑟 = 𝑏
𝑆𝑥

𝑆𝑦
 or 𝑏 = 𝑟

𝑆𝑦

𝑆𝑥
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STICKY NOTES 

 

 

 

 

 

 

 

 

 

 

 

Association between two variables x and y can be positive association when 
value of one variable ‘y’ goes up with the increasing value of another variable 
‘𝑥’; negative when value of y goes down with the increasing value of 𝑥. There 
seems to be no association between variables if values of y fail to follow any 

pattern with changing values of 𝑥. 

Measure of the degree of association between two quantitative variables is 
Correlation. It determines the strength or direction of the relationship 
between variables. It is usually denoted by r and takes values between -1 and 
+1. 

Correlation between different variables can be measured as a correlation 
coefficient 

𝒓 =
𝒏 ∑ 𝒙𝒚−∑ 𝒙 ∑ 𝒚

√(𝒏 ∑ 𝒙𝟐−(∑ 𝒙)𝟐)(𝒏 ∑ 𝒚𝟐−(∑ 𝒚)𝟐)

 or 𝒓 =  
∑(𝒙−𝒙)(𝒚−𝒚)

𝒏(𝒔𝒙 𝒔𝒚 )
 

Where: 

x, y = values of pairs of data. 

n = the number of pairs of values for x and y 

𝒙 = 𝐯𝐚𝐫𝐢𝐚𝐛𝐥𝐞 𝐦𝐞𝐚𝐧 

s = standard deviation of variables = sx = √
∑(𝐱−𝐱̅)𝟐

𝐧
 

The Expression: 
∑(𝒙−𝒙)(𝒚−𝒚)

𝒏
 is called Covariance and is denoted by sxy 

 
 

Spearman’s Rank correlation coefficient is calculated when variables are 
based on rank or order rather than their magnitude.  

𝒓 = 𝟏 −
𝟔 ∑ 𝐝𝟐

𝐧(𝐧𝟐 − 𝟏)
 

 

 

Linear regression analysis is a statistical technique for calculating a line that 
best fits the points in the scatter diagram. It is the line that minimized the sum 

of the squared deviations or residuals between line and actual values.  

 



CHAPTER 10: CORRELATION AND REGRESSION PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

 

308 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

 
 

 

 

Regression line is written as simple algebraic equation of a straight line with ŷ 
as predicted values of dependent variable in the straight line.  

ŷ = a + b𝑥. 
The linear regression formulae for calculating a and b are shown below.  

𝒃 =
𝒏 ∑ 𝒙𝒚 − ∑ 𝒙 ∑ 𝒚

𝒏 ∑ 𝒙𝟐 − (∑ 𝒙)𝟐
 

or 
𝒃 =

∑(𝒙 − 𝒙) (𝒚 − 𝒚)

∑(𝒙 − 𝒙)𝟐
 

𝐚 =
∑ 𝐲

𝐧
−

𝐛 ∑ 𝐱

𝐧
 

or a = 𝒚 - b𝒙 

Where: 

x, y = values of pairs of data.  

n = the number of pairs of values for 𝑥 and y. 

 =  A sign meaning the sum of. (The capital of the Greek letter sigma). 

𝒙, 𝒚=  Variable means  

Note: the term b must be calculated first as it is used in calculating a. 
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SELF-TEST 

1.  If the values of two different variables (say x and y) are plotted on a rectangular axes, such a plot is 
referred to as a:                                                   

 (a) Frequency diagram (b) Value diagram 

 (c) Scatter diagram (d) None of these 

2.  From the inspection of scatter diagram if it is seen that the points follow closely a straight line, it 
indicates that the two variables are to some extent:         

 (a) Unrelated (b) Related 

 (c) Linearly related  (d) None of these 

3.  In a scatter diagram, if the points follow closely a straight line of positive slope, the two variables are 
said to have:                                                                     

 (a) No correlation (b) High positive correction 

 (c) Negative correlation (d) None of these 

4.  In a scatter diagram, if the points follow clearly a straight line of negative slope, the two variables are 
said to have:                                                                     

 (a) No correlation (b) High positive correlation 

 (c) High negative correlation (d) None of these 

5.  In a scatter diagram, if the points follow a strictly random pattern, the two variables are said to have:                                                                                

 (a) No linear relationship (b) Low positive relationship 

 (c) Low negative relationship (d) None of these 

6.  A measure of the strength or degree of relationship or the interdependence is called:                                                                                                           

 (a) Correlation  (b) Regression 

 (c) Least square estimate (d) None of these 

7.  The phenomenon that investigates the dependence of one variable on one or more independent 
variables is called:                                                              

 (a) Correlation  (b) Regression  

 (c) Least square estimate (d) None of these 

8.  The linear relation between a dependent and an independent variable is called:  

 (a) Regression line  (b) Regression co-efficient   

 (c) Co-efficient of correlation (d) None of these 

9.  Slope of the regression line is called:                                                                

 (a) Regression parameter (b) Sample parameter 

 (c) Regression co-efficient  (d) None of these 
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10.  In regression analysis, if the value of a is positive the value of b:  

 (a) Must be positive (b) May take any value 

 (c) Must be negative (d) Less than -1or more than 1 

11.  The procedure which selects that particular line for which the sum of the squares of the vertical 
distances from the observed points to the line is as small as possible, is called:                                                                                           

 (a) Sum of squares method (b) Sum of squares of errors method 

 (c) Least square method (d) None of these 

12.  The numerical values of regression co-efficient must be:                               

 (a) Both positive  (b) Both negative  

 (c) Both positive or both negative  (d) None of these 

13.  The dependent variable is also called response or:                                    

 (a) The explained variable (b) Unexplained variable 

 (c) The explanatory variable  (d) None of these 

14.  The explained variable or response is also called:                                           

 (a) The independent variable  (b) The dependent variable 

 (c) Non-random variable (d) None of these 

15.  The predictor or unexplained variable is also called:                                      

 (a) The independent variable  (b) The dependent variable 

 (c) Random variable (d) None of these 

16.  In regression analysis, b = 2.8, indicates that the value of dependent variable:                                   

 (a) Increases by 2.8 units at per unit increase in independent variable 

 (b) Decreases by 2.8 units at per unit increase in independent variable 

 (c) Increases by 2.8 units at per unit decrease in independent variable 

 (d) None of these 

17.  If 𝑥̅ = 11.33; 𝑦̅ = 33.56 and 𝑏𝑦𝑥=2.832 then a is equal to:                                     

 (a) 0.96 (b) 1.47 

 (c) 11.85 (d) 4.00 

18.  If a random sample of 9 observations yielded the values ∑ 𝑥 = 102, ∑ 𝑦 = 302, ∑ 𝑥𝑦 =
3583 𝑎𝑛𝑑 ∑ 𝑥2 = 1308 then the value of b is:                             

 (a) 1.47 (b) 2.831 

 (c) Cannot be determined  (d) None of these 
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19.  If Y is the observed value and 𝑌̂ is the estimated value (estimated by using the regression line) then 

∑(𝑌 − 𝑌̂):                                                                      

 (a) Should be zero 

 (b) Is likely to be close to zero 

 (c) In majority of the cases would be equal to zero 

 (d) None of these 

20.  If two variables tends to vary simultaneously in some direction, they are said to be:                                                                                                                      

 (a) Dependent  (b) Independent  

 (c) Correlated  (d) None of these 

21.  If two variable tends to increase (or decrease) together, the correlation is said to be:                                                                                                                      

 (a) Zero  (b) Direct or positive 

 (c) 1 (d) None of these 

22.  If one variable tends to increase as the other variable decreases, the correlation is said to be:                                                                                                    

 (a) Zero  (b) Inverse or negative  

 (c) -1  (d) None of these 

23.  While calculating “r” if x and y are interchanged i.e. instead of calculating 𝑟𝑥𝑦  if  𝑟𝑦𝑥  is calculated then:                                                                              

 (a) 𝑟𝑥𝑦  = 𝑟𝑦𝑥  (b) 𝑟𝑥𝑦  >  𝑟𝑦𝑥  

 (c) 𝑟𝑥𝑦  <  𝑟𝑦𝑥  (d) None of these 

24.  Limits of the co-efficient of Correlation are:                                                         

 (a) -1 to 0 (b) 0 to 1 

 (c) -1 to +1 (d) None of these 

25.  If r = 0.9 and if 5 is subtracted from each observation of x, then r will:              

 (a) Decrease by 5 units  (b) Decreases by less than 5 units 

 (c) Remain unchanged  (d) None of these 

26.  If r = 0.9 and if 5 is added to each observation of x, then r will:                          

 (a) Increase by 5 units  (b) Increase by more than 5 units 

 (c) Remain unchanged  (d) None of these 

27.  If r = 0.9 and if 3 is subtracted from each observation of Y, then r will:              

 (a) Decrease by 3 units  (b) Decrease by less than 3 units 

 (c) Remain unchanged  (d) None of these 
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28.  If r = 0.9 and if 3 is added to each observation of y, then r will:                          

 (a) Increase by 3 units  (b) Increase by more than 3 units  

 (c) Remain unchanged  (d) None of these 

29.  If r = 0.9 and if 3 is subtracted from each observation of x and 5 is added to each observation of y, then 
r will:                                                                                

 (a) Decrease by 2 units (b) Increase by 2 units  

 (c) Remain unchanged  (d) None of these 

30.  If r = 0.9 and each observation of x is multiplied by 100, then r will:                  

 (a) Increase by 100 times  (b) Less than 100 times  

 (c) Remain unchanged  (d) None of these 

31.  If r = 0.9 and each observation of Y is divided by 10, then r will:                        

 (a) Decrease by 10 times  (b) Decrease by less than 10 times  

 (c) Remain unchanged  (d) None of these 

32.  If r = 0.9 and each observation of x and y is divided by 10, then r will:               

 (a) Decrease by 10 times  (b) Decrease by 100 times  

 (c) Remain unchanged  (d) None of these 

33.  The co-efficient of correlation is independent of:                                              

 (a) Only origin  (b) Only scale  

 (c) Origin and scale  (d) None of these 

34.  The geometric mean of two regression co-efficient is equal to:                       

 (a) Co-efficient of determination  (b) Co-efficient of correlation 

 (c) Co-efficient of rank correlation (d) None of these  

35.  If 𝑏𝑥𝑦  = -0.78 and 𝑏𝑦𝑥  = -0.45, then r is equal to:                                              

 (a) +0.351 (b) -0.351 

 (c) Cannot be determined (d) None of these 

36.  If 𝑏𝑥𝑦  = -0.78 and 𝑏𝑦𝑥  = 0.45, then r is equal to:                                                 

 (a) +0.351 (b) -0.351 

 (c) Cannot be determined  (d) None of these 

37.  If 𝑏𝑥𝑦  = +1.93 and 𝑏𝑦𝑥  = 0.6, then r is equal to:                                                

 (a) 1.158 (b) 1.0761 

 (c) Data is fictitious  (d) None of these 
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38.  If 𝑏𝑥𝑦  = 1.93 and 𝑏𝑦𝑥  = 0.51, then r is equal to:                                                  

 (a) 0.9843 (b) 0.992 

 (c) Data is fictitious  (d) None of these 

39.  If 𝑏𝑥𝑦  = -1.93 and 𝑏𝑦𝑥  = 0.51, then r is equal to:                                                  

 (a) -0.9843 (b) -0.992 

 (c) Data is fictitious  (d) None of these 

40.  If 𝑁 = 6, ∑ 𝑥 = 68, ∑ 𝑦 = 112, ∑ 𝑥𝑦 = 1292,   ∑ 𝑥2 = 786, ∑ 𝑦2 = 2128  then r is equal to:                                                                                                                   

 (a) 0.947 (b) 0.8968 

 (c) Cannot be determined  (d) None of these 

41.  The co-efficient of correlation can never be:                                                   

 (a) Negative  (b) Positive  

 (c) Zero  (d) Can assume any value 

42.  The square of r is known as:                                                                             

 (a) Co-efficient of correlation (b) Co-efficient of regression 

 (c) Co-efficient of determination  (d) None of these 

43.  The lower and upper limits of 𝑟2 are:                                                                

 (a) -1 to + 1 (b) 0 to 1 

 (c) -∞ to +∞ (d) None of these 

44.  The quantity which describes that the proportion (or percentage) of variation in the dependent 
variable explained (or reduced) by the independent variable is called:                                                                                                               

 (a) Co-efficient of determination  (b) Co-efficient of regression  

 (c) Co-efficient of correlation (d) None of these 

45.  If r = 0.8, then the variation in the dependent variable y due to independent variable x is about:                                                                                             

 (a) 80% (b) 64% 

 (c) 64% to 80% (d) None of these 

46.  If r = 0.8 and 𝑏𝑦𝑥= 1.04 then 𝑏𝑥𝑦  is equal to:                                                

 (a) 0.769 (b) 0.615 

 (c) Cannot be determined (d) None of these 

47.  If r2 = 0.796 and 𝑏𝑥𝑦  = -1.04 then 𝑏𝑦𝑥  is equal to:                                            

 (a) 0.765 (b) -0.765 

 (c) Cannot be determined (d) None of these 
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48. For the following pair of values compute correlation coefficient (1,3), (4,8), (8,17), (10,18) 

 (a)  0.9887 (b)  0.9775 

 (c)  1.7743 (d)  0.5510 

49. For the following pair of values compute coefficient of determination 

 (1,3), (4,8), (8,17), (10,18) 

 (a)  0.9887 (b)  0.9775 

 (c)  1.7743 (d)  0.5510 

50. For the following pair of values compute equation of least squares line of Y on X 

 (1,3), (4,8), (8,17), (10,18) 

 (a)  y =1.297 + 1.774𝑥 (b)  𝑥 = ˗ 0.5860+0.55y 

 (c)  y =1.774 + 1.297𝑥 (d)  𝑥 = 0.55 ˗ 0.5860y 

51. For the following pair of values compute equation of least squares line of X on Y 

 (1,3), (4,8), (8,17), (10,18) 

 (a)  y = 1.297 + 1.774𝑥 (b)  𝑥 = ˗ 0.5860+0.55y 

 (c)  y = 1.774 + 1.297𝑥 (d)  𝑥 = 0.55 - 0.5860y 

52. For the following pair of values compute regression coefficient of Y on X 

 (1,3), (4,8), (8,17), (10,18) 

 (a)  0.9887 (b)  0.9775 

 (c)  1.7743 (d)  0.5510 

53. For the following pair of values compute regression coefficient of X on Y 

 (1,3), (4,8), (8,17), (10,18) 

 (a)  0.9887 (b)  0.9775 

 (c)  1.7743 (d)  0.5510 

54. Select one or more of the possible correct statements: 

 1.  Correlation may be direct or positive. 

 2.  Correlation must be direct or positive. 

 3.  Correlation may be inverse or negative. 

 4.  Correlation coefficient ranges from 0 to 1 

a. I only b. 1 and II only c. I and III only d. none 
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55. Select one or more of the possible correct statements: 

 1.  A positive relationship between two variables means that high values of one variable are 

  paired with high values of the other. 

 2.  Correlation coefficient is not expressed in the units of measurement from which it is  

  obtained. 

 3.  Regression coefficient ranges between -2 and +1 

 4.  Regression coefficient cannot be 1 

a. I and II b. Only I c. Only II d. All 
 

56. Select one or more of the possible correct statements: 

 1.  Coefficient of determination is obtained by squaring the regression coefficient. 

 2.  Coefficient of determination is obtained by squaring the coefficient of correlation. 

 3.  Coefficient of determination can be negative. 

 4.  Coefficient of determination cannot be negative. 

a. I and II b. II and III c. II and IV d. None 
 

57. Given b = 1.452 and d = - 0.235. calculate r. 

 (a) 0.584  (b) -0.584 

 (c) 0.854  (d) impossible case  

58. Given b=1.89, 𝑥=5.75 and y̅=11. Calculate a. 

 (a)  5.75 (b)  11 

 (c)  0.0782 (d)  0.25 

59. Given r= 0.9745, regression coefficient y on 𝑥 = 1.8994. Calculate regression coefficient x on y 

 (a)  0.5 (b)  11 

 (c)  0.0782 (d)  0.25 

60. Using y = 1.297 + 1.774𝑥. Compute y when 𝑥 = 3 

 (a)  6.619 (b)  7.719 

 (c)  8.819 (d)  cannot be determined 

61. Using 𝑥 = ˗ 0.55 + 2y. Compute x when y=4 

 (a)  7.45 (b)  8.45 

 (c)  9.45 (d) 6.45 
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62. Identify regression coefficient from the following equation: Y=3+4𝑥 

 (a)  3 (b)  4 

 (c)  3/4 (d)  4/3 

63. The regression coefficient of a perfectly positively correlated data will be: 

 (a)  -1 (b)  0 

 (c)  +1 (d)  It can take any value 

64. The coefficient of correlation of a perfectly positively correlated data will be: 

 (a)  -1 (b)  0 

 (c)  +1 (d)  It can take any value 

65. The coefficient of determination of a perfectly positively correlated data will be: 

 (a)  -1 (b)  0 

 (c)  +1 (d)  It can take any value 

66. From its past experience a company has observed that it is able to achieve sales revenue of  

 around Rs. 500,000 in years when there is no marketing expenditure and also that the sales 

 revenue increases by around Rs. 150,000 for every Rs. 75,000 spending on marketing 

 expenditure. Identify the best possible equation linking sales and marketing expenditure from the 

 data provided 

 (a)  Sales = 500,000 + 75,000 ×  

  marketing expenditure 

(b)  Marketing expenditure 

 = 500,000 + 2 × Sales 

 (d)  Sales = 2 × marketing expenditure (d)  Sales = 500,000 +  

 2 × marketing expenditure 

67. Identify the limitation(s) of a scatter diagram: 

 1.  Useful aid to give a visual impression of the relationship between variables. 

 2.  Might indicate a relationship where there is none. 

 3.  Might lead to incorrect conclusions if there are only few data points available or the data  

  collected is atypical for some reason. 

 (a)  Statement 1 only (b)  Statement 2  and 3 only 

 (d)  statement 1 and 2  (d)  none of the statements are true. 
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68. A firm train employee to use a statistical software package. A random sample of trainees turned in the 

 following performance 

Trainee Hours of training (x) No of errors (y) 

A 1 6 

B 4 3 

C 6 2 

D 8 1 

E 2 5 

F 3 4 

G 1 7 

Predict the no of errors for a person with 5 hours of training. 

a. 3.43 b. 4 c. 2.87 d. 3 

 

69. Correlation between car weight and reliability r = 0.30 

 Correlation between car weight and maintenance cost = 0.7 

 Which of the following statement is/are true? 

i. Heavier cars tend to be less reliable 

ii. Heavier cars tend to cost more to maintain 

iii. Car weight is related more strongly to reliability than to maintenance cost 

iv. Both (I) and (ii)  

a. i b. ii c. iii d. iv 

70. Over a period of 12 months, in which monthly advertising expenditure ranges from Rs. 20,000 to  

 Rs. 50,000, the correlation between monthly advertising expenditure and monthly sales is 0.8.  

 Which of the following is/are true on the basis of the information given? 

A. Higher sales are caused by higher expenditure on advertising. 

B. If advertising expenditure is increased to Rs. 100,000 sales will increase. 

C. Sixty four percent of the changes in sales from one month to the next can be explained by 
corresponding changes in advertising expenditure. 

D. A correlation coefficient derived from 24 months’ data would be more reliable than that given above. 

I. A & C II. B & D III. C & D IV. C only 
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71. Find the co efficient of correlation between x and y if: 

       Regression line of x on y is 5x – 4y + 2 = 0 

       Regression line of y on x is x – 5y + 3 = 0 

a. 0.4 b. 0.45 c. 0.76 d. None 

 

72. Correlation between Marks in Math and Science is  

 

a. Strong Negative b. Strong Positive c. Perfect positive d. Moderate positive  

73. Comment on the correlation between Age (years) and Price (dollars). 

 

a. Strong Negative b. Strong Positive c. Perfect positive d. Moderate negative  
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74. From the following data compute the co efficient of correlation between x and y. 

i. Arithmetic mean of x series is 25 and that of y is 18. 

ii. ∑(𝑋 − 𝑋̅)(𝑌 − 𝑌̅) = 122. 

iii. ∑(𝑋 − 𝑋̅)2 =136, and ∑(𝑌 − 𝑌̅)2 =138. 

iv. n= 15 

a. 0.98 b. 0.76 c. 0.89 d. 0.59 

75. The following data relate to the mean and standard deviation of the price of two shares in a stock  

 exchange: 

Share Mean (in Rs.) SD in (Rs.) 

Company A 44 5.60 

Company B 58 6.30 

Co efficient of correlation between the share prices is 0.48. Find the most likely price of share A 

corresponding to a price of Rs. 60 of share B  

a. 49.96 b. 44.96 c. 50.96 d. 54.96 

76. Given that the correlation between x and y is 0.2, find the correlation co-efficient between u and v 

 where: 

2u + 4x + 5 = 0, 3v – 16y = 10 
 
       (a)        0.2  (b) –0.2  (c) 0.36  (d) None 

77. The rank correlation co-efficient between two variables x and y was obtained as 0.6. Sum of square

 of differences of rank is 8, find the number of pairs of observations. 

       (a)        6  (b) 5  (c) 3  (d) None 

78. If (x,y) = 0.4, then r(ax + b, cy + d) = ? (where a > 0, c > 0, b < 0, d < 0) 

       (a)        0.4  (b) –0.4  (c) 0  (d) 1 

79. For 10 pairs of observations, the ranks of two variables are exactly in reverse order then Σd2 = ? 

       (a)        1  (b) –1  (c) 330  (d) 33 

80. For 8 pairs of observations Σx = 256, Σy = 968, Σ(x – 32)2 = 1022, Σ(y – 121)2 = 4941, Σ(x – 32) (y –  

 121) = 2212, calculate correlation co-efficient. 

(a)     0.98  (b) 0.044  (c) 0.31  (d) None 
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ANSWERS TO SELF-TEST QUESTIONS 

1 2 3 4 5 6 

(c) (c) (b) (c) (a) (a) 

7 8 9 10 11 12 

(b) (a) (c) (b) (c) (c) 

13 14 15 16 17 18 

(a) (b) (a) (a) (b) (d) 

19 20 21 22 23 24 

(a) (c) (b) (b) (a) (c) 

25 26 27 28 29 30 

(c) (c) (c) (c) (c) (c) 

31 32 33 34 35 36 

(c) (c) (c) (b) (d) (c) 

37 38 39 40 41 42 

(b) (b) (c) (a) (d) (c) 

43 44 45 46 47 48 

(b) (a) (b) (b) (b) (a) 

49 50 51 52 53 54 

(b) (a) (b) (c) (d) c 

55 56 57 58 59 60 

(a) (c) (d) (c) (a) (a) 

61 62 63 64 65 66 

(a) (b) (d) (c) (c) (d) 

67 68 69 70 71 72 

(b) (d) (b) (III), C & D (a) (b) 

73 74 75 76 77 78 

(d) (c) (b) (b) (b) (a) 

79 80     

(c) (a)     
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CHAPTER 11 
 

PROBABILITY CONCEPTS 

  

 

 
AT A GLANCE 

In our daily events, often number of ways to perform a certain 
task are determined. Similarly, in statistics we often need to be 
able to estimate the number of possible outcomes given a set of 
circumstances. 

To determine the possible outcomes and possible ways number 
of things can be ordered or arranged various methods including 
permutations and combinations and simply tree diagrams can 
be used.  

This chapter also discusses probability and related concepts. 
Probability is the measure of the likelihood of occurrence of 
event. It is normally expressed as a number between 0 and 1 
(or as percentage between 0 and 100%). The estimate for an 
event occurring helps in various decisions including prediction. 
Its business applications extend to assessment and risk 
management in business.  

 

IN THIS CHAPTER 

AT A GLANCE 

SPOTLIGHT 

1. Possible outcomes  

2. Probability  

STICKY NOTES 

SELF-TEST  
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1 POSSIBLE OUTCOMES  

The logical possibilities or outcomes that address a given circumstance can be as simple as counting the available 
options to often difficult and error prone calculations.  

Trees diagrams:  

One of the ways to determine the possible outcomes is to use tree diagram to reach out to possible outcomes.  
Here, each possible outcome is denoted by a leaf or node at the end of the corresponding branches.  

 For example:  

In choosing a suitable car, options can be as outlined as below:  

 

In this example, available options for cars can be Manual 1000cc grey, Manual 1800cc, Hybrid 1000cc black or 
Hybrid 1800cc 

Counting Principle: 

Another way to reach to the possible outcome is by way of fundamental counting principle or counting rule. It 
says that when there are m ways of doing something and n ways of doing another and these are independent of 
each other then there are m × n ways of doing both.  

Similarly, if there are more than two events m, n and p, then number of ways that all events can occur is m × n × p. 

Two events being independent of each other means that one event does not impact the other. 

 For example:  

A lady has 10 pairs of shoes and 12 dresses. 

There are 10 × 12 = 120 possible combinations. 

A car manufacturer sells a model of car with the following options: 

Body style Sedan, hatchback, soft top 3 

Colours Choice of 15 15 

Internal trim 3 colours of leather  3 

Engine size 1.8l, 2.2l and 2.5l turbo 3 

The car manufacturer is offering to supply 405 (3 × 15 × 3 × 3) variations of the car 

Furthermore, additive principle of counting says that if m and n are number of ways two mutually exclusive 
events occur, then the possibility that either m or n occur is given by m + n. The same principle applies to two or 
more events.  

 

Cars

manual

1000cc

Black

Grey

1800cc

hybrid

1000cc

Black 

Grey

1800cc
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 For example:  

A lady has 6 flowers in a basket, 2 red, 2 white and 2 pink.  

Two possible events that can occur are  

3 chances that lady picks up either of the colored flower from her basket and  

9 chances that either of the two colored flowers are being picked.  

Hence, the possible number of time when either one or two colored flowers are picked is 3 + 9 = 12. 

Permutations 

Permutation is a set of several possible ways in which a set or number of things can be ordered or arranged. It is 
referred to as an ordered combination or a group of items where order does matter. 

 Formula:  

𝑛! 

Where: 

n = number of items 

! = A mathematical operator expressed as “factorial” (e.g. 6! is pronounced 6 factorial). 

It is an instruction to multiply all the numbers counting down from the number given. i.e. 6! = 6 × 5 × 4 × 3 × 2 × 
1. 

Remember this: 0! = 1 

 For example:  

There are six ways of arranging three letters (A, B, C): 

ABC, ACB, BAC, BCA, CAB, ABA 

Using the term above: 

Number of ways of arranging 3 items =3! = 3×2×1 = 6 

How many ways can five different ornaments be arranged on a shelf? 

n! = 5! = 5×4×3×2×1 = 120 

Qadir has 4 sisters who ring him once every Saturday. How many possible arrangements of phone calls could 
there be? 

𝑛! = 4! = 4 × 3 × 2 × 1 = 24 

How many ways can 8 objects be arranged? 

𝑛! = 8! = 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1 = 40,320 

Permutations where some items are identical or repeated  

The formula for computing permutations must be modified where some items are identical. 

 Formula:  

𝑛!

𝑥!
 

Where: 

n = number of items 

x = number of identical items or repetitions. 
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 For example:  

How many possible arrangements are there of three letters ABB: 

Since there are three letters and two of them are identical, the possible arrangement can be calculated as:  

𝑛!

𝑥!
=

3!

2!
=

3 × 2 × 1

2 × 1
=

6

2
= 3 

How many different ways can 6 objects be arranged if 3 of them are identical? 

n = 6 and x= 3 

𝑛!

𝑥!
=

6!

3!
=

6 × 5 × 4 × 3 × 2 × 1

3 × 2 × 1
= 6 × 5 × 4 = 120 

How many different ways can 7 objects be arranged if 4 of them are identical? 

n = 7 and x= 4 

𝑛!

𝑥!
=

7!

4!
=

7 × 6 × 5 × 4 × 3 × 2 × 1

4 × 3 × 2 × 1
= 7 × 6 × 5 = 210 

How many ways can the letters in PAKISTAN be arranged?  

In the word, PAKISTAN, letter A is repeated twice. Which makes n = 8 and x= 2 

𝑛!

𝑥!
=

8!

2!
=

8 × 7 × 6 × 5 × 4 × 3 × 2 × 1

2 × 1
= 20,160 

How many ways can the letters in COMMITMENT be arranged?  

In the word, COMMITMENT, letter m is repeated thrice and t is repeated twice. Which makes n = 10 and xi= 3 and 
xii= 2 

𝑛!

𝑥𝑖!. 𝑥𝑖𝑖! 
=

10!

3! .2!
=

10 × 9 × 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1

(3 × 2 × 1). (2 × 1)
=

3,628,800

12
= 302,400 

How many different permutations are possible of 7 identical red books and 5 identical green books on a shelf? 

In this example, n = 12, xi= 5 and xii= 7 

𝑛!

𝑥𝑖!. 𝑥𝑖𝑖! 
=

12!

5! .7!
=

12 × 11 × 10 × 9 × 8

5 × 4 × 3 × 2 × 1
=

95,040

120
= 792 

Permutations of size r from n items: 

For a number of permutations of n items or elements taken r at a time or for size r, and when repetitions are not 
allowed, following formula would be used. This means that item picked next would be randomly selected from 
the remaining number of items.  

 Formula:  

nPr =  
𝑛!

(𝑛 − 𝑟)!
 

Where: 

n = number of items 

r = size of permutations. 
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 For example:  

There are 9 books on a shelf. The librarian will log three of these first in order. How many ways does librarian 
have? 

There are 9 books, but spots are 3.  

9P3 =  
9!

(9 − 3)!
 

9P3 =
9 × 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1

6 × 5 × 4 × 3 × 2 × 1
 

9P3 = 9 × 8 × 7 = 504 

There are 10 balls in a bag. Each ball carries a different number from 1 to 10.  

3 balls are selected at random from the bag and not replaced before the next draw is made. 

Any one of 10 balls could be selected in the first draw followed by any one of the remaining 9 on the second draw 
and any one of the remaining 8 on the third draw. 

10P3 =  
10!

(10 − 3)!
 

The number of possible permutations = 10 × 9 × 8 = 720 

6 friends visit a cinema but can only buy 4 seats together. How many ways could the 4 seats be filled by the six 
friends? 

6P4 =  
6!

(6 − 4)!
 

The number of possible permutations = 6 × 5 × 4 × 3 = 360 

There are 10 balls in a bag. Each ball carries a different number from 1 to 10.  

The number on each ball selected is noted and then the ball is replaced in the bag. How many different 
permutations are possible? 

This example is different from the above scenarios. Here, any one of 10 balls could be selected in the first, second 
and third draws. 

The number of possible permutations = 10 × 10 × 10 = 103 =1,000 

A military code is constructed where each letter is represented by 4 randomly selected numbers in the sequence 
1 to 50. How many permutations are possible for a single letter? 

This example too, any one of numbers from 1-50 balls could be selected in the first, second, third and fourth 
number for the code.  

The number of possible permutations = 50 × 50 × 50 × 50 = 504 =6,250,000 

Combinations 

The number of possible combinations of a number of items selected from a larger group is the number of possible 
permutations of the number of items selected from the group divided by the number of possible permutations of 
each sample.  

Combination is referred to as a group of items chosen from a larger number without regard for their order. It is 
a group of items where order does not matter.  

The formula below is also referred to as binomial coefficient. 
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 Formula:  

nC𝑥 = (
n

𝑥
) =

n!

𝑥! (n − 𝑥)!
 

Where: 

(n
𝑥

)= a term indicating the number of permutations of n items of only two types where x is the number of one 

type. 

n = total number of items from which a selection is made.  

𝑥 = number of identical objects of one type. 

n – 𝑥 = number of second type Identical object 

 For example:  

There are 10 balls in a bag. Each ball carries a different number from 1 to 10.  

3 balls are selected at random from the bag and not replaced before the next draw is made. Where order does 
not matter, the number of possible combinations can be calculated as follows:  

10C3 = (
10

3
) =

10!

3! (10 − 3)!
 

=
3,628,800

6 × 5040
=

3,628,800

30,240
= 120 

A university hockey team has a squad of 15 players. The coach carries out a strict policy that every player is 
chosen randomly. How many possible teams of 11 can be picked? 

15C11 = (
15

11
) =

15!

11! (15 − 11)!
 

=
15!

11! (4!)
=

15 × 14 × 13 × 12

4 × 3 × 2 × 1
=

32,760

24
= 1,365 

Five students from an honours class of 10 are to be chosen to attend a competition. One must be the head boy. 
How many possible teams are there? 

Head boy must be included with 4 out of the remaining 9 

9C4 = (
9

4
) =

9!

4! (9 − 4)!
 

=
9 × 8 × 7 × 6

4 × 3 × 2 × 1
=

3,024

24
= 126 
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2 PROBABILITY  

Probability is a measure of the likelihood of something happening. It is normally expressed as a number between 
0 and 1 (or a percentage between 0% and 100%) where 0 indicates something cannot occur and 1 that it is 
certain to occur.  

The probability of an event occurring plus the probability of that event not occurring must equal 1 (as it is certain 
that one or the other must happen). 

In using the probability, an outcome is something that happens as a result of an event. An event is a group of one 
or more outcomes. A single attempt to obtain a given event is referred to as a trial. 

 For example:  

If a dice is rolled each of the six numbers are outcomes. 

If a dice is rolled a possible event might be rolling an even number and this corresponds to the outcomes 2, 4 and 6. 

When all possible outcomes are equally likely the probability an event can be estimated as follows: 

 Formula:  

P (event) =
Number of outcomes where the event occurs

Total number of possible outcomes
 

Where: 

P (event) = probability of an event occurring. 

 For example:  

In tossing a coin, the number of possible outcomes are two head or a tail.  

Probability of rolling a head would be:  

P(head) =
1

2
= 0.5 (or 50%) 

Similarly, in rolling a dice, the number of possible outcomes are 6 (1 to 6 numbers) 

Probability of rolling a 5 would be:  

P(5) =
1

6
= 0.1667or 16.67% 

Probability of rolling an even number would be:  

P(3) =
3

6
= 0.5 or 50% 

Probability of rolling a number greater than 4 would be:  

𝐏(𝐚 𝐧𝐮𝐦𝐛𝐞𝐫 𝐠𝐫𝐞𝐚𝐭𝐞𝐭 𝐭𝐡𝐚𝐧 𝟒) =
𝟐

𝟔
= 𝟎. 𝟑𝟑𝟑𝟑 𝐨𝐫 𝟑𝟑. 𝟑𝟑% 

A box contains 10 pens (4 Blue, 2 Red, 3 Black and 1 Green).  

Probability of picking a Blue pen would be:  

𝑷(𝒃𝒍𝒖𝒆 𝒑𝒆𝒏) =
𝟒

𝟏𝟎
= 𝟎. 𝟒 𝒐𝒓 𝟒𝟎% 

Probability of not picking a black pen would be:  

𝑷(𝒏𝒐𝒕 𝒃𝒍𝒂𝒄𝒌 𝒑𝒆𝒏) =
𝟕

𝟏𝟎
= 𝟎. 𝟕 𝒐𝒓 𝟕𝟎% 

A deck of 52 playing cards (13 cards of each Heart, Diamond, Spade, Club; 26 each of black and red; 12 face cards, 
36 numbered cards and 4 aces)  
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Probability of picking a Diamond card would be:  

𝑷(𝒅𝒊𝒂𝒎𝒐𝒏𝒅) =
𝟏𝟑

𝟓𝟐
= 𝟎. 25 𝒐𝒓 𝟐𝟓% 

Probability of picking a Red card would be:  

𝑷(𝒓𝒆𝒅) =
𝟐𝟔

𝟓𝟐
= 𝟎. 50 𝒐𝒓 𝟓𝟎% 

Probability of picking a Face card would be:  

𝑷(𝒇𝒂𝒄𝒆) =
𝟏𝟐

𝟓𝟐
= 𝟎. 231 𝒐𝒓 𝟐𝟑. 𝟏% 

Relative frequency 

The circumstance under investigation might be more complexed than rolling a dice, all outcomes might not be 
equally likely. 

Consider the following questions: 

• What is the probability that more than half of your class will get a passing grade on the Statistics test? 

•  What is the probability that a man will alive after 25 years of age? 

• What is the probability that a given light bulb will burn out in its first 100 hours of use? 

The classical definition of probability does not assist us in answering these questions. In order to answer any of 
these questions we need some other definition. The another definition of probability involves the concept used 
in the relative frequency distribution.  

Relative frequency is the probability (or is the proportion) of times A would occur in an infinite series of repeated 
trials of the same kind.  happening found by experiment or observation. 

 Formula: 

Relative frequency =
Number of trials where the event occured

Total number of trials carried out
 

 For example: 

The following table has been constructed from observing daily sales over a period 

Daily sales Number of days  

0 20 
P(sales =  0) =

20

100
= 0.2 or 20% 

1 30 
P(sales =  1) =

30

100
= 0.3 or 30% 

2 25 
P(sales =  2) =

25

100
= 0.25 or 25% 

3 15 
P(sales =  3) =

15

100
= 0.15 or 15% 

4 10 
P(sales =  4) =

10

100
= 0.1 or 10% 

 100  

Events that are mutually exclusive or independent 

Two events are independent, if the outcome of one does not affect the outcome of the other. Two events are 
mutually exclusive, if the occurrence of one prevents the occurrence of the other in a single observation and there 
are no common outcomes. If there are one or more common outcomes, then the events are overlapping.  
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 For example:  

If a die is rolled twice, the number on the second roll is independent of the number on the first roll. 

If a die is rolled than an outcome being an even or odd is mutually exclusive.  

If a card is drawn at random from 52 playing cards, getting a red card or black card is mutually exclusive. 

Probability for either one or the other event to occur can be measured as follows:  

 Formula:  

If A and B are any two (non-mutually exclusive) events, then the probability of A or B is: 

P(A or B) = P(A) + P(B) − P(A and B)or 

P(A ∪  B) = P(A) + P(B) − P(A ∩  B) 

If A and B are two mutually exclusive events, then the probability of either A or B is 

P(A or B) = P(A ∪  B) = P(A) + P(B) 

If A and B are two independent events, then the probability of both occurring in succession is  

P(A and B) = P(A ∩  B) = P(A) × P(B) 

If A and B are two dependents, then the probability of both occurring in succession is  

P(A and B) = P(A ∩  B) = P(A) × P(B I A) 

If A is an event, then probability for all outcomes not in A is  

P(A) = 1 − P(A) 

Here, A  is called Complement of event A,  

 For example:  

What is the probability of rolling 2 or 3 heads when tossing a coin three times?? 

𝑃(𝐴 𝑜𝑟 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) 

𝑃(2 𝑜𝑟 3) = 𝑃(2) + 𝑃(3) =
3

8
+

1

8
=

4

8
=

1

2
= 0.50 𝑜𝑟 50% 

What is the probability of rolling a 3 or a 4 when rolling a dice once? 

P(A or B) = P(A) + P(B) 

P(3 or 4) = P(3) + P(4) =
1

6
+

1

6
=

2

6
=

1

3
= 0.333 or 33.33% 

If two dice are rolled once what is the probability of rolling two 6s? 

P(A and B) = P(A) × P(B) 

P(6 and 6) = P(6) × P(6) =
1

6
×

1

6
=

1

36
= 0.0278 or 2.78% 

If a die is rolled twice, what is the probability of rolling an even number on first roll and an odd number on 
second? 

P(A and B) = P(A) × P(B) 

P(even and odd) = P(even) × P(odd) =
3

6
×

3

6
=

9

36
=

1

4
= 0.25 or 25% 

What is the probability of selecting a jack or a queen from a normal pack of 52 cards? 

P (Jack or Queen) = P (J or Q) = 4 52⁄  + 4 52⁄ = 8 52⁄  = 2 13⁄  
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What is the probability of selecting a club or a spade from a normal pack of 52 cards? 

P (Club or Spade) = P (C or S) = 13
52⁄  + 13

52⁄  =26
52⁄  = 1 2⁄  

A box contains 10 pens (4 Blue, 2 Red, 3 Black and 1 Green), what is the probability that a pen is blue or black? 

P(blue or black) =
4

10
+

3

10
=

7

10
= 0.7 or 70% 

What is the probability of selecting an ace or a heart from a normal pack of 52 cards? 

P (Ace or Heart) = P (A or H) − P(Ace of hearts) = 4/52 + 13/52 − 1/52 = 16/52 

2 Dice are rolled - 1 red and 1 blue.  What is the probability of rolling a 6 on the red or blue dice? 

P (6 on red or 6 on blue) = P (6R or 6B) = 1 6⁄  + 1 6⁄  − [1
6⁄   1 6⁄ ] = 6 36⁄  + 6 36⁄  − 1 36⁄  = 11

36⁄  

What is the probability of rolling two dice to obtain the sum seven or the number three on at least one die? 

 P (sum 7 or number 3) = P (S7 or N3) = 6/36 + 11/36 − 2/36 = 15/36 

Daily sales of a firm and probability of achieving the sales is provided below  

Daily sales 
(number of items) 

P 

0 0.2 

1 0.3 

2 0.25 

3 0.15 

4 0.10 

 1.0 

The probability of daily sales of more than 2 would be:  

P(sales more than 2) = P(3 or 4) = 0.15 + 0.1 = 0.25 or 25% 

The probability of daily sales being at least 1 would be:  

P(at least 1) = P(1, 2, 3 or 4) = 0.3 + 0.25 + 0.15 + 0.1 = 0.8 or 80% 

Another approach is to rearrange the statement to the probability of sales not being zero. 

P(not 0) = 1 − P(0) = 1 − 0.2 = 0.8 or 80% 

The probability of total sales of 6 in two consecutive days would require combination of techniques: 

There are three combinations of days which would result in sales of 6 over two days. The probability of each is 
found using the multiplication law and then these are added 

  Day 1  Day 2     

 4 and 2  0.10  0.25 = 0.0250 

Or 2 and 4 + 0.25  0.10 = 0.0250 

Or 3 and 3 + 0.15  0.15 = 0.0225 

       0.0725 

An item is made in three stages.  At the first stage, it is formed on one of four machines, A, B, C, or D with equal 
probability.  At the second stage it is trimmed on one of three machines, E, F, or G, with equal probability.  Finally, 
it is polished on one of two polishers, H and I, and is twice as likely to be polished on the former as this machine 
works twice as quickly as the other. 
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First lets re-write the steps and probabilities in tabular form: 

Formed Trimmed Polished 

A      1 4⁄  E       1 3⁄  H        2 3⁄  

B      1 4⁄  F       1 3⁄  I         1 3⁄  

C      1 4⁄  G       1 3⁄   

D      1 4⁄    

a) The probability that an item is polished on H is: 

P(H) = 2/3 

b) The probability that the item is trimmed on either F or G is: 

P(F or G) = 1/3 + 1/3  = 2/3 

c) The probability that the item is formed on either A or B, trimmed on F and polished on H is: 

P(A or B) and P(F) and P(H) = (¼ + ¼)  1/3   2/3 = 1/9 

d) The probability that the item is either formed on A and polished on I, or formed on B and polished on H is: 

P(A and I) or P(B and H) = (¼  1/3 ) + (¼  2/3) = ¼ 

e) The probability that the item is either formed on A or trimmed on F is: 

Since A, F are not mutually exclusive:  

P(A or F) = P(A) + P(F) − (P(A)  P(F)) = ¼ + 1/3  − (¼  1/3)  = ½ 

The chances of survival of two accident victims are 0.3 and 0.6. What is the probability that both of them will survive? 

𝐏(𝐀 𝐚𝐧𝐝 𝐁) = 𝐏(𝐀) × 𝐏(𝐁) = 𝟎. 𝟑 × 𝟎. 𝟔 = 𝟎. 𝟏𝟖 𝐨𝐫 𝟏𝟖% 

Three dice are rolled. What is the probability of getting at least one six? 

𝐏(𝐚𝐭 𝐥𝐞𝐚𝐬𝐭 𝐨𝐧𝐞 𝐬𝐢𝐱) = 𝟏 − 𝐏(𝐧𝐨 𝐬𝐢𝐱𝐞𝐬) 

𝐏(𝐧𝐨 𝐬𝐢𝐱𝐞𝐬) =
𝟓

𝟔
×

𝟓

𝟔
×

𝟓

𝟔
=

𝟏𝟐𝟓

𝟐𝟏𝟔
 

𝐏(𝐚𝐭 𝐥𝐞𝐚𝐬𝐭 𝐨𝐧𝐞 𝐬𝐢𝐱) = 𝟏 −
𝟏𝟐𝟓

𝟐𝟏𝟔
=

𝟗𝟏

𝟐𝟏𝟔
= 𝟎. 𝟒𝟐𝟏𝟑 𝐨𝐫 𝟒𝟐. 𝟏𝟑% 

Three people A, B and C get into a lift on the ground floor of a building.  The building has 6 floors, comprising of the 
ground floor and floors 1 to 5.  The probability that a person entering the lift at the ground floor to a required floor 
is as follows: 

Floor required Probability 

1 0.1 

2 0.2 

3 0.2 

4 0.3 

5 0.2 
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a) The probability that A requires either floor 3, 4 or 5. 

P(3, 4 or 5) = 0.2 + 0.3 + 0.2 = 0.7 

b) The probability that neither A, B, nor C require floor 1. 

P(A does not require first floor, B does not require first floor and C does not require first floor) = 0.9  0.9  

0.9 = 0.729 

c) The probability that A and B require the same floor. 

A B   

1 and 1 0.12 = 0.01 

2 and 2 +0.22  0.04 

3 and 3 +0.22  0.04 

4 and 4 +0.32  0.09 

5 and 5 +0.22  0.04 

   0.22 

d) The probability that A and B require different floors. 

P (different floors) = 1 − P(same floors) 

       = 1 − 0.22 

       = 0.78 

e) The probability that only one of A, B, and C requires floor 2. 

A B C   

2 x x 0.2  0.8  0.8 = 0.128 

X 2 x 0.8  0.2  0.8 = 0.128 

X x 2 0.8  0.8  0.2 = 0.128 

    0.384 

f) The probability that A travels three floors further than B. 

 A B    

 5  and 2    0.2  0.2 = 0.04 

or 4  and 1  0.3  0.1 = 0.03 

     0.07 

Conditional probability:  

Conditional probability is the probability of an event occurring given that another event has occurred 
(probability of one event is dependent on another). 

If A and B are two events such that the probability of B is dependent on the probability of A then the probability 
of A and B occurring is the product of the probability of A and the conditional probability of B. 
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 Formula:  

𝑃(𝐵|𝐴) =  
𝑃 (𝐴 𝑎𝑛𝑑 𝐵)

𝑃(𝐴)
=

𝑃 (𝐴 ∩  𝐵)

𝑃(𝐴)
 

or 𝑃 (𝐴 𝑎𝑛𝑑 𝐵) = 𝑃 (𝐴 ∩  𝐵) 

= 𝑃(𝐴) ×  𝑃(𝐵|𝐴) × 

Where: 

P (B|A) = probability of B occurring given that A has occurred. 

 For example:  

There are 4 white and 5 blue pens. What is the probability that two white pens are drawn respectively if none of 
the pens are replaced? 

Let A and B be the events of drawing pens in two simultaneous pick.  

P (A and B) = P(A)  ×  P(B|A) × 

P (A and B) =  
4

9
×

3

8
 = =  

1

6
 

A person is dealt two cards from a pack. What is the probability that both are aces? 

There are 4 aces in a pack of 52 cards. 

The probability of the first card being an ace is 4/52. 

If the first card is an ace there are 3 aces left in 51 cards so the probability of being dealt a second ace if the first 
card was an ace is 3/51. 

Therefore, the probability that both are aces is: 

P (A and B) = P(A) × P(B) =
4

52
×

3

51
=

12

2,652
= 0.0045 or 0.45% 

A box contains 4 Blue, 2 Red, 3 Black and 1 Green pen. What is the probability that both pens are blue (a)if the 
first pen is replaced prior to selecting the second? (b) The first pen is not replaced prior to selecting the second? 

a) If the pens are replaced, the probability of blue pens being drawn both the time is:  

P (A and B) = P(A) × P(B) =
4

10
×

4

10
=

16

100
= 0.16 or 16% 

b) If the pens are not replaced, the probability of blue pens being drawn both the time is:  

P (A and B) = P(A) × P(B|A) =
4

10
×

3

9
=

12

90
= 0.1333 or 13.33% 

Sindh Export Limited – Employee report is given as follows:  

 Male Female  

Department Under 18 18 and over Under 18 18 and over Total 

Senior staff 0 15 0 5 20 

Junior staff 6 4 8 12 30 

Transport 2 34 2 2 40 

Stores 1 20 2 17 40 

Maintenance 1 3 4 12 20 

Production 0 4 24 72 100 

Total 10 80 40 120 250 



CHAPTER 11: PROBABILITY CONCEPTS  PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

 

334 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

a) All employees are included in a weekly draw for a prize. What is the probability that in one particular week 
the winner will be: 

i. Male: 

P (male) =
10 + 80

250
=

90

250
= 0.36 or 36% 

ii. a member of junior staff 

P (junior staff) =
30

250
=

3

25
= 0.12 or 12% 

iii. a female member of staff 

P (Female) =
40 + 120

250
=

160

250
= 0.64 or 64% 

iv. from the maintenance or production departments 

Since the events are mutually exclusive:  

P (maintenance or production) =
20

250
+

100

250
=

120

250
= 0.48 or 48% 

v. a male or transport worker? 

Since events are not mutually exclusive  

P (male or transport) =
90

250
+

40

250
−

2 + 34

250
=

94

250
= 0.376 or 37.6% 

b) Two employees are to be selected at random to represent the company at the annual Packaging Exhibition 
in London.  What is the probability that: 

i. both are female 

P (F, F) =
160

250
×

159

249
=

25,440

62,250
= 0.409 or 40.9% 

ii. both are production workers 

P (P, P) =
100

250
×

99

249
=

99,00

62,250
= 0.159 or 15.9% 

iii. one is a male under 18 and the other a female 18 and over? 

P (M < 18, F > 18) =
10

250
×

120

249
+

120

250
×

10

249
=

1,200 + 1,200

62,250
= 0.038 or 3.8% 

c) If three young employees under 18 are chosen at random for the opportunity to go on a residential course, 
what is the probability that: 

i. all are male 

P (M, M, M) =
10

50
×

9

49
×

8

48
=

720

117,600
= 0.006 or 0.6% 

ii. all are female 

P (F, F, F) =
40

50
×

39

49
×

38

48
=

59,280

117,600
= 0.504 or 50.4% 

iii. only one is male? 

P (M, F, F or F, M, F or F, F, M) =
10

50
×

40

49
×

39

48
+

40

50
×

10

49
×

39

48
+

40

50
×

39

49
×

10

48
 

=
15,600

117,600
+

15,600

117,600
+

15,600

117,600
= 0.398 or 39.8% 



PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS  CHAPTER 11: PROBABILITY CONCEPTS 

 

THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN 335 

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

Alternate methods for conditional probability: 

Problems involving conditional probability can be quite complex so methods are needed to keep track of the 
information and understand the links between the probabilities. 

Two such methods are: 

• Table of probabilities – A table which sets out the probabilities of different combinations of possibilities. 

• Contingency tables – Similar to a probability table but multiplying the probabilities by a convenient number 
to help visualise the outcomes. 

• Probability trees – A diagram of links between different possible probabilities. 

 For example:  

A large batch of items comprises some manufactured by process X and some by process Y.   

There are twice as many items from X as from Y in a batch.   

Items from process X contain 9% defectives and those from Y contain 12% defectives. 

a) Calculate the proportion of defective items in the batch. 

b) If an item is taken at random from the batch and found to be defective.  What is the probability that it came 

from Y? 

 Method 1: Probability table 

 Process X (2/3) Process Y (1/3) 

Defective items (X = 0.09/Y =0.12) 2

3
× 0.09 = 0.06 

1

3
× 0.12 = 0.04 

Good items (X = 0.91/Y =0.88) 2

3
× 0.91 = 0.61 

1

3
× 0.88 = 0.29 

a) Proportion of defective items in a batch 

P(defective) =  0.06+ 0.04  =0.10 or 10% 

b) Probability that a defective item is from process Y 

P (event) =
Number of outcomes where the event occurs

Total number of possible outcomes
 

𝑃 (𝑒𝑣𝑒𝑛𝑡) =
0.04

0.06 + 0.04
=

0.04

0.1
= 0.4 𝑜𝑟 40% 

 Method 2: Contingency table 

Let the total batch size = 300 

 Process X (2/3) Process Y (1/3) Total 

Defective items  (X = 0.09/Y =0.12) 18 (0.06 × 300) 12 (0.04 × 300) 30 

Good items (balance) 182 88 270 

 200 100 300 
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a) Proportion of defective items in a batch 

𝑃(𝑑𝑒𝑓𝑒𝑐𝑡𝑖𝑣𝑒) =
30

300
= 0.10 𝑜𝑟 10% 

b) Probability that a defective item is from process Y 

𝑃 (𝑒𝑣𝑒𝑛𝑡) =
𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠 𝑤ℎ𝑒𝑟𝑒 𝑡ℎ𝑒 𝑒𝑣𝑒𝑛𝑡 𝑜𝑐𝑐𝑢𝑟𝑠

𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑜𝑢𝑡𝑐𝑜𝑚𝑒𝑠
 

𝑃 (𝑒𝑣𝑒𝑛𝑡) =
12

30
= 0.4 𝑜𝑟 40% 

 Method 3: Probability tree 

 defective 

0.09 

defective 

0.12 

good 

0.91 

good 

0.88 

X 

Y 

2
3  

 

 
1

3  

 

 

= 2/3  0.09 = 0.06 

= 2/3  0.91 = 0.61 

= 1/3  0.12 = 0.04 

= 1/3  0.88 = 0.29 

_____ 

 1.00
 

_____
 

 

a) Proportion of defective items in a batch 

From the tree = 0.06 + 0.04 = 0.1 

b) Probability that a defective item is from process Y 

P (event) =
Number of outcomes where the event occurs

Total number of possible outcomes
 

𝑃 (𝑒𝑣𝑒𝑛𝑡) =
0.04

0.06 + 0.04
=

0.04

0.1
= 0.4 𝑜𝑟 40% 

 Some additional examples 

Suppose that we have a fuse box containing 20 fuses, of which 5 are defective If 2 fuses are selectes at random 
and removed from the fuse box without replacing first, what is the probability that both fuses are defective 

 Solution: 

P (1 defective and second defective)=(
5

20
)(

4

19)
) =

1

19
 

 Example: 

A small town has one fire engine and one ambulance available for emergencies. The probability that fire engine 
is available when needed is 0.98 and the probability that ambulance is available when needed is 0.92 In the event 
of an injury from a burning building, find the probability that both the fire engine and ambulance will be available. 
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 Solution 

P (engine available) =0.92 

P(ambulance) = 0.92 

P (engine and ambulance available) = 0 92 = 0.98 x 0.92 = 0.9016 

The probability that A will be alive after 10 years to come is 5/7 and for 7/9 Find the probability that 

i. Both of them will die 

ii. A alive and B dead 

iii. B will be alive and A dead 

iv. both will be alive 

v.  at least one will be alive 

 Solution 

P(A alive) = 5/7 = 7/9        P(A dead) = 1 * 5/7 = 2/7 

P (Balive)=7/9 

P (B dead) = 1 + 7/9 = 2/9 

P (Both die) =P(A dies) x P (B dies)= 2/7 * 2/9 = 4/63  

P (A alive and B dead) = P(A alive) XP (B dead) = 5/7 * 2/9 = 10/63  

 P (B alive and A dead) = 7/9 * 2/7 = 14/63 

P (Both alive) = 5/7 * 7/9 = 35/63 

P (at least one alive) = P(A alive and B dead) + P (B alive and A dead) + P (Both alive) = 10/63 + 14/63 + 35/63 
= 59/63 OR  

P (at least one alive) = P(A alive u B alive) = P (A alive) + P (Balive) - P (A and B alive) = 5/7 + 7/9 - 35/63 = (45 
+ 49 - 35)/63 = 59/63 

 Example 

The national pass rate for an examination is 40% A school enters 3 candidates Calculate the probably 2 
candidates will pass 

 Solution 

Let the candidates are A,B,C P(Pass)= 0.4 P (fad) = 1 * 0.4 = 0.6  

P (2 Pass) P (2 Pass and 1 fail) = P(A Pass, B Pass, C fail) 

OR P (A Pass, B fail, C Pass) OR  

P (A fail, B Pass, C Pass) = 0.4 * 0.4 * 0.6 + 0.4 * 0.6 * 0.4 + 0.6 * 0.4 * 0.4 = 0.096 + 0.096 + 0.096 = 0.288. 

Combinational Probability 

Combination helps in the solution of probability. It can be illustrated by the following example. 

A construction company builds 6 houses of 1 room, 4 houses of 2 rooms, and 4 houses of 3 rooms. A buyer 
goes to the company and asks the manager to buy 5 houses. What is the probability that he buys: 

a) 2 houses of 2 rooms and 3 houses of 3 rooms. 

b) 2 houses of 1 room, 1 house of 2 rooms and 2 houses of 3 rooms 

c) At least 2 houses of 2 rooms 
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d) At most 2 houses of 1 room 

First, we need to identify the total ways in which the buyer can buy 5 houses out of total 14 houses. 

Total ways = n = 14𝐶5 =  
14!

5!9!
 = 2002 

a) 2 houses of 2 rooms can be selected in 4𝐶2 ways and 3 houses of 3 rooms can be selected in 4𝐶3 ways. 

So,  m = 4𝐶2 × 4𝐶3 = 6 × 4 = 24 ways 

Probability (required) = 
24

2002
=

12

1001
= 0.012 𝑜𝑟 1.2% 

b) 2 houses of 1 room can be selected in 6𝐶2 ways, 1 house of 2 rooms can be selected in 4𝐶1 ways and 2 

houses of 3 rooms can be selected in 4𝐶2 ways. 

So,  m = 6𝐶2 × 4𝐶1 × 4𝐶2 = 15 × 4 × 6 = 360 ways 

Probability (required) = 
360

2002
=

180

1001
= 0.180 𝑜𝑟 18% 

c) At least 2 houses of 2 rooms means either 2 or 3 or 4 houses of 2 rooms. 

 4 

Houses of 2 rooms 

 10 

Other Houses 

    

 2 and 3  4𝐶2 × 10𝐶3 = 720 

Or 3 and 2 + 4𝐶3 × 10𝐶2 = 180 

Or 4 and 1 + 4𝐶4 × 10𝐶1 = 10 

       910 

So, m = 910 ways 

Probability (required) = 
910

2002
=

5

11
= 0.455 𝑜𝑟 45.5% 

d) At most 2 houses of 1 room means either 2 or 1 or 0 houses of 1 room. 

 6 

Houses of 1 room 

 8 

Other Houses 

    

 2 and 3  6𝐶2 × 8𝐶3 = 840 

Or 1 and 4 + 6𝐶1 × 8𝐶4 = 420 

Or 0 and 5 + 6𝐶0 × 8𝐶5 = 56 

       1316 

So, m = 1316 ways 

Probability (required) = 
1316

2002
=

94

143
= 0.657 𝑜𝑟 65.7% 

Two cards are drawn at random from a deck of 52 well shuffled playing cards. Find the probability of 
getting the following. 

a) A King and Queen 

b) A Heart and a Diamond 

c) A face card 

d) Both from same suit 



PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS  CHAPTER 11: PROBABILITY CONCEPTS 

 

THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN 339 

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

First, we need to identify the total ways in which the two cards can be drawn at random from 52 cards. 

Total ways = n = 52𝐶2 =  
52!

2!50!
= 1326 

a) 1 King of Kings can be selected in 4𝐶1 ways and 1 Queen of 4 Queens can be selected in 4𝐶1 ways. 

So,  m = 4𝐶1 × 4𝐶1 = 4 × 4 = 16 ways 

Probability (required) = 
16

1326
=

8

663
= 0.012 𝑜𝑟 1.2% 

b) 1 Heart of Hearts can be selected in 13𝐶1 ways and 1 Diamond of 4 Diamonds can be selected in 13𝐶1 ways. 

So,  m = 13𝐶1 × 13𝐶1 = 13 × 13 = 169 ways 

Probability (required) = 
169

1326
=

13

102
= 0.127 𝑜𝑟 12.7% 

c) 1 face card means 1 card from face and the other 1 from 40 other than face cards (remaining cards except 

face cards). 1 card of face can be selected in 12𝐶1 ways and 1 of other than face can be selected in 40𝐶1 

ways. 

So,  m = 12𝐶1 × 40𝐶1 = 12 × 40 = 480 ways 

Probability (required) = 
480

1326
=

80

221
= 0.362 𝑜𝑟 36.2% 

d) Both cards from same suit means either both cards of Heart, or Diamond, or Spade, or club. 2 cards of Heart 

can be selected in 13𝐶2 ways, or 2 cards of Diamond can be selected in 13𝐶2 ways, or 2 cards of Spade can 

be selected in 13𝐶2 ways, or 2 cards of Club can be selected in 13𝐶2 ways. 

So,  m = 13𝐶2 + 13𝐶2 + 13𝐶2 + 13𝐶2 = 78 + 78 + 78 + 78 = 312 ways 

Probability (required) = 
312

1326
=

4

17
= 0.235 𝑜𝑟 23.5% 

There are 15 items of which 6 are defective. Five items are selected at random. Find the probability of 
getting two defective items. 

First, we need to identify the total ways of getting 5 items out of 15 items randomly. 

5 items can be selected out of 15 items in 15𝐶5 ways. 

Total ways = n = 15𝐶5 =  
15!

5!10!
 = 3003 

2 defective items can be selected from 6 defective items in 6𝐶2 ways and the remaining 3 non-defective items can 
be selected from the remaining 9 items in 9𝐶3ways. 

So, m = 6𝐶2 × 9𝐶3 = 15 × 84 = 1260 ways     

Probability (required) = 
1260

3003
=

60

143
= 0.420 𝑜𝑟 42% 
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STICKY NOTES 

 

 

 

 

 

 

 

 

 

 

 

 
 

 
 

 
 

Fundamental counting principle or counting rule says that when there are m 
ways of doing something and n ways of doing another and these are 
independent of each other then there are m × n ways of doing both. 

Permutation is a set of several possible ways in which a set or number of 
things can be ordered or arranged. It is referred to as an ordered combination 

or a group of items where order does matter. Mathematically, 𝒏! 

The formula for computing permutations must be modified where some items 

are identical is 
𝒏!

𝒙!
 

 

For a number of permutation of n items or elements taken r at a time or for 

size r, following formula would be used.  nPr =  
𝒏!

(𝒏−𝒓)!
 

Combination is referred to as a group of items chosen from a larger number 
without regard for their order. It is a group of items where order does not 

matter.  𝐧𝐂𝐱 = (𝐧
𝐱) = 𝐧!

𝐱!(𝐧−𝐱)!
 

 

Probability is a measure of the likelihood of something happening. It is 
normally expressed as a number between 0 and 1 (or a percentage between 

0% and 100%) where 0 indicates something cannot occur and 1 that it is 
certain to occur.  

P (event) =
Number of outcomes where the event occurs

Total number of possible outcomes
 

-  

If A and B are any two (non-mutually exclusive) events, then the probability of 
A or B is: 

𝐏(𝐀 𝐨𝐫 𝐁) = 𝐏(𝐀) + 𝐏(𝐁) − 𝐏(𝐀 𝐚𝐧𝐝 𝐁)𝐨𝐫 
𝐏(𝐀 ∪  𝐁) = 𝐏(𝐀) + 𝐏(𝐁) − 𝐏(𝐀 ∩  𝐁) 

If A and B are two mutually exclusive events, then the probability of either A or 
B is 

𝐏(𝐀 𝐨𝐫 𝐁) = 𝐏(𝐀 ∪  𝐁) = 𝐏(𝐀) + 𝐏(𝐁) 
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If A and B are two independent events, then the probability of both occurring in 
succession is  

𝐏(𝐀 𝐚𝐧𝐝 𝐁) = 𝐏(𝐀 ∩  𝐁) = 𝐏(𝐀) × 𝐏(𝐁) 

If A and B are two dependents, then the probability of both occurring in 
succession is  

𝐏(𝐀 𝐚𝐧𝐝 𝐁) = 𝐏(𝐀 ∩  𝐁) = 𝐏(𝐀) × 𝐏(𝐁 𝐈 𝐀) 
If A is an event, then probability for all outcomes not in A is  

𝐏(𝐀) = 𝟏 − 𝐏(𝐀) 

Conditional probability is the probability of an event occurring given that 
another event has occurred (probability of one event is dependent on another). 

If A and B are two events such that the probability of B is dependent on the 
probability of A then the probability of A and B occurring is the product of the 

probability of A and the conditional probability of B. 

P(B|A) =  
P (A and B)

P(A)
=

P (A ∩  B)

P(A)
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SELF-TEST 

1 The set of all possible outcomes of a statistical experiment is called:               

 (a) Data  (b) Statistical data  

 (c) Sample space  (d) None of these  

2 Something which can take different values with different probabilities is called:                                                         

 (a) A variable (b) A random variable  

 (c) A discreet variable (d) A continuous variable  

3 If two events have no elements in common then they are known as:               

 (a) Union of two events (b) Intersection of two events  

 (c) Mutually exclusive events (d) None of these  

4 If two events have at least one element in common then the events are said to be:                                                                                                                      

 (a) Union of two events  (b) Intersection of two events  

 (c) Not mutually exclusive events (d) None of these  

5 If three coins are tossed, then the number of outcomes are:                              

 (a) 6 (b) 8  

 (c) 9 (d) None of these  

6 If three dice are rolled; then the number of outcomes are:                                

 (a) 18 (b) 216  

 (c) 36 (d) None of these  

7 If an experiment consists of rolling a dice and then flipping a coin, the number of outcomes are:                                                                                                   

 (a) 36 (b) 8  

 (c) 12 (d) None of these  

8 Which of the following applies to discreet as well as continuous variables:                 

 (a) Binomial distribution  (b) Normal Distribution  

 (c) Chi Square distribution (d) (b) and (c)  

9 The arrangement of some or all of the objects without considering the order of arrangement is called:                                                                                     

 (a) Selection  (b) Permutation   

 (c) Combination  (d) None of these  
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10 If 10P3 = 720 then 10C3 = ?                                                                                 

 (a) 120 (b) 2,160  

 (c) 720 (d) None of these  

11 If nP2 = 20 then the value of n = ?                                                                       

 (a) 10 (b) 5  

 (c) 8 (d) None of these  

12 If 4 coins are tossed simultaneously the number of outcomes containing at least one head are:                                                                                                   

 (a) 15 (b) 1  

 (c) 8 (d) None of these  

13 If 4 coins are tossed simultaneously, the number of outcomes containing at least two tails are:                                                                                                   

 (a) 11 (b) 15  

 (c) 9 (d) None of these  

14 If 5Cr = 10, then r = ?                                                                                          

 (a) 2 (b) 5  

 (c) 4 (d) None of these  

15 If the experiment, tossing a pair of dice, is repeated over and over again in a very long series of trials, 
what proportion of outcomes do you think would result in a sum less than 7?                                                                                               

 
(a) 

5

12
 (b) 

6

36
 

 

 
(c) 

6

12
 (d) None of these 

 

16 If the experiment, tossing a pair of dice, is repeated over and over again in a very long series of trials, 
what proportion of outcomes do you think would result in a sum equal to 7?                                                                                              

 
(a) 

5

12
 (b) 

6

36
 

 

 
(c) 

6

12
 (d) None of these 

 

17 If the experiment, tossing a pair of dice, is repeated over and over again in a very long series of trials, 
what proportion of outcomes do you think would result in a sum more than 7?                                                                                             

 
(a) 

5

12
 (b) 

6

36
 

 

 
(c) 

6

12
 (d) None of these 
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18 If probability of an event A is 0.2 and the probability of an event B is 0.3 and the probability of either A 
or B is 0.5, then A and B are:                                                           

 (a) Mutually exclusive (b) Independent    

 (c) Dependent  (d) None of these  

19 If a coin is tossed four times, the probability of four heads is equal to:                                                                                   

 (a) 0.25 (b) 0.0625  

 (c) 0.625 (d) Zero  

20 When all events have the same chance of occurrence, the events are said to be: 

 (a) Equally likely (b) Independent  

 (c) Dependent (d) None of these  

21 If two or more events cannot occur simultaneously then they are called:         

 (a) Independent  (b) Mutually exclusive  

 (c) Not equally likely (d) None of these  

22 If the probability of an event is 0.01, which of the following statements is correct:                                                                              

 (a) The event is unlikely to occur 

 (b) The event is expected to occur about 10%  of the time 

 (c) The event cannot occur 

 (d) None of the above 

23 If a coin is tossed five times, the probability of:                 

 (a) Five heads is equal to the probability of five tails 

 (b) Five heads is equal to the probability of zero tails 

 (c) Five heads is equal to the probability of zero heads 

 (d) All of the above 

24 The probability of two mutually exclusive events is:                                       

 (a) 𝑃(𝐴 ∪ 𝐵) (b) 𝑃(A ∩ B)  

 (c) 𝑃(𝐴) + 𝑃(𝐵) (d) None of these  

25 The probability of two non-mutually exclusive events is:                                 

 (a) 𝑃(𝐴 ∪ 𝐵) (b) 𝑃(A ∩ B)  

 (c) 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) (d) None of these  
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26 The probability of two independent events is:                                              

 (a) 𝑃(A ∩ B) (b) 𝑃(𝐴) × 𝑃(𝐵)  

 (c) 𝑃(𝐴) × 𝑃(𝐵/𝐴) (d) None of these  

27 The probability of two non-independent events if the event A occurs first is:   

 (a) 𝑃(A ∩ B) (b) 𝑃(𝐴) × 𝑃(𝐵)  

 (c) 𝑃(𝐴) × 𝑃(𝐵/𝐴) (d) None of these  

28 The sum of the probabilities of two compliment events is always:                      

 (a) Zero (b) 1  

 (c) Does not exist (d) None of these  

29 The probability of an impossible event is always:                                              

 (a) Equal to zero (b) Less than zero  

 (c) More than zero (d) None of these  

30 The probability of a certain event is always:                                                      

 (a) Equal to zero (b) Equal to one  

 (c) More than one (d) None of these  

31 If P(A) = 0.3 and P(B) = +1.3 then 𝑃(𝐴 ∪ 𝐵) is, when A and B are mutually exclusive events:                                                                                            

 (a) 1 (b) -1.6  

 (c) +1.6 (d) None of these  

32 Three horses A, B and C are in a race; A is twice as likely to wins as B and B is three times as likely to 
wins as C. The probability that A wins is:                     

 
(a) 

3

5
 (b) 

3

7
 

 

 
(c) 

6

7
 (d) None of these 

 

33 Three horses A, B and C are in a race; A is twice as likely to wins as B and B is three times as likely to 
wins as C. The probability that B or C wins is:               

 
(a) 

3

5
 (b) 

2

5
 

 

 
(c) 

3

10
 (d) 

None of these 
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34 Three horses A, B and C are in a race; A is twice as likely to wins as B and B is three times as likely to 
wins as C. The probability that A or B wins is:                

 
(a) 

3

5
 (b) 

9

10
 

 

 
(c) 

7

10
 (d) None of these 

 

35 If P(A) = 1 – P(B); then A and B are:                                                                

 (a) Independent events (b) Compliment events  

 (c) Mutually exclusive events (d) None of these  

36 A person invests in three stocks. After 12 months, he records the gain or loss in price as follows: 

A: All three stocks rise in price 

B: Stock1 rise in price 

C: stock 2 experiences a Rs. 5 drop in price. 

Therefore A and B are:                                                                                       

 (a) Not mutually exclusive events (b) Mutually exclusive events  

 (c) Independent (d) None of these  

37 A person invests in three stocks and after 12 months, he records the gain or loss in price as: 

A: all three stocks rise in price 

B: Stock 1 rises in price 

C: stock 2 experiences a Rs. 5 Drop in price. 

Therefore A and C are:                                                                                       

 (a) Not mutually exclusive events (b) Mutually exclusive events  

 (c) Independent (d) None of these  

38 The probability of an event A, given that an event B has occurred, is denoted as:                                                                                                        

 (a) 𝑃(A ∩ B) (b) 𝑃(𝐴\𝐵)  

 (c) 𝑃(𝐵\𝐴) (d) None of these  

39 From a deck of 52 cards, two cards are drawn in succession. The probability that both cards are spades 
is:                                                                                    

 (a) 0.0588 (b) 0.0625  

 (c) 0.25 (d) None of these  
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40 From a deck of 52 cards, two cards are drawn in succession. The number of elements the sample space 
contains is:                                                            

 (a) 2,704 (b) 1,326  

 (c) 2,652 (d) None of these  

41 From a deck of 52 cards, two cards are drawn in succession. All the outcomes of the experiment are:                                                                                           

 (a) Independent  (b) Dependent  

 (c) Mutually exclusive  (d) None of these  

42 If one coin is tossed 7 times the number of possible outcomes would be:         

 (a) 128 (b) 14  

 (c) 49 (d) None of these  

43 If seven coins are tossed simultaneously. All possible outcomes of the experiment are:                                                                                                 

 (a) Not mutually exclusive (b) Independent   

 (c) Not independent  (d) None of these  

44 In the game of craps, two dice are rolled. If the sum on the dice is 7 or 11 he wins, and if the sum is 2, 3 or 
12, he loses. The probability of his winning is: 

 
(a) 

2

9
 (b) 

1

18
 

 

 
(c) 

1

6
 (d) None of these 

 

45 In the game of craps, two dice are rolled. If the sum on the dice is 7 or 11 he wins, and if the sum is 2, 3 or 
12, he loses. The probability that he loses is:     

 
(a) 

1

9
 (b) 

1

36
 

 

 
(c) 

1

12
 (d) None of these 

 

46 Given P(A) = 0.24; P(B) = 0.39 And 𝑃(𝐴 ∪ 𝐵)=0.49. 

If A and B are not mutually exclusive events, then 𝑃(A ∩ B) is equal to:                              

 (a) 0.49 (b) 0.63  

 (c) 0.14 (d) None of these  

47 If P(A)= 0.5; P(B)=0.6 and P(A ∩ B) = 0.4 

then 𝑃(𝐴 ∪ 𝐵) is:                                                                                             

 (a) 0.4 (b) 1.1  

 (c) 0.7 (d) None of these  
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48 If P(A) = 0.20; P(B) = 0.08 and P(C) = 0.03 

where     A = A person views a T.V. show 

                 B = A person reads a magazine 

                 C = A person views a T.V. show and reads a magazine 

Then P(A ∪ B) is:                                                                                                 

 (a) 0.25 (b) 0.28  

 (c) 0.11 (d) None of these  

49 Events are said to be ______ if they have no elements in common 

50 ______ is the set of all possible outcomes of an experiment 

51 Select the correct statement(s) from the following 

(a)  Sample space is the set of all possible outcomes of an experiment 

(b)  The outcomes of an experiment are referred to as events 

(c)  Events are said to be non-mutually exclusive if they have no elements in common 

(d)  Events are said to be mutually exclusive if they have no elements in common 

52 A pair of fair dice is tossed one time. What is the probability that the sum of two faces is a prime 
number? 

 (a) A. 16/36 (b) B. 15/36  

 (c) C. 20/36 (d) D. 21/36  

53 A pair of fair dice is tossed one time. What is the probability that the sum of two faces is a multiple of 3 
number? 

 (a) A. 15/36 (b) B. 12/36  

 (c) C. 20/36 (d) D. 10/36  

54 Three dice are rolled once. What is the probability that the product of the faces is more than 215? 

 (a) A. 3/216 (b) B. 3  

 (c) C. 6 (d) D. 1/216  

55 A coin is tossed twice and a die is rolled once, then the number of outcomes is: 

 (a) A. 20 (b) B. 10  

 (c) C. 3 (d) D. 24  
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56 A and B play four games of chess. A’s chances of winning the game is 7/10. What is the probability that B 
wins at least one game? 

 (a) A. 0.76 (b) B. 0.80  

 (c) C. 0.86 (d) D. 0.66  

57 A and B play four games of chess. A’s chances of winning the game is 7/10. What is the probability that A 
wins first three games? 

 (a) A. 0.25 (b) B. 0.3  

 (c) C. 0.32 (d) D. 0.103  

58 A and B play four games of chess. A’s chances of winning the game is 7/10. What is the probability that A 
wins three games consecutively only and losses the remaining one? 

 (a) A. 0.1 (b) B. 0.2  

 (c) C. 0.14 (d) D. 0.24  

59 Three students appeared in an examination with the following probability to pass the exam: 

A: 9/10 

B: 8/10 

C: 7/10 

What is the probability that none of the students will pass the exam? 

 (a) A. 0.005 (b) B. 0.006  

 (c) C. 0.007 (d) D. 0.009  

60 Three students appeared in an examination with the following probability to pass the exam: 

A: 9/10 

B: 8/10 

C: 7/10 

What is the probability that at least one of them will pass the exam? 

 (a) 0.884 (b) 0.774  

 (c) 0.994 (d) 0.664  

61 Three students appeared in an examination with the following probability to pass the exam: 

A: 9/10 

B: 8/10 

C: 7/10 
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What is the probability that A and B will pass the exam only? 

 (a) 0.046 (b) 0.216  

 (c) 0.036 (d) 0.026  

62 A bag contains 6 red balls, 3 black balls and 2 blue balls. Two balls are selected with replacement. 
Which TWO of the following statements are correct? 

 (a) The probability that both balls are red is 
36/121 

(b) The probability that both balls are 
green is 0 

 

 (c) The probability that both balls are black 
is 6/121 

(d) The probability that both balls are 
blue is 4/121 

 

63 A bag contains 6 red balls, 3 black balls and 2 blue balls. Two balls are selected without replacement. 
Which TWO of the following statements are correct? 

 (a) The probability that first ball is red and 
second ball is black is 9/55 

(b) The probability that first ball is red 
and second ball is black is 18/121 

 

 (c) The probability that both balls are red is 
36/121 

(d) The probability that neither ball is 
red is 25/121 
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ANSWERS TO SELF-TEST QUESTIONS 

1 2 3 4 5 6 

(c) (a) (c) (c) (b) (b) 

7 8 9 10 11 12 

(c) (b) (c) (a) (b) (a) 

13 14 15 16 17 18 

(a) (a) (a) (b) (a) (a) 

19 20 21 22 23 24 

(b) (a) (b) (a) (d) (c) 

25 26 27 28 29 30 

(c) (b) (c) (b) (a) (b) 

31 32 33 34 35 36 

(d) (a) (b) (b) (b) (a) 

37 38 39 40 41 42 

(b) (b) (a) (c) (b) (a) 

43 44 45 46 47 48 

(b) (a) (a) (c) (c) (a) 

49 50 51 52 53 54 

Mutually 

exclusive 

Sample space (a),(b), (d) (b) (b) (d) 

55 56 57 58 59 60 

(d) (a) (d) b (b) (c) 

61 62 63    

(b) (b) (b)    
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CHAPTER 12 
   

PROBABILITY DISTRIBUTIONS 

  

 

 
AT A GLANCE 

There are number of distributions which can be applied to 
represent wider classes of problems. These are sometimes 
described as theoretical probability distributions. The term 
theoretical makes it sound as if these might not be of much use 
in practice, but nothing is further from the truth as they are very 
useful indeed.  

This chapter discusses, various probability distributions to 
estimate the probability of a given result with known 
characteristics including Binomial Distribution (when there are 
fixed number of trials); Hyper-Geometric Distribution (when 
items are randomly selected and not replaced); Poisson 
Distribution (when events occur at a constant rate) and Normal 
Distribution (when variable are continuous).  

 

 

IN THIS CHAPTER 

AT A GLANCE 

SPOTLIGHT 

1. Probability distributions 

2. Binomial distribution 

3. Hyper-geometric distribution  

4. Poisson distribution 

5. Normal distribution 

6. Normal approximations 

STICKY NOTES 

SELF-TEST  
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1 PROBABILITY DISTRIBUTIONS 

A probability distribution is similar to frequency distributions but it uses probabilities instead of frequencies. In 
probability frequency distribution, each frequency of each observation is divided by total frequency 
observations. Such that the total probability distribution equals 1.  

 For example:  

A sample of 300 employees has been taken from a large business. 

Their monthly salaries were found to be as follows: 

Monthly salary 
(Rs.000) 

Frequency distribution  Probability distribution 

25 to under 30 15 15/300 = 0.05 

30 to under 35 24 24/300 = 0.08 

35 to under 40 54 54/300 = 0.18 

40 to under 45 90 90/300 = 0.30 

45 to under 50 48 48/300 = 0.16 

50 to under 55 42 42/300 = 0.14 

55 to under 60 18 18/300 = 0.06 

60 to under 65 9 9/300 = 0.03 

 300  1.00 

It can be used to give information like what percentage of employees earn under Rs. 40,000 per month. The 
answer to this is given by taking the sum of the probabilities of the first three groups. This is 31% (or 0.31 = 0.05 
+ 0.08 + 0.18). 

Characteristics of probability distribution:  

• A probability distribution for a random variable gives every possible value for the variable and its associated 
probability. 

• A probability function of a random variable is a formula which gives the probability of a variable taking a 
specific value. 

• The probability distribution and function depend on the different arrangement of outcomes that correspond 
to the same event in any one trial and the probability of success in that trial. 

• Probability distributions are used to estimate the probability of a given result if a sample is taken from 
population with known characteristics. 

Theoretical or experimental distributions 

Theoretical probability distributions provide the expected probability of events when the observations are 
equally likely to occur.  However, theoretical probability distributions distinguish from experimental 
distributions. Experimental probability distributions result from actual occurrences of events not just in theory.  

 For example:  

Theoretically, probability of picking a red ball from a bag which has 6 white and 6 red balls is 6/12 or 50%. 
However, in conducting an experiment, when an individual was asked to pick a ball 50 times from the same bag, 
the probability of picking a red ball every time may be different. It can be 6/50 times, 10/50 or even 25/50.  
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Discrete or Continuous distributions 

Outcome for events can be finite or infinite. Recording finite number of outcomes in frequency distributions is 
easier than recording infinite number of outcomes.  

Infinite number of possibilities are recorded using continuous distributions; whereas finite number of 
possibilities can be recorded using discrete distributions.  

 For example:  

In recording time and distance for instance there can be continuous intervals between a period therefore 
continuous distributions are used.  

In recording events for rolling a dice or drawing a card from a deck there are finite possibilities therefore, discrete 
distributions are used.  

Distributions usually are defined by two characteristics mean and their variance.  

A number of these very important probability distributions which can be used to estimate probability, in given 
circumstances, are provided in detail in the following sections.  
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2 BINOMIAL DISTRIBUTION 

The binomial distribution applies to discrete random variables. A random variable follows a binomial 
distribution if all of the following conditions are met: 

• There is a fixed number of trials; 

• Each trial is independent; 

• Each trial has two possible results (success or failure); and 

• The probability of success or failure is known and fixed for each trial. 

Condition that the probabilities are constant implies that any item tested must be replaced (and could therefore 
be selected again).   

 For example:  

The probability associated with the colour of the first card is 26/52. 

Selection of a card without replacement changes the probabilities of the remaining cards. If the first card was 
black the probability of the second card being black would be 25/51 and being red would be 26/51. In this case, 
binomial distribution does not apply because the probabilities are not constant. 

If the card is replaced the probability of the second card being black would be 26/52 and being red would be 
26/52. In this case, binomial distribution could apply (subject to meeting the other conditions) because the 
probabilities are constant. 

However, if the population is very large and an item is not replaced, the impact on probability becomes negligible. 
In this case the binomial may be used. 

 For example:  

The probability of the first disc being black is 60,000/100,000. 

If the disc is not replaced the probability of the second disc being black would be 59,999/99,999 and being red 
would be 40,000/99,999. 

The probabilities are not constant but the binomial distribution could be used (subject to meeting the other 
conditions) because the change in probabilities is negligible. 

Note that the word success is used in a specific way. If we were interested in the number of faulty goods in a trial 
a success might be defined as finding a faulty good (success simply refers to as something occurring).  

For example:  

A factory produces 10,000 items a day. The probability of an item being faulty is 0.01. This situation fulfills all 
the conditions of binomial distribution: There are fixed number of trials (10,000), there are two possible 
outcomes (faulty and without fault), outcomes are independent (one faulty item does not affect faults in other 
items), and the probability is constant (0.01).  

In a situation where number of times a dice is rolled until a 6 is obtained, the conditions of binomial distribution 
are not fulfilled. Although the trials are independent, trials have two possible outcomes (6 and non-6s), constant 
probability (1/6), but there are no fixed number of trials. 

The distribution 

In the binomial distribution, the probability associated with each combination is a function of the probabilities 
associated with the number of possible combinations that are possible for a given success. 

These two factors (probability and number of possible combinations) can be modelled to give a general 
expression which can be used to estimate probabilities of outcomes for different sample sizes where there are 
two events that might occur with known probability. 
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 Formula:  

If an experiment is performed n times the probability of x successes is given by 

𝑃(𝑥) =
n!

𝑥! (n − 𝑥)!
𝑝𝑥𝑞𝑛−𝑥 

and 

mean = np 

Standard deviation =  √npq 

Where: 

p = probability of success 

q = probability of failure (must = 1 – p as this distribution applies to circumstances with only two possible 
outcomes). 

n = number of items in the sample 

P(𝑥) = the probability of x successes. 

n!

𝑥! (n − 𝑥)!
= binomial coefficient 

The binomial coefficient tells you how many success-failure sequences, of the set of all possible sequences, will 
result in exactly 𝑥 successes.  The probability of each of those individual sequences happening is just p𝑥qn-𝑥. 

 For examples:  

A bag contains 60,000 black disks and 40,000 white disks from which 4 disks are taken at random. 

What is the probability that the sample will contain 0, 1, 2, 3 and 4 white disks? 

Outcomes  Probabilities  

BBBB 0.6 × 0.6 ×0.6 ×0.6  = 0.1296 
    

WBBB 0.4 × 0.6 ×0.6 ×0.6 = 0.0864  

BWBB 0.6 × 0.4 ×0.6 ×0.6 = 0.0864 = 0.3456 

BBWB 0.6 × 0.6 ×0.4 ×0.6 = 0.0864 

BBBW 0.6 × 0.6 ×0.6 ×0.4 = 0.0864  
    

WWBB 0.4 × 0.4 ×0.6 ×0.6 = 0.0576  

WBWB 0.4 × 0.6 ×0.4 ×0.6 = 0.0576  

WBBW 0.4 × 0.6 ×0.6 ×0.4 = 0.0576 = 0.3456 

BWWB 0.6 × 0.4 ×0.4 ×0.6 = 0.0576 

BWBW 0.6 × 0.4 ×0.6 ×0.4 = 0.0576  

BBWW 0.6 × 0.6 ×0.4 ×0.4 = 0.0576  
    

WWWB 0.4 × 0.4 ×0.4 ×0.6 = 0.0384  

WWBW 0.4 × 0.4 ×0.6 ×0.4 = 0.0384 0.1536 

WBWW 0.4 × 0.6 ×0.4 ×0.4 = 0.0384 

BWWW 0.6 × 0.4 ×0.4 ×0.4 = 0.0384  
    

WWWW 0.4 × 0.4 ×0.4 ×0.4  0.0256 

   1.0000 
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In using the formula: 

𝑃(𝑥) =
n!

𝑥! (n − 𝑥)!
𝑝𝑥𝑞𝑛−𝑥 

Let p = 0.4, q = 1 – 0.4 = 0.6, n = 4, and x = 0, 1, 2, 3, 4 

 P(x white discs in sample) 

𝐏(𝟎) =
4!

0! (4)!
0.40 × 0.64 = 1 × 0.40 × 0.64 

0.1296 

𝐏(𝟏) =
4!

1! (3)!
0.41 × 0.63 = 4 × 0.41 × 0.63 

0.3456 

𝐏(𝟐) =
4!

2! (2)!
0.42 × 0.62 = 6 × 0.42 × 0.62 

0.3456 

𝐏(𝟑) =
4!

3! (1)!
0.43 × 0.61 = 4 × 0.43 × 0.61 

0.1536 

𝐏(𝟒) =
4!

4! (0)!
0.44 × 0.60 = 1 × 0.44 × 0.60 

0.0256 

 𝟏. 𝟎𝟎𝟎𝟎 

10% of homes in a large town have one or more family members of 90 years or more. 

Use the binomial distribution to estimate the probability that a random sample of 10 homes will contain 2 
homes with an occupant or occupants in that age range? 

In using the formula: 

𝑃(𝑥) =
n!

x! (n − x)!
𝑝𝑥𝑞𝑛−𝑥 

Let p = 0.1, q = 1 – 0.1 = 0.9, n = 10, 𝑥  =  2 

P(2) =
10!

2! (8)!
0.12 × 0.98 = 45 × 0.12 × 0.98 

P(2) = 0.1937 

It is estimated that 9% of items produced by a process are defective. 

Use the binomial distribution to estimate the probability that a random sample of 20 items will contain 0,1 
or 2 or more defective units. 

In using the formula: 

𝑃(𝑥) =
n!

𝑥! (n − 𝑥)!
𝑝𝑥𝑞𝑛−𝑥 

Let p = 0.09, q = 1 – 0.09 = 0.91, n = 20, 𝑥  =  0, 1 , 2 or more 

𝐏(𝟎) =
20!

0! (20)!
× 0.090 × 0.9120 = 1 × 1 × 0.1516 

𝟎. 𝟏𝟓𝟏𝟔 

𝐏(𝟏) =
20!

1! (19)!
× 0.091 × 0.9119 = 20 × 0.09 × 0.1666 

𝟎. 𝟐𝟗𝟗𝟗 

𝐏(𝟐 𝐨𝐫 𝐦𝐨𝐫𝐞) = 1 − (P(1) + P(0))  

𝐏(𝟐 𝐨𝐫 𝐦𝐨𝐫𝐞) = 1 − (0.1516 + 0.2999) = 𝟎. 𝟓𝟒𝟖𝟓 
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Properties of Binomial Distribution: 

i. It has two parameters  n and p. 

ii. Its mean is  np, and the variance is =npq 

iii. The mean value of the binomial is higher than the variance 

iv. If p=q then the binomial distribution si symmetrical, and if p> ½, then it is negatively skewed while if 

p<1/2, then it is positively skewed. 

 Examples: 

If 10 cons are tossed 100 times how many times would you expect 7 heads? 

 Solution 

P = ½,   n=10 , q=1/2 

P(X=7 Heads)= (𝑥 + 𝑎)𝑛 ∑ (10
7

)1/271/210−7
10

𝑘=0
= 0.117 

The number of times 7 heads can be obtained = 100 * 0 117 =11.7=12 

 Example  

The experience of a house agent indicates that he can provide suitable accommodation for 75 who came to him 
If on a particular occasion, 6 clients approach him independently, calculate the following probabilities: 

i. Less than 4 clients 

ii. Exactly 4 clients 

iii. At least 5 clients will get satisfactory accommodation 

 Solution 

n = 6 P=75% = ¾    q= 1/4 

Let x denote the number of clients who get satisfactory accommodation. 

P(x < 4) = p(x = 0) + p(x = 1) + p(x = 2) + p(x = 3) 

= 6C0(3/4)0(1/4)6+6C1(3/4)1(1/4)5+6C2(3/4)2(1/4)4+6C3(3/4)3(1/4)3 

=
1

4096
+

18

4096
+

135

4096
+

540

4096
 

=
604

4096
 

 Example: 

The probability that a patient recovers from a rare blood pressure disease is 0.9 if people are known to contract 
this disease what is the probability that 5 patients will recover 

 Solution 

n = 7 p= 0.9 q = 0.1 

 Lel x =n0 of recovered patients  

(x=5)=7 C5 (0.9)5(0.1)2 

=0.124 
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 Example  

In a binomial distribution, the mean and SD were found to be 36 and 4.8, respectively. Find in and p 

 Solution 

We know that a binomial variable has mean = np  

np =36 ……………(1) 

√npq=4.8……………(2) 

Squaring both sides npq = 23.04   

Diviing (ii) by (1) q= 23 .04 /36 =0. 64  

So,p = 1 - q = 1 - 0.64 = 0.36 

n * 0 36=36 

n = 36/0.36 = 100  
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3 HYPER-GEOMETRIC DISTRIBUTION  

This distribution applies when a sample of n items is randomly selected without replacement from a population 
(N) in which there are only two types of items (designated success or failure). This also assumes that outcomes 
are not independent.  

 Formula: 

𝑃(𝑥) =
(k

𝑥
)(N−k

n−𝑥
)

(N
n

)
 

𝑂𝑅 

𝑃(𝑥) =
(

𝑘!
𝑥! (𝑘 − 𝑥)!

) × (
(𝑁 − 𝑘)!

(𝑛 − 𝑥)! [(𝑁 − 𝑘) − (𝑛 − 𝑥)]!
)

(
𝑁!

𝑛! (𝑁 − 𝑛)!
)

 

Where: 

N = The size of the population from which of several items is being selected. 

n = The size of the sample selected. 

k = The number of possible successes in the population. 

𝑥  = The number of items in the sample classified as a success (the number of items in the sample for which we 
are trying to find the probability). 

(
𝑘

𝑥
) =  Terms representing combinations of items from a larger group (binomial coefficients). 

𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 ℎ𝑦𝑒𝑝𝑟𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛: 

1. The outcomes of the experiment may be classified as success or failure. 

2. The probability of success changes in each trial 

3. The successive trials are dependent 

4. The experiment is repeated for a definite number of times 

 For example: 

What is the probability of there being exactly two red cards in the set of five cards selected from a deck? 

Since the cards are not replaced 

In this case, N = 52, n = 5, k = 26, 𝑥  = 2 

𝑃(𝑥) =
(k

𝑥
)(N−k

n−𝑥
)

(N
n

)
  

therefore P(2) =
(26

2
)(52−26

5−2
)

(52
5

)
 

Expanding the binomial coefficients 

𝑃(2) =
(

26!
2! (26 − 2)!

) × (
26!

3! (26 − 3)!
)

(
52!

5! (52 − 5)!
)
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𝑃(2) =
(

26!
2! (24)!

) × (
26!

3! (23)!
)

(
52!

5! (47)!
)

 

𝑃(2) =
(

26 × 25
2 × 1

) × (
26 × 25 × 24

3 × 2 × 1
)

(
52 × 51 × 50 × 49 × 48

5 × 4 × 3 × 2 × 1
)

 

𝑃(2) =
(

650
2

) × (
15,600

6
)

(
311,875,200

120
)

=
325 × 2,600

2,598,960
=

845,000

2,598,960
= 0.325 

There are 8 blue pens and 7 black pens in a box. If the pens are drawn six times without replacing the pens, 
what is the probability that exactly three blue pens are drawn? 

Since the pens are not replaced, we can use hypergeometric distribution.  

In this case, N = 15, n = 6, k = 8, 𝑥  = 3 

𝑃(𝑥) =
(k

𝑥
)(N−k

n−𝑥
)

(N
n

)
  

therefore P(3) =
(8

3
)(7

3
)

(15
6

)
 

Expanding the binomial coefficients 

𝑃(3) =
(

8!
3! (8 − 3)!

) × (
7!

3! (7 − 3)!
)

(
15!

6! (15 − 6)!
)

 

𝑃(2) =
(

8 × 7 × 6
3 × 2 × 1

) × (
7 × 6 × 5
3 × 2 × 1

)

(
15 × 14 × 13 × 12 × 11 × 10

6 × 5 × 4 × 3 × 2 × 1
)

 

𝑃(2) =
(

336
6

) × (
210

6
)

(
3,603,600

720
)

=
56 × 35

5,005
=

1960

5,005
= 0.391 
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4 POISSON DISTRIBUTION 

The Poisson distribution is a discrete probability distribution. It occurs in all kinds of situations where things 
happen at random.  

The following conditions must be met for a random variable to follow a Poisson distribution: 

• The events occur randomly; 

• The events are independent of each other; 

• The events occur singly (i.e. at one point in time or space); 

• The events happen on average at a constant rate. (This rate is a function of the probability of an event 
occurring in relation to all possible outcomes in the period of time or space as defined). 

This suggest that Poisson distribution does not work on the probability of the event but how often it occur during 
a specific time period. 

 For example:  

• number of accidents on a given stretch of road if there have been 3 accidents on average in the past period; 

• number of telephone calls in a given period of time if usually it is 120; 

• number of times a machine breaks down in a given time frame if historical performance is known. 

Each of the above cases concern rate where a number of events occur or are presented in a given space of time 
or place. They tell how often something happens or is present in a given time period or location. 

 Formula:  

P(𝑥) =
𝑒−𝜆λ𝑥

𝑥!
 

mean = λ = np 

Standard deviation =  √λ = √np  

Where:  

P(𝑥 ) = The probability of 𝑥 successes (occurrences) in a specified time frame or space. 

λ = The rate that an event occurs (the average number of events that occur or are present in a particular period 
of time or space). 

This is described as being the parameter of the Poisson distribution. 

(λ is a Greek letter pronounced lamda) 

e = Euler’s (Napier’s) constant =2.71828. 

n = The number of items in the sample. 

The probability formula above can look a little daunting. However, there are shortcuts available including the 
following. 

• The term, e is a constant. If a question specifies a rate and then asks for probabilities of different numbers of 
events e –λ need only be calculated once and the total is used in each calculation.  

(Note that the probability of zero events (x = 0) for any value of λ is always equal to e –λ as the other terms in 
the expression solve to 1 – λ  becomes λ0 which is equal to 1 and ! becomes 0! which is equal to 1). 

• There are only two variables that change from one level of probability to another. These are x and λ. This 
means that it is possible to construct tables showing solution to the probability expression for different 
combinations of these variables. (This will be revisited later). 
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• In the absence of tables there is a simple mathematical relationship which links consecutive probabilities. 
The probability of any number (say n) of events is the probability of the previous number multiplied by λ/n. 
(This is demonstrated by the Simplified Poisson Distribution example later in the chapter). 

Following must be noted regarding poisson distribution:  

• The standard deviation of any distribution is the square root of its variance. 

• The standard deviation of the Poisson is the square root of the mean. 

• Therefore, the variance of the Poisson distribution is equal to its mean. 

 For example: 

If during a live chat 5 queries are responded in a day, what is the probability of responding to 8 queries in 
a particular day?  

In this case, λ = 5, x = 8 

P(𝑥) =
𝑒−𝜆λ𝑥

𝑥!
 

P(𝑥) =
𝑒−558

8!
 

P(𝑥) =
2.718−5 × 390,625

40,320
 

P(𝑥) =
1

2.7185
×

390,625

40,320
 

P(𝑥) =
1

148.336
× 9.688 

P(𝑥) = 0.0653 

A business has a large number of machines. These machines require minor adjustments on a regular basis. 
The need for the adjustments occurs at random at an average rate of 7 per hour. 

What is the probability that the machines would require 0, 1, 2, 3 or 4 adjustments in an hour? 

In this case, λ = 7, x = 0, 1, 2, 3 or 4 

And  
𝑒−𝜆 = 𝑒−7 = 0.000912 

P(0) =
𝑒−𝜆λ𝑥

𝑥!
=

0.000912 × 70

0!
=

0.000912 × 1

1
 

= 0.0009 

P(1) =
𝑒−𝜆λ𝑥

𝑥!
=

0.000912 × 71

1!
=

0.000912 × 7

1
 

= 0.0064 

P(2) =
𝑒−𝜆λ𝑥

𝑥!
=

0.000912 × 72

2!
=

0.000912 × 49

2
 

= 0.0223 

P(3) =
𝑒−𝜆λ𝑥

𝑥!
=

0.000912 × 73

3!
=

0.000912 × 343

6
 

= 0.0521 

P(4) =
𝑒−𝜆λ𝑥

𝑥!
=

0.000912 × 74

4!
=

0.000912 × 2,401

24
 

= 0.0912 
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Simplified Poisson computation 

𝑃(0) = 0.0009 

𝑃(1) = 𝑃(0) ×
7

1
= 0.0064 

𝑃(2) = 𝑃(1) ×
7

2
= 0.0064 ×

7

2
= 0.0223 

𝑃(3) = 𝑃(2) ×
7

3
= 0.0223 ×

7

3
= 0.0521 

𝑃(4) = 𝑃(2) ×
7

4
= 0.0521 ×

7

4
= 0.0912 

 

A roll of fabric contains 2.5 slight defects per square metre. What is the probability that a square metre will 
contain 0 defects? What is the probability that a square metre will contain 5 defects? 

In this case, λ = 2.5, 𝑥  = 0, or 5 

And  

𝑒−𝜆 = 𝑒−2.5 = 0.0821 

P(0) =
𝑒−𝜆λ𝑥

𝑥!
=

0.0821 × 2.50

0!
= 0.0821 ×

1

1
 

= 0.0821 

P(5) =
𝑒−𝜆λ𝑥

𝑥!
=

0.0821 × 2.55

5!
= 0.0821 ×

97.656

120
 

= 0.0668 

 

A factory has an average of 3 accidents per week. What is the probability that exactly 5 accidents will occur 
in a week? 

In this case, λ = 3, x = 5 

And  

𝑒−𝜆 = 𝑒−3 = 0.0498 

P(5) =
𝑒−𝜆λ𝑥

𝑥!
=

0.0498 × 35

5!
= 0.0498 ×

243

120
 

= 0.1008 

An office receives emailed sales orders at 6 every 20 minutes. What is the probability that no emails will be 
received during a 20 minute break? 

In this case, λ = 6, x = 0 

𝑒−𝜆 = 𝑒−6 = 0.0025 

P(0) =
𝑒−𝜆λ𝑥

𝑥!
=

0.0025 × 60

0!
 

= 0.0025 
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Poisson distribution tables 

There are two sorts of Poisson distribution tables. 

• The first table gives the probabilities of different values of 𝑥 associated with different values of λ. 

• The second is a cumulative table. It gives the probabilities of different values of 𝑥 and fewer occurrences. 

The following illustration demonstrates both types of table. More complete versions are set out in an appendix. 

 Illustration 01:  

 λ 

x 
1 2 3 4 5 6 

0 0.3679 0.1353 0.0498 0.0183 0.0067 0.0025 

1 0.3679 0.2707 0.1494 0.0733 0.0337 0.0149 

2 0.1839 0.2707 0.2240 0.1465 0.0842 0.0446 

3 0.0613 0.1804 0.2240 0.1954 0.1404 0.0892 

4 0.0153 0.0902 0.1680 0.1954 0.1755 0.1339 

5 0.0031 0.0361 0.1008 0.1563 0.1755 0.1606 

In this table an entry indicates the probability of a specific value of 𝑥 for an average rate of λ. 

If an event occurs at an average rate of 1 per hour there is only a low probability of 5 events in an hour occurring 
(0.0031 or 0.31 %) but a bigger chance of 1 occurrence (0.3679 or 36.79%). This can be seen in the first column 
above. 

Similarly, if the rate is 6 per hour there is only a small chance of there being 0 occurrences in an hour (0.0025 or 
0.25%) but a bigger chance of there being 5 occurrences (0.1606 or 16.06%). This can be seen in the right hand 
column above. 

 Illustration 02:  

Cumulative Poisson Distribution table 

 λ 

x 
1 2 3 4 5 6 7 

0 0.3679 0.1353 0.0498 0.0183 0.0067 0.0025 0.0009 

1 0.7358 0.4060 0.1991 0.0916 0.0404 0.0174 0.0073 

2 0.9197 0.6767 0.4232 0.2381 0.1247 0.0620 0.0296 

3 0.9810 0.8571 0.6472 0.4335 0.2650 0.1512 0.0818 

4 0.9963 0.9473 0.8153 0.6288 0.4405 0.2851 0.1730 

5 0.9994 0.9834 0.9161 0.7851 0.6160 0.4457 0.3007 

In this table, an entry indicates the probability of a specific value being 𝑥  or fewer for an average rate of λ 

If an event occurs at an average rate of 1 per hour it is almost certain (0.9994 or 99.94%) that there will be 5 or 
less in any one hour. 
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Problems of a more complex nature 

For probabilities associated with a range of occurrences, for example, 4 or fewer, a sum of probabilities 
associated with 0, 1, 2, 3 and 4 or from the cumulative tables can be used.  

However, where probability of at least 5 (which is the same as saying 5 or more), is required then calculating 
probabilities associated with any number greater than 5 and add those together could get complex. The 
probabilities would drop off as bigger numbers were used but we would have to decide when to stop.  

The easier way to deal with this is to use the fact that the sum of all probabilities must = 1. We can therefore 
identify the probabilities associated with those numbers which would not satisfy the test, sum them and then 
simply subtract this number from 1.  

 For example:  

A business has a large number of machines. These machines require minor adjustments on a regular basis. 
The need for the adjustments occur at random at an average rate of 7 per hour. 

What is the probability that 4 or fewer adjustments will be required in an hour? 

The probabilities of individual values of x = 0, 1, 2, 3 and 4 is used as calculated before and then sum together.  

P(0) = 0.0009 

P(1) = 0.0064 

P(2) = 0.0223 

P(3) = 0.0521 

P(4) = 0.0912 

𝐏𝐫𝐨𝐛𝐚𝐛𝐢𝐥𝐢𝐭𝐲 𝐨𝐟 𝟒 𝐨𝐫 𝐟𝐞𝐰𝐞𝐫 𝐚𝐝𝐣𝐮𝐬𝐭𝐦𝐞𝐧𝐭𝐬  = 𝟎. 𝟏𝟕𝟐𝟗 

There is a 17.29% chance that 4 or fewer adjustments will be required in any one hour. 

As an alternative approach, this value is easily obtained from the cumulative tables (as 0.1730, the difference 
being due to rounding) 

What is the probability that at least 5 adjustments will be required in an hour? 

Something must happen so the total probability associated with all possible outcomes is one 

At least 5 adjustments is the same as 5 or more.  

The probability of this happening is 1 less the sum of the probabilities of 0, 1, 2, 3 or 4 occurring. 

Probability of at least 5 adjustments= 1 - 0.1729 = 0.8271 

On average 5 cars an hour pass a given point on a road. A researcher is trying to find out about probabilities 
of 8 cars passing in a two-hour period. 

In this case, first we have to find the average rate for that period (λ). Since 5 cars pass in an hour, 10 will pass in 
2 hours (λ = np).  

Possibility of passing 8 cars in 2 hours’ period, we use formula:  

In this case, λ = 10, 𝑥 = 8 

And  

P(8) =
𝑒−𝜆λ𝑥

𝑥!
=

𝑒−10108

8!
 

P(8) =
0.00004544 × 100,000,000

40320
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P(8) =
4544.703

40320
 

P(8) = 0.1127 

A shop sells 4 computers a week on average. The owner wishes to know about the probability associated 
with selling 2 computers within a day.  

First we will calculate the average rate of selling computer for that period (λ).  

This can be 4/6 or 2/3 per day (taking 6 days a week).  

In this case, λ = 2/3, 𝑥  = 2 

And  

P(2) =
𝑒−𝜆λ𝑥

𝑥!
=

𝑒−2/32/32

2!
 

P(2) =
0.5135 × 0.4444

2
 

P(2) =
0.2282

2
 

P(2) = 0.1141 

A shop sells wedding dresses at a rate of 2.5 per week.  

a) What is the probability that it will sell at least 8 dresses in a randomly selected two-week period?  

mean (λ) = np = 2 × 2.5 = 5 dresses per 2 week period 

The probability of at least 8 is the same as the probability of 8 or more. 

This is equal to 1 – the probability of 7 or fewer. 

From tables the probability of 7 or fewer = 0.8666. 

Therefore, the probability of at least 8 = 1 – 0.8666 = 0.1334.  

OR  

Formula can be used as below:  

In this case, λ = 5, x = 0, 1, 2, 3, 4, 6, 7 

𝑒−5= 0.00674 

P(0) =
𝑒−550

0!
=

0.00674 × 1

1
 

= 0.00674 

P(1) =
𝑒−551

1!
=

0.00674 × 5 

1
=

0.0337

1
 

= 0.0337 

P(2) =
𝑒−552

2!
=

0.00674 × 25 

2
=

0.1685

2
 

= 0.08425 

P(3) =
𝑒−553

3!
=

0.00674 × 125 

6
=

0.8425

6
 

= 0.1404 

P(4) =
𝑒−554

4!
=

0.00674 × 625 

24
=

4.2125

24
 

= 0.1755 

P(5) =
𝑒−555

5!
=

0.00674 × 3125 

120
=

21.0625

120
 

= 0.1755 
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P(6) =
𝑒−556

6!
=

0.00674 × 15625 

720
=

105.3125

720
 

= 0.14626 

P(7) =
𝑒−557

7!
=

0.00674 × 78125 

5040
=

526.5625

5040
 

= 0.1044 

 0.8667 

 1-0.8667 = 0.13325 

Poisson as an approximation for the binomial distribution 

The binomial distribution can be difficult to use when sample sizes are large and probability of success is small. 
The Poisson distribution is used instead of the binomial in such circumstances.  

 For example:  

A bag contains 99,940 black disks and 60 white disks from which 1,000 disks are taken at random. What is 
the probability that the sample will contain 5 white disks? 

n = 1,000, p = 0.0006 

using the binomial distribution would be difficult to calculate:  

p = 0.0006 

q = 1 – 0.0006 = 0.9994 

n = 1,000 

𝑃(𝑥) =
n!

𝑥! (n − 𝑥)!
𝑝𝑥𝑞𝑛−𝑥 

𝑃(5) =
1,000!

5! (1,000 − 5)!
0.000650.99941,000−5 

Lets use, Poisson distribution:  

mean = λ = np = 1,000 × 0.0006 = 0.6 

𝑒−𝜆 = 𝑒−0.6 = 0.5488 

P(5) =
𝑒−𝜆λ𝑥

𝑥!
=

0.5488 × 0.65

5!
=

0.5488 × 0.07776

120
= 0.000356 

  



CHAPTER 12: PROBABILITY DISTRIBUTIONS  PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

 

370 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

5 NORMAL DISTRIBUTION 

The normal distribution is perhaps the most widely used frequency distribution. 

It is a probability distribution of a continuous variable that fits many naturally occurring distributions (for 
example, heights of people, crop yields, petrol consumption, dimensions of mass produced articles, rate of 
defectives in a manufacturing process etc.). 

In this section, normal distribution is only explored using information from normal distribution tables or plots 
rather than equation. 

Normal Distribution back ground 

 A survey of 125 people is carried out to find the number of voice call minutes they used per month. The results 
are shown below. 

Call Minutes used Frequency 

100 to less than 150 2 

150 to less than 200 4 

200 to less than 250 8 

250 to less than 300 13 

300 to less than 350 19 

350 to less than 400 24 

400 to less than 450 20 

450 to less than 500 17 

500 to less than 550 10 

550 to less than 600 5 

600 to less than 650 2 

650 to less than 700 1 

When looking at pricing strategy for phone contracts, a marketer wants to use the survey to answer questions 
such as: 

• What is the probability that the customer uses less than 250 minutes? 

• What is the probability that the customer uses more than 250 minutes? 

• What is the probability that the customer uses between 250 and 500 minutes? 
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It would be helpful to calculate the probabilities associated with each of the intervals on the table to answer 
these: 

Call minutes used Frequency Calculation Probability 

100 to less than 150 2 = 2/125 0.016 

150 to less than 200 4 =4/125 0.032 

200 to less than 250 8 = 8/125 0.064 

250 to less than 300 13 =13/125 0.104 

300 to less than 350 19 =19/125 0.152 

350 to less than 400 24 = 24/125 0.192 

400 to less than 450 20 =20/125 0.16 

450 to less than 500 17 =17/125 0.136 

500 to less than 550 10 = 10/125 0.08 

550 to less than 600 5 = 5/125 0.04 

600 to less than 650 2 = 2/125 0.016 

650 to less than 700 1 =1/125 0.008 

Total 125 Total 1 

We can now answer the questions we asked earlier: 

What is the probability that a customer uses less than 250 minutes? 

Call minutes used Frequency Calculation Probability 

100 to less than 150 2 = 2/125 0.016 

150 to less than 200 4 =4/125 0.032 

200 to less than 250 8 = 8/125 0.064 

250 to less than 300 13 =13/125 0.104 

300 to less than 350 19 =19/125 0.152 

350 to less than 400 24 = 24/125 0.192 

400 to less than 450 20 =20/125 0.16 

450 to less than 500 17 =17/125 0.136 

500 to less than 550 10 = 10/125 0.08 

550 to less than 600 5 = 5/125 0.04 

600 to less than 650 2 = 2/125 0.016 

650 to less than 700 1 =1/125 0.008 

Total 125 Total 1 

 

 

 



CHAPTER 12: PROBABILITY DISTRIBUTIONS  PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

 

372 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

What is the probability that a customer uses more than 250 minutes? 

Call minutes used Frequency Calculation Probability 

100 to less than 150 2 = 2/125 0.016 

150 to less than 200 4 =4/125 0.032 

200 to less than 250 8 = 8/125 0.064 

250 to less than 300 13 =13/125 0.104 

300 to less than 350 19 =19/125 0.152 

350 to less than 400 24 = 24/125 0.192 

400 to less than 450 20 =20/125 0.16 

450 to less than 500 17 =17/125 0.136 

500 to less than 550 10 = 10/125 0.08 

550 to less than 600 5 = 5/125 0.04 

600 to less than 650 2 = 2/125 0.016 

650 to less than 700 1 =1/125 0.008 

Total 125 Total 1 

What is the probability that a customer uses between 250 and 500 minutes? 

Call minutes used Frequency Calculation Probability 

100 to less than 150 2 = 2/125 0.016 

150 to less than 200 4 =4/125 0.032 

200 to less than 250 8 = 8/125 0.064 

250 to less than 300 13 =13/125 0.104 

300 to less than 350 19 =19/125 0.152 

350 to less than 400 24 = 24/125 0.192 

400 to less than 450 20 =20/125 0.16 

450 to less than 500 17 =17/125 0.136 

500 to less than 550 10 = 10/125 0.08 

550 to less than 600 5 = 5/125 0.04 

600 to less than 650 2 = 2/125 0.016 

650 to less than 700 1 =1/125 0.008 

Total 125 Total 1 
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The plot of a normal distribution (normal curve) has the following characteristics. 

• It is symmetrical and bell shaped; 

• Both tails of the distribution approach but never meet the horizontal axis. 

• It is described by its mean () (which is the same as the median and the mode) and standard deviation (σ). 

• The area under the normal curve represents probability and so totals to 1 (or 100%). 

• The same area, of all normal distributions, lie within the same number of standard deviations from the mean.  

Normal curve 

All normal curves are symmetrical about the mean and are bell shaped. However, the exact shape depends on 
the standard deviation (variance) of the distribution. 

Higher standard deviation implies a more dispersed distribution leading to a flatter and broader curve. 

 Illustration: 

 

These two curves have the same mean but the curve with the higher peak has less dispersion. It would have a 
lower standard deviation than the lower peak curve. 

Properties of a normal distribution 

The area under the normal curve represents probability and totals to 1 (or 100%). The distribution is 
symmetrical so 50% of the area under the curve is to the left and 50% to the right of the mean. 

For any normal curve, the area under the curve between the mean and a given number of standard deviations 
from the mean is always the same proportion of the total area. 

Every normal curve can be fitted to a standard curve for which tables have been constructed to show the 
percentage contained in an area between the mean and a number of standard deviations from the mean (the Z 
value). 

i. It has a bell-shaped symmetric curve, i, mean = median = mode  

ii. Its range is from-to -∞ TO +∞. 

iii. The area under the normal curve is 1 

iv. The two Quartiles are equidistant from the mean i e Q_{1} = µ - 6745σ  Q_{3} = µ + 0.6745σ  

v. Whatever the values of   µ and σ are 

a) The interval  µ±σ will contain 68% area of curve. 

b) The interval µ±2σ  will contain 95.5% area of curve. 

c) The interval µ±3σ  will contain 99.7% area of curve. 

 

 



CHAPTER 12: PROBABILITY DISTRIBUTIONS  PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS 

 

374 THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN  

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

Standardized Normal Variate: 

It is a variable denoted by z with a zero mean and 1 standard deviation i.e. z = (x - µ)/σ  The area under the curve 
between any two values of z is obtained by in f(x) Bat integrals of this type cannot be solved by ordinary means. 
However, this using the Table of Area under the normal curve for different values of z. so, first into standardized 
Normal Variate Z and then use the area table. 

 

 Examples of Normal distributions 

Amount spent in a supermarket may have a mean of $75 and a standard deviation of $ 21. 

 

Time before upgrading a computer may have a mean of 29 months and a standard deviation of 6 months. 

 

Taking may have a mean of $15000 and a standard deviation of $5000. 

 

Standard Normal Distribution  

Problem:  these examples have  

i. Different means and 

ii. Different standard deviations. 

Does this mean that each problem on Normal Distributions has to be treated as a separate case? If so we could 
need different functions for all the combinations of means and standard deviation. 

What is often done is to convert the Normal Distribution into the Standard Normal Distribution. This has a mean 
of 0 and a standard deviation of 1. 

We use the transformation 𝑧 =  
𝑥− 𝜇

𝜎
 

This enables us to link any given normal distribution to the standardized one. 
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 Example:  

The number of voice call minutes used by customers is known to be normally distributed with mean 385 minutes 
and standard deviation 109 minutes.  

Use the standard normal distribution to calculate the probability that a customer uses less than 500 minutes. 

We first convert 500 minutes using the standardization formula 

𝑥 −  𝜇

𝜎
=  

500 − 385

109
= 1.06 

The question now becomes: 

What is the probability of less than 1.06 for a standard normal distribution  

We can use tables to look this up  

We get an answer of 0.8554 The tables show the probabilities for one half of the distribution only. 

 Illustration:  

Area under the normal curve (Z = number of standard deviations) 

Z 0.00 0.01 0.02 0.03 0.04 0.05 

1.0 .3413 .3438 .3461 .3485 .3508 .3531 

1.1 .3643 .3665 .3686 .3708 .3729 .3749 

1.2 .3849 .3869 .3888 .3907 .3925 .3944 

1.3 .4032 .4049 .4066 .4082 4099 .4115 

1.4 .4192 .4207 .4222 .4236 .4251 .4265 

1.5 .4332 .4345 .4357 .4370 .4358 .4394 

↓ ↓      

2.0 .4772      

↓ ↓      

3.0 .4987      

The table shows by looking down the vertical axis, that 0.4332 (43.32%) of the area under the curve is within 1.5 
standard deviations of the mean (in each half of the curve). 

Similarly, 0.4772 (47.72%) of the area under the curve is within 2 standard deviations of the mean (in each half 
of the curve). 

Using the horizontal axis as well, .4394 (43.94%) of the area under the curve is within 1.55 standard deviations 
of the mean (in each half of the curve). 

 Illustration:  
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34.16% of the area within each half of all normal curves lies between the mean and one standard deviation from 
the mean.  

Therefore, 68.2% (2 × 34.16%) of the area of all normal curves lie in between one standard deviation on either 
side of the mean. 

13.6% of the area within each half of all normal curves lies between one and two standard deviations from the 
mean. 

Therefore, 47.76% (34.16% + 13.6%) of the area within each half of all normal curves lies between the mean and 
two standard deviations from the mean.  

Therefore, 95.52% (2 × 47.76%) of the area of all normal curves lie in between two standard deviations either 
side of the mean. 

It is very useful to know the following: 

• Looking at both tails of the distribution: 

­ A line drawn 1.96 standard deviations from the mean will enclose 47.5% (or exclude 2.5%) of the area 

under half of the distribution. 

­ Two lines drawn 1.96 standard deviations above and below the mean will enclose 95% (or exclude 5%, 

2.5% in each tail) of the area under the total distribution. 

­ A line drawn 2.58 standard deviations from the mean will enclose 49.5% (or exclude 0.5%) of the area 

under half of the distribution. 

­ Two lines drawn 2.58 standard deviations above and below the mean will enclose 99% (or exclude 1%, 

0.5% in each tail) of the area under the total distribution. 

• Looking at one tail of the distribution: 

­ A line drawn 1.645 standard deviations above the mean will enclose 45% (or exclude 5%) of the area 

under half of the distribution. If concern is only in this direction 95% (50% + 45%) is below the line. 

­ A line drawn 2.325 standard deviations above the mean will enclose 49% (or exclude 1%) of the area 

under half of the distribution. If concern is only in this direction 99% (50% + 49%) is below the line. 

Using the normal distribution 

The probability of any value in a set of data that fits the normal distribution can be estimated as long as the mean 
and standard deviation of the data are known. 

The probability of a value within or outside a certain value of the mean can be estimated by calculating how many 
standard deviations that value is from the mean. This is known as its Z score. The normal distribution tables can 
then be used to derive the probability. 

 Formula: 

Z score (number of standard deviations from the mean) 

Z =
𝑥 − 

σ
 

Where: 

𝑥  = the value or limit under investigation 

σ = the standard deviation of the distribution  

 = the mean of the distribution 

 

 



PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS  CHAPTER 12: PROBABILITY DISTRIBUTIONS 

 

THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN 377 

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

 For example:  

The weights of bags of sugar produced on a machine are normally distributed with mean = 1,010g and 
standard deviation 5g.  A bag is picked at random; what is the probability it weighs less than 1,0 

 

  
  

 

 

 

 

let 𝒙  = 1000,  = 𝟏𝟎𝟏𝟎 and 𝝈 = 𝟓 

Z =
𝑥 − 

σ
=

1,000 − 1,010

5
= −2 

In other words, 1,000g is two standard deviations below the mean. 

From the table, 0.4772 (47.72%) of the distribution is within two standard deviations below the mean so: 

P(z <-2)=0.5-0.4772=0.0288 

Therefore, the probability of a bag of sugar being less than 1000g  is 0.0228 or 2.28% 

The weights of bags of sugar produced on a machine are normally distributed with mean = 1,010g and 
standard deviation 5g.  A bag is picked at random; what is the probability it weighs between 1,000g and 
1,012g?  

1,000 1,010 

2 

1,012 

1 Z 2 Z 

Z 

= -2 

1012 - 1010 

5 
= 

From tables P(1000 - 1012) = 0.4772 + 0.1554 
 = 0.6326 

= 0.4 

1 Z 

. 
 

let x = 1000, 1012,  = 1010 and σ = 5 

1,000g is below the mean 
Z =

𝑥 − 

σ
=

1,000 − 1,010

5
= −2 

1,012 is above the mean 
Z =

𝑥 − 

σ
=

1,012 − 1,010

5
= 0.4 

We are interested in the area of the graph between 2 standard deviations below the mean to 0.4 standard 
deviations above the mean. 

From the table: P 

Z = 2 (below the mean) 0.4772 

Z = 0.4 (above the mean) 0.1554 

 0.6326 

 

1,000 1,010 

Z = -2 
1000 - 1010 

5 
= 

From tables P(<1000) = 0.5 - 0.4772 

 = 0.228 

. 
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This is expressed more formally as: 

𝑃(1,000 < 𝑥 < 1,012) =? 

= 𝑃(−2 < 𝑧 < 0.4) 

= 𝑃(−2 < 𝑧 < 0) + 𝑃(0 < 𝑥 < 0.4) 

= 0.4772 + 0.1544 = 0.6326 

Conclusion: There is a 0.6326 (63.26%) chance that a bag picked at random will be between 1,000 and 1,012g. 

Daily demand is normally distributed with a mean of 68 items per day and standard deviation of 4 items. 

a) In what proportion of days was demand: 

i. more than 74? 

Let  𝑥  = 74,  = 68 and σ = 4 

 

Z =
𝑥 − 

σ
=

74 − 68

4
= 1.5 

P (𝑥   74) = 0.0668  

ii. between 68 and 74? 

A

 

 = 68  𝑥  = 68, 74 

P (between 68 and 74) = 0.5 - 0.0668  =  0.4332 

iii. below 60?  

A

 

𝑥  = 60            = 68 

Z =
𝑥 − 

σ
=

60 − 68

4
= −2 

P(𝑥   60) = 0.5 – 0.4772 = 0.0228 
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iv. between 63 and 70? 

 

Z1 =
𝑥 − 

σ
=

63 − 68

4
= −1.25 

Z2 =
𝑥 − 

σ
=

70 − 68

4
= −0.5 

From tables, proportion = 1 - (0.1056 + 0.3085)   = 0.5859 

v. between 71 and 75? 

 

Z1 =
𝑥 − 

σ
=

71 − 68

4
= 0.75 

Z2 =
𝑥 − 

σ
=

75 − 68

4
= 1.75 

From tables, proportion = 0.2266 - 0.0401 = 0.1865 

b) Below what sales level was the lowest 20% of days ? 

 

From tables z = 0.84 

  𝑥  = 68 - 0.84  4 = 64.64 
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c) Demand was between what 2 values on the middle 95% of days? 

 

From tables  

z  =  1.96 

 𝑥  = 68  1.96  4 

    = 60.16 − 75.84 

d) What about 99% of days? 

𝑥  = 68  2.58  4 

     = 57.68 − 78.32 

The specification for the length of an engine part is a minimum of 99 mm and a maximum of 104.4 mm.  A 
batch of parts is produced that is normally distributed with a mean of 102 mm and a standard deviation 

of 2mm.   

Find the percentage of parts which are: 

i. undersize; 

The differences between the tolerance limits of 99 mm and 104.4 mm and the mean of 102 mm must be 

expressed in terms of numbers of standard deviations. 

Z =
𝑥 − 

σ
=

102 − 99

2
= 1.5  

From tables, the proportion of parts below 99 mm and therefore undersize = 0.0668 = 6.68%. 

ii. oversize 

Z =
𝑥 − 

σ
=

104.4 − 102

2
= 1.2 standard deviations 

From tables, the proportion that are oversize = 0.1151 = 11.51% 
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6 NORMAL APPROXIMATIONS 

The normal distribution can be used as an approximation to the binomial distribution and Poisson distribution 
subject to satisfying certain criteria and the application of a continuity correction factor. 

Continuity correction factor 

The normal distribution is a continuous probability distribution whereas both the binomial and Poisson are 
discrete probability distributions. This must be taken into account when using the normal as an approximation 
to these. 

The correction involves either adding or subtracting 0.5 of a unit from the discrete value when applying the 
normal as an approximation. This fills in the gaps in the discrete distribution making it continuous.  

Note that this is similar to the adjustments to form class boundaries for grouped frequency distributions. 

 Illustration:  

Discrete event under investigation Corrected for normal approximation 

Probability of 10 successes P(x = 10) P( 9.5 x  10.5) 

Probability of more than 10 successes P(x  10) P(x  10.5) 

Probability of 10 or more successes P(x  10) P(x  9.5) 

Probability of fewer than 10 successes P(x  10) P(x  9.5) 

Probability of 10 or fewer successes P(x  10) P(x  10.5) 

Normal approximation to the binomial distribution 

The normal distribution provides a good approximation to the binomial when the sample size (n) is large and 
the probability of success (p) is near to 0.5. 

 Formula: 

Standard deviation = √𝑛𝑝(1 − 𝑝) 

mean = np 

The probability of success can be further away from 0.5 than one might expect and there is no firm rule about 
what constitutes a large sample. 

The normal distribution provides a good approximation to the binomial in the following conditions. 

0.1 < p < 0.9 

mean = np > 5 

 For example: 

The probability of a sales visit to a client leading to a sale is 0.4. A business makes 100 visits per week. What 
is the probability that 35 or more sales will be made in a week? 

mean = np = 100 × 0.4 = 40 

Standard deviation = √𝑛𝑝(1 − 𝑝) = √40(1 − 0.4) = 4.899 

Continuity correction: P(x  35) restated to P(x  34.5) 

Z =
𝑥 − 

σ
=

34.5 − 40

4.899
= −1.12 
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From the table, 0.3686 (36.86%) of the distribution is within 1.12 standard deviations below the mean so: 

𝑃(𝑥 > 34.5) = 0.3686 + 0.5 = 0.8686 

Therefore, the probability of making 35 or more sales in a week is 0.8686 (86.86%). 

Normal approximation to the Poisson distribution 

The normal distribution can be used as an approximation to Poisson when the rate that an event occurs (λ) is 
greater than 30. 

 For example: 

A poultry farmer collects eggs every morning. There are 50 broken eggs per collection on average. What is 
the probability that more than 60 eggs might be broken in any one collection? 

mean = λ = 50 eggs 

Standard deviation = √λ = √50 = 7.071 

Continuity correction: P(𝑥  60) restated to P(x  60.5) 

Z =
𝑥 − 

σ
=

60.5 − 50

7.071
= 1.48 

From the table, 0.4306 (43.06%) of the distribution is within 1.48 standard deviations above the mean so: 

𝑃(𝑥 > 60.5) = 0.5 − 0.4306 = 0.0694 

Therefore, the probability that more than 60 eggs might be broken in any one collection is 0.0694 (6.94%). 
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SELF-TEST 

 

1. If n=5; p = 0.2; then using binomial distribution P(𝑥 =2) is:                                                                          

a) 0.409  

b) 0.2048  

c) 0.0512  

d) None of these      

2. If n=5; p = 0.2; then using binomial distribution P(𝑥 >3) is:                                                                             

a) 0.0643  

b) 0.576  

c) 0.00672 

d) None of these      

3. If mean of Binomial Distribution is 1.0 and q = 0.98 then n = ?                          

a) 50  

b) 1  

c) 10  

d) None of these      

4. If mean of Binomial distribution is 1 and variance is 0.98 then p =                   

a) 0.98  

b) 0.02  

c) Does not exist 

d) None of these      

5. If mean of Binomial distribution is 1 and variance is 0.98, then q is:                 

a) 0.98  

b) 0.2  

c) 5  

d) None of these      

6. If n = 10 and p = 0.9, then mean and variance of Binomial Distribution is:       

a) 9 and 0.9  

b) 0.9 and 0.09  

c) 9 and 100  

d) None of these       

7. The probability distribution showing the probability of x occurrences of an event over a specified time, distance 
or space is known as:                                                                  

a) Binomial probability Distribution 

b) Poisson Probability Distribution  

c) Chi-square Distribution  

d) None of these      
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8. The number of days in a given year in which a 130-point change occurs in the Karachi Stock Exchange index.  

The above statement may describe a random variable that may posses:        

a) Binomial Distribution  

b) Poisson Distribution  

c) Normal Distribution  

d) None of these  

9. The statement “The number of fatal accidents that occur per month in a large manufacturing plant” may describe 
a random variable that may possess:      

a) Binomial Distribution  

b) Poisson Distribution  

c) Normal Distribution   

d) None of these      

10. The number of coloured eye babies born per month in the city of Karachi. 

The above statement may describe a random variable that may possess:      

a) Binomial Distribution  

b) Poisson Distribution  

c) Normal Distribution  

d) None of these     

11. If 𝜇 = 1.2 then using poisson distribution P(𝑥 = 0) is:                                                                                  

a) 0.301  

b) 0.361  

c) 0.338  

d) None of these      

12. If 𝜇 = 1.2 then using poisson distribution P(𝑥 > 0) is:                                                                                  

a) 0.699  

b) 0.639  

c) 0.662  

d) None of these      

13. If 𝑒−4.5 = 0.0111 then the mean of Poisson distribution is:                               

a) 4.5  

b) 45  

c) Does not exist  

d) None of these      

14. If 𝑒−6.0 = 0.002478; then P (x = 0):                                                                     

a) Cannot be determined  

b) 0.002478  

c) 0.5488  

d) None of these  
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15. If 𝑒−6 = 0.002478; then mean of Poisson distribution is:                                   

a) Incomplete information  

b) 6  

c) 5.488  

d) None of these      

16. If 𝑒−6 = 0.002478; then variance of Poisson distribution is:                                

a) Can’t be determined  

b) 6  

c) √6  

d) None of these      

17. If P (𝑥 = 4) = 
(1.5)4𝑒−𝑦

4!
=0.04706 then y =                                                            

a) 4  

b) 1.5  

c) Can’t be determined  

d) None of these  

18. If P (𝑥 = y) = 
(3.0)2𝑒−3

𝑦!
=0.07468 then y =                                                          

a) 4  

b) 2  

c) Can’t be determined  

d) None of these      

19. A complete list that gives the probabilities associated with each value of a random variable x is called:                                                                      

a) Frequency distribution  

b) Probability distribution  

c) Expected value  

d) None of these      

20. A variable that assumes the numerical values associated with events of an experiment is called:                                                                                            

a) Parameter   

b) Statistic   

c) Random variable   

d) None of these       

21. A table or formula listing all possible values that a random variable can take on, along with the associated 
probabilities is called:                                              

a) Probability distribution   

b) Frequency distribution  

c) Expected value  

d) None of these   
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22. If x is a random variable belonging to a continuous probability distribution, then P(𝑥 = a) is:  

a) Equal to zero  

b) Less than 1  

c) More than zero  

d) None of these      

23. Let x be a random variable with probability distribution  

P(X= 𝑥), then Σ 𝑥 p(𝑥) is known as:                                                                  

a) Sum of probabilities 

b) Mean or expected value  

c) Mean of Binomial Distribution  

d) None of these  

24. In a game, a man is paid Rs. 50 if he gets all heads or all tails when 4 coins are tossed and he pays out Rs. 30 if 1, 
2 or 3 heads appear. His expected gain is:                                                                                                               

a) Rs. 20 

b) Rs. 6.26  

c) Rs. - 20  

d) None of these      

25. In terms of mathematical expectation the formula  E(x2)-[E(x)]2 represents :                                                                             

a) Standard deviation of distribution 

b) Variance of distribution  

c) Difference of squared deviation  

d) None of these      

26. Let x assumes the value 0, 1, 2, and 3 with the respective probabilities 0.51, 0.38, 0.10 and 0.01 the mean of 
distribution is:                                                        

a) 0.38  

b) 0.61  

c) 0.4979  

d) None of these   

27. Let 𝑥 assumes the value 0, 1, 2 and 3 with the respective probabilities 0.51, 0.38, 0.10 and 0.01 the variance of 
distribution is:                                                   

a) 0.87  

b) 0.61  

c) 0.4979  

d) None of these      

28. By investing into a particular stock, a person can make a profit in 1 year of Rs. 5000 with probability 0.4 or take 
a loss of Rs. 1500 with probability 0.8. the person’s expected gain is:                                                                                 

a) 1200  

b) 800  

c) Can’t be determined due to wrong values of probabilities 

d) None of these       
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29. If an experiment is repeated for n trials, each trial results in an outcome classified as success or failure, with 
constant probability of success, and trials are independent, the experiment is known as:                                                       

a) Binomial Experiment 

b) Poisson experiment  

c) Hyper geometric experiment 

d) None of these      

30. A random sample of size n is selected from a population of N items. 

K on N items may be classified as success and N-K classified as failures                                                                                         

The above properties are related to a 

a) Binomial experiment  

b) Poisson experiment  

c) Hypergeometric experiment  

d) None of these      

31. If a random sample of size n is drawn with replacement the events are said to be: 

a) Independent   

b) Not independent   

c) Not mutually exclusive   

d) None of these      

32. If a random sample of size n is drawn without replacement the events are said to be:                                                                                                                      

a) Independent 

b) Not independent  

c) Not mutually exclusive  

d) None of these   

33. Whenever we measure time intervals, weights, heights, volumes and so forth, our underlying population is 
described by a:                                                           

a) Discrete distribution  

b) Continuous distribution  

c) Frequency distribution 

d) None of these  

34. A distribution whose graph is a symmetric bell shaped curve extending indefinitely in both directions, with 
equal measures of central tendency is known as:                                                                                                                     

a) Non-skewed distribution  

b) Normal distribution  

c) Binomial distribution 

d) None of these      

35. The normal probability distribution is a continuous distribution with parameter(s): 

a) Mean  

b) Mean and variance  

c) Mean and mean deviation  

d) None of these   
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36. A standard normal distribution is one that has mean and variance equal to:     

a) Zero and one  

b) One and one  

c) One and zero  

d) None of these       

37. If 𝜇 = 50, 𝜎 = 10 and z = 1.2 then the corresponding x value must be:              

a) 54 

b) 62  

c) 42  

d) None of these      

38. If 𝜇 = 50, z = -0.5and 𝑥 = 45 the variance must be equal to:                             

a) 10  

b) 100  

c) 3.1622 

d) None of these      

39. The percentage of measurements of a normal random variable fall within the interval is 𝜇 ± 𝜎 is:                                                                                             

a) 68.26%  

b) A least 75%  

c) 95.44%  

d) None of these   

40. The percentage of measurements of a normal random variable fall within the interval 𝜇 ± 2 𝜎 is:                                                                                            

a) At least 75% 

b) 95.44%  

c) 99.74%  

d) None of these      

41. The percentage of measurement of a normal random variable fall within the interval is 𝜇 ± 3 𝜎 is:                                                                                            

a) At least 88.9%  

b) 95.44%  

c) 99.74%  

d) None of these      

42. On an examination the average grade was 74 and the standard deviation was 7. If 10% of the class are given A’s 
and the distribution of grades is to follow a normal distribution. Then the lowest possible A and highest 
possible B if z.10 = 1.28 is:                                                                                                                

a) 83 and 82 

b) 84 and 83  

c) 85 and 84  

d) 7 and 81 
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43. Given a normal distribution with 𝜇 = 200 and 𝜎2= 100 then the two x values containing the middle 75% of the 
area if z.125 = 1.15 are:                                   

a) 188.5 and 211.5 

b) 85 and 315  

c) 187.5 and 212.5  

d) None of these      

44. If a set of observations is normally distributed, then the percentage of observations differs from mean by more 
than 1.3𝜎 is:                                      

a) 19.36%  

b) 90.32%  

c) 9.68%  

d) None of these     

45. If a set of observations is normally distributed, then the percentage of observations differs from mean by less 
than 0.52 𝜎 is:                                       

a) 69.85  

b) 30.15  

c) 39.7% 

d) None of these      

46. The IQ of 300 applicants to a certain college are approximately normally distributed with a mean of 115 and a 
standard deviation of 12. If the college required an IQ of at least 95, then the number of students those will be 
rejected on this basis regardless of their other qualifications are:                                    

a) 26  

b) 14  

c) Non3e will be rejected  

d) None of these     

47. A z-score measures how many standard deviations an observation is:        

a) Above the mean  

b) Below the mean 

c) Above or below the mean  

d) None of these    

48. If z=-2 then it is correct to say that:                                                                   

a) Observation is less than mean 

b) Observation is less than standard deviation 

c) Observation is more than standard deviation  

d) None of these     

49. If z= -2, 𝜇 = 17 and 𝜎2 = 64 then 𝑥 =_______: 

a) +1  

b) - 17  

c) +17  

d) None of these     



PRC 2: QUANTITATIVE ANALYSIS FOR BUSINESS  CHAPTER 12: PROBABILITY DISTRIBUTIONS  

THE INSTITUTE OF CHARTERED ACCOUNTANTS OF PAKISTAN 391 

 

A
T

 A
 G

L
A

N
C

E
 

S
P

O
T

L
I
G

H
T

 
S

T
I
C

K
Y

 N
O

T
E

S
 

50. It is possible to compare two observations measured in completely different units by z-score because:                                                                                          

a) z-score has its own units  

b) z-score is a unit less quantity 

c) z-score is a standard score  

d) None of these 

51. Which of the following statements are correct? 
1. Random variables are either discrete or continuous. 

2. A random variable is considered discrete if the values it assumes can be counted. 

3. A random variable is considered continuous if they can assume any value within a given range. 

a) 1  

b) 1 and 3 

c) 1 and 2  

d) All statements are correct  

52. Which of the following assumptions about binomial distribution are correct? 

1. The experiment consists of n repeated trials. 

2. Each trial has two possible outcomes, one called “success” and the other “failure”. 

3. The repeated trials are independent of each other. 

a) 1  

b) All statements are correct 

c) 2 

d) 1 and 3  

53. Which of the following properties about Poisson experiment are correct? 

1. The expected number of occurrences in an interval is proportional to the size of the interval. 

2. The number of occurrences in one interval is independent of the number of occurrences in another interval. 

3. The expected number of occurrences in an interval is not proportional to the size of the interval. 

a) 1 and 2  

b) 1 

c) All statements are correct 

d) None   

54. The sum of all probabilities in a probability distribution table must be equal to ____ 

a) 1  

b) 0 

c) Mean of data  

d) Standard deviation of data  

55. Considering binomial distribution, variance divided by mean results in ____ 

a) Standard deviation  

b) Probability of failure 

c) Probability of success  

d) Number of trials  
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56. Considering binomial distribution, the sum of probability of success and probability of failure is always ____ 

a) 1  

b) 0 

c) 2  

d) Cannot be determined with certainty  

57. Considering Poisson distribution, if mean is 4 compute value of standard deviation 

a) 4  

b) 2 

c) 16  

d) Cannot be determined with available data 

58. Which of the following statements are correct about normal distribution? 

1. The total area under the normal curve is 1. 

2. Probabilities are always given for range of values. 

3. A distribution with a smaller standard deviation would define a flatter curve. 

a) 1 

b) All three statements are correct 

c) 1 and 2  

d) 2 and 3  

59. Considering a normal distribution, the normal distribution curve is ____ therefore ___, median and mode all 
coincide at the same point. 

a) Symmetric and variance  

b) Symmetric and mean 

c) Dispersed and mean  

d) Flat and variance  

60. A ____ variable has a discrete number of occurrences in a continuous interval. 

a) Poisson  

b) Hyper geometric 

c) Binomial 

d) Normal  

61. Find the probability of obtaining exactly three 6s in five throws of a fair dice. 

a) 0.042  

b) 0.032 

c) 0.022  

d) 0.052  

62. Find the probability of obtaining exactly three 6s in five throws of a dice with probability of having a 6 on one 
throw being 2/6. 

a) 0.17  

b) 0.16 

c)  0.11  

d) 0.18  
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63. Trains arrive randomly at a railway station. The average number of trains arriving every three hours is five. 
Find the probability that exactly four trains arrive in three hours 

a) 0.075  

b) 0.175 

c) 0.0275  

d) 0.185  

64. Trains arrive randomly at a railway station. The average number of trains arriving every three hours is five. 
Find the probability that exactly four trains arrive in four hours 

a) 0.1047  

b) 0.2047 

c) 0.3047  

d) 0.0047 

65. Trains arrive randomly at a railway station. The average number of trains arriving every three hours is five. 

Find the probability that less than two trains arrive in three hours 

a) 0.0304 

b) 0.0404 

c) 0.0004  

d) 0.0504   

66. Trains arrive randomly at a railway station. The average number of trains arriving every three hours is five. 
Find the probability that more than one train arrive in three hours 

a) 0.9596  

b) 0.8596 

c) 0.1596  

d) 0.3596  

67. A company manufactures a component with a mean weight of 5kg and standard deviation of 1kg. 
If the weights follow a normal distribution. 
What is the probability that a component picked up at random will be more than 6kg 

a) 0.1785  

b) 0.1587 

c) 0.8715  

d) 0.1577   

68. A company manufactures a component with a mean weight of 5kg and standard deviation of 1kg. 

If the weights follow a normal distribution. 

What is the probability that a component picked up at random will be less than 6kg 

a) 0.8413  

b) 0.1587 

c) 0.6  

d) 0.7  
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69. A company manufactures a component with a mean weight of 5kg and standard deviation of 1kg. 

If the weights follow a normal distribution. 

What is the probability that a component picked up at random will be more than 5kg but less than 6kg 

a) 0.1587  

b) 0.3413 

c) 0.8413  

d) 0.2783  

70. A company manufactures a component with a mean weight of 5kg and standard deviation of 1kg. 
If the weights follow a normal distribution. 
What is the probability that a component picked up at random will be between 4kg and 6kg 

a) 0.6826  

b) 0.3413 

c) 0.8413  

d) 0.1587 

71. Out of every 4000 shirts made at a garment factory, 22 are defective. Using Poisson distribution, find the 
probability that a lot of 300 shirts contain more than 3 defective shirts 

a) 0.086  

b) 0.68 

c) 0.881 

d) 0.912 

72. Online booking system of food channel receives an average of two orders in every four minutes. Assuming and 
approximate Poisson distribution that 5 or more orders will be received during a period of eight  minutes? 

a) 0.3712  

b) 0.4679 

c) 0.5321 

d) 0.4679 

73. A multiple-choice examination consists of ten questions and each question is followed by four choices. A 
student will pass the exam if he answers five questions correctly. Assuming that a student knows two correct 
answers and chooses the remaining answers at random, what is the probability that he will pass the test? 

a) 0.3215  

b) 0.3421 

c) 0.4325 

d) 0.6753 

74. Among a transport department’s 16 trucks, 5 emit excessive amount of smoke. If eight of the trucks are 
randomly selected for inspection. What is the probability that this sample will include at least 4 trucks, which 
emit excessive amount of smoke? 

a) 0.571 

b) 0.141  

c) 0.454 

d) None of these 
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75. A section of a tunnel is lit by 2000 electric bulbs which are kept burning day and night. The manufacturer  says 
that the lives of the bulbs are normally distributed with a mean of 820 hours and standard deviation of 90 
hours. How many electric bulbs will be expected to fail before 1000 hours? 

a) 1900 

b) 820 

c) 1000 

d) 1945  

76. Find the values of – Z and Z if the standard normal curve area between – Z and Z is 0.9700. 

a) – 2.17 and 2.17 

b) – 1.96 and 1.96 

c) – 2.58 and 2.58 

d) – 1.65 and 1.65  

77. An assembly line operation produces items of which 80% are satisfactory. A quality control inspector samples 
30 of them at random. What is the probability that at least 25 of them are satisfactory? 

a) 0.4097  

b) 0.2450 

c) 0.2601 

d) 0.2320 

78. A poultry farmer collects eggs every morning. There are 50 broken eggs per collection on average. What is the 
probability that more than 60 eggs might be broken in any one collection? 

a) 6.87%  

b) 7.24% 

c) 5.26% 

d) 12.35% 

79. In past two players A and B have played 20 games of which 10 are won by A, 6 by B and 4 ended in a tie. Now in 
a tournament they are to play 4 games. What is the probability that 2 games will end in a tie? 

a) 3/8 

b) 0.2646 

c) 96/625  

d) 5/8 

80. Two bombs are thrown on a bridge from a military plane. The probability that each bomb hits the bridge is 4/5. 
It is necessary that two bombs should hit the bridge in order to destroy it completely. What is the probability 
that the bridge is partially destroyed? 

a) 1/25 

b) 8/25  

c) 16/25 

d) None 
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ANSWERS TO SELF-TEST QUESTIONS 

1 2 3 4 5 6 

(b) c (a) (b) (a) (a) 

7 8 9 10 11 12 

(b) (b) (b) (b) () (a) 

13 14 15 16 17 18 

(a) (b) (b) (b) (b) (b) 

19 20 21 22 23 24 

(c) (a) (b) (a) (b) (a) 

25 26 27 28 29 30 

(b) (b) (c) (b) (a) (c) 

31 32 33 34 35 36 

(a) (b) (b) (b) (b) (a) 

37 38 39 40 41 42 

(b) (b) (a) (b) (c) (a) 

43 44 45 46 47 48 

(a) (a) (c) (b) (c) (a) 

49 50 51 52 53 54 

(a) (b) (d) (b) (a) (a) 

55 56 57 58 59 60 

(b) (a) (b) (c) (b) (a) 

61 62 63 64 65 66 

(b) (b) (b) (a) (b) (a) 

67 68 69 70 71 72 

(b) (a) (b) (a) (a) (a) 

73 74 75 76 77 78 

(a) (b) (d) (a) (a) (a) 

79 80     

(c) (b)     

 

 

 




	PRC 2 - 00 QM Index
	PRC 2 - 01 QM Linear and Quadratic Equations-h
	PRC 2 - 02 Coordinate System and Its Application-h
	PRC 2 - 03 QM Mathematical progression_2-Updated-h
	PRC 2 - 04 QM Linear Programming_2-h
	PRC 2 - 05 QM Time Value of Money_2 (1)-h
	PRC 2 - 06 QM Discounted Cash Flow analysis_2-h
	PRC 2 - 07 QM Data Collection and Representation_2 (1)-h
	PRC 2 - 08 QM Statistical Measures of Data_2 (2)-h
	PRC 2 - 09 QM Indices_2 (1)-h
	PRC 2 - 10 QM Correlation and Regression_2 (1) (1)-h
	PRC 2 - 11 QM Probability Concepts_2 (1)-h
	PRC 2 - 12 QM Probability Distributions_2 (1)-h

